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Abstract

Shape types are a general concept of process types which allows verification of
various properties of processes from various calculi. The key property is that shape
types “look like processes”, that is, they resemble process structure and content.
Poryl], originally designed by Makholm and Wells, is a type system scheme which
can be instantiated to a shape type system for many calculi. Every PoryO in-
stantiation has desirable properties including subject reduction, polymorphism, the
existence of principal typings, and a type inference algorithm.

In the first part of this thesis, we fix and describe inconsistencies found in the
original PoLy[ system, we extend the system to support name restriction, and we
provide a detailed proof of the correctness of the system.

In the second part, we present a description of the type inference algorithm which
we use to constructively prove the existence of principal typings.

In the third part, we present various applications of shape types which demon-
strate their advantages. Furthermore we prove that shape types can provide the
same expressive power as and also strictly superior expressive power than predi-
cates of three quite dissimilar analysis systems from the literature, namely, (1) an
implicitly typed m-calculus, (2) an explicitly typed Mobile Ambients, (3) and a flow

analysis system for BioAmbients.
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Chapter 1

Introduction

1.1 Motivation: Why Formal Models?

This thesis deals with formal models of concurrent systems and thus the question
of their purpose and usefulness should be addressed in the first place. A concurrent
system is any system where several units engage in activity at the same time. The
units can interact with each other and thus mutually affect their behavior. Many
examples of artificial concurrent systems are found in computer science, for exam-
ple, large computer networks containing various number of interacting computers,
or several processes running simultaneously in a single computer. Formal models
were originally developed for these computer systems but nowadays the same mod-
eling techniques are also used to model real-world concurrent systems like complex
molecular and biological systems or work flow in business management.

Formal models of concurrent systems use precise mathematical methods to cap-
ture overall or specific behavior of a selected system. Different formal models are
designed to achieve different aims. The common goals of formal modeling include

the following.

To study the behavior of a concurrent system. We create a formal model and
we compare its behavior with the behavior of the real system. This comparison
can provide us a valuable insight into the nature of the studied system and it
often allows us to improve the formal model. The newly improved model can
be again compared with the real system. Every iteration of this cycle gives us
a more refined formal model as well as it increases our understanding of the

real system.

To develop/reason about a concurrent system. Formal models provides an in-
valuable help with development of a new artificial concurrent systems. They
can help us to reveal mistakes in the system design before the system is im-
plemented or used in practice. In this way formal models help us to save

expensive resources. For example, if we had a faithful model of complex bio-

1



Chapter 1. Introduction

logical systems, we would be able to test new drugs on this model instead of
on living animals. Unfortunately, current formal models of biological systems

do not yet reach the level of reliability required to achieve this aim.

A reliable model of a concurrent system can be used to reason about and
to prove various system properties which are of interest, including critical
properties like security and correctness of artificially constructed concurrent
systems. Formal reasoning about a concurrent system can help us to develop

the most efficient ways to use and to interact with the system.

To study the concepts of interaction and communication. The aim here is
to capture and describe the basic principles and mechanisms on which inter-
action and communication are based. A better understanding of these basic
principles allows us to construct more accurate formal models and thus it im-
proves the results obtained from applications of formal models. Moreover, a
better understanding of these principles improves our understanding of the
world and of ourselves, and thus it moves us one step towards the ultimate

goal of science.

1.2 Structure of this Chapter

The rest of this introductory chapter is structured as follows. Section 1.3 introduces
a basic terminology of process calculi which are one of the formalisms used to model
concurrent systems. Section 1.4 provides a very brief historical overview of process
calculi. Section 1.5 introduces basic ideas of type and analysis systems for process
calculi which are used to verify and reason about various properties of concurrent
systems. Section 1.6 provides a brief historical overview of the generic analysis
system PoLy[] which is the main topic of this thesis. Section 1.7 provides a short

overview of PoLy[. Finally Section 1.8 summarizes the thesis contributions.

1.3 Basics of Process Calculi

Various formal models of concurrent systems are found in the literature. In this
thesis we concentrate solely at process calculi which constitute one of the possible
approaches to model concurrent systems. Different process calculi are designed to
model different systems but they share the basic idea. Any process calculus C' defines
the set of processes which are used to represent interacting units of the system. One
process can represent either a single unit or a more complex system consisting of
several units. Let B range over processes of calculus C'.

In order to describe the behavior of a modeled system, calculus C' defines a binary

rewriting relation on processes, written By — By, which is read as “Bj rewrites
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to B;”. The statement By — B; means that the system described by process By
evolves in one step to the system described by By, that is, that B is an immediate
successor of By. A single process can have more than one possible successor and
thus the rewriting relation can describe a nondeterministic behavior. As opposed
to rewriting systems used to describe the behavior of functions, like the A-calculus,
consecutive applications of the rewriting relation which start with the same process
By do not necessarily need to converge to the single final state. Sometimes it is
even desirable that some rewritings do not converge at all because the modeled
system exhibits this behavior. In some process calculi the rewriting relation can be
additionally labeled with various labels but in this thesis we work only with unlabeled
rewriting relations.

Many process calculi share common operators which are used to construct pro-
cesses. Commonly, “0” is used to denote a finished or inactive process, “By | B,” is
used to denote two processes By and B; running in parallel, and “N.B” is used to
denote a process which executes action N and then continues as process B. Further-
more, “!B” is used to describe a process which behaves like infinitely many copies of
B running in parallel, that is, like “B | B | ---”. Processes are usually constructed
from atomic units called names. A common operation is that of name restriction,
written “vn.B”, which makes the name n in B to be different from any other name
outside B (even though also called n).

Although there is no general consensus on which calculus should be considered a
base calculus to model concurrency, the m-calculus [MPW92b, Mil99] and the Mobile
Ambients calculus [CG98] are best-known nowadays. Many extensions, variations,
and combinations of these two calculi were introduced to model and to reason about

various properties of concurrent systems.

1.3.1 The 7-calculus

The m-calculus [MPW92b, Mil99] models interaction as a channel-based communica-
tion where atomic entities called names are send and received over named channels.
Channels are identified by names which means that channel identifiers can be trans-
mitted during communication. There are two kinds of executable communication
actions: (1) sending a name n over a channel ¢ (written “c<n>”), and (2) receiv-
ing a name over a channel ¢ and saving it in (that is, substituting it for) x (written
“c(x)”). Processes in the w-calculus are constructed from communication actions by
parallel (“|”) and sequential (“.”) compositions. For example, the process “c<a>.0”
executes the action “c<a>” and ends while the process “c(x).x<d>.0” executes the
action “c(x)” and then the action “x<d>”. A communication is actually executed
when a sending and receiving process appear in parallel like in “c<a>.0|c(x).x<d>.0".

In this case name a is substituted for x and the process evolves (rewrites) to its next
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state as follows.
c<a>.0 | c(x) x<d>0 — 0] a<d>.0

More details on the 7-calculus can be found in Chapter 14.

1.3.2 Mobile Ambients

The Mobile Ambients calculus [CG98] of Cardelli and Gordon places processes into
separated abstract locations called ambients. An ambient is a named bounded place
and a process in one ambient can not directly interact with a process in another
ambient. A process B running inside an ambient n is written “n[B]”. An ambient
can contain processes and other ambients, like in “a[By|b[B;]]”, and thus ambients
form a tree-like hierarchy. A process can execute instructions called capabilities
whose execution changes the ambient hierarchy. Processes in the same ambient
can also communicate by sending names and sequences of capabilities. Process
are constructed from capabilities and communication actions by parallel (“|”) and
sequential (“.”) compositions.

There are three kinds of capabilities in Mobile Ambients: in, out, and open. The
capability “in n” instructs the ambient which contains (the process that executes)
the capability to enter the sibling ambient n. The capability “in n” can actually be
executed only when there is some sibling ambient n, like in “a[in b.in c.0] | b[0]”.

This process evolves (rewrites) as follows.
alin b.inc.0] | b[0] — b[0]alinc.0]]

Similarly the capability “out n” instructs the ambient to move out of its parent n.
The capability “open n” instructs the ambient to dissolve the ambient boundary of

its child ambient n. Their semantics is described by the following rewriting axioms.

mlnlout m.By | B11 | Bol — nlBy | Bl | m[B>]
open n.By | n[B] — Byl By

Mobile Ambients also allow communication over (unnamed) channels. This is de-

scribed by the following axiom.
(n)BO | <N>.Bl — Bo{’n, —> N} | Bl

In the above rule N is a metavariable ranging over sequences of capabilities and
names, and By{n — N} denotes the application of the substitution {n — N} to By.
More details on Mobile Ambients can be found in Chapter 16.



Chapter 1. Introduction

1.4 A Very Brief History of Process Calculi

The history of formal descriptions of concurrent systems can be traced back to 1960s.
Several formalisms intended to capture the concept of a computable function, like
Turing Machines and the A-calculus, were already proposed in the first half of the
20th century. A need for more subtle definition of computation arose with the
expansion of Computer Science.

It is common for computations executed by computers to interact with the en-
vironment, for example, with users or with other computers. Thus the result of a
computation can depend on the state of the environment and does not need to be
uniquely determined by input parameters. Behavior of these computations can not
be straightforwardly described by functions. Formalisms were developed to model
similar concurrent systems where several interactive units engage in activity at the
same time.

As the first work that mentions concurrency we can point out Petri nets, for the
first time published in the PhD thesis [Pet62] of Petri in 1962. Petri nets model a
concurrent system by a (bipartite) graph with two kind of nodes which represent
states and events of the system. Petri nets are also used nowadays but they use a
different approach to concurrency than the one used in process calculi.

Another important researcher studying behavior of concurrent systems was Bekic,
who worked for IBM and was well-known for his work on semantics of programming
languages in the 60s and 70s. In his paper [Bek84] from 1971 he addresses parallel
execution of processes. He was the first one who used an operator to denote a paral-
lel composition of processes, in particular to denote what he called a quasi-parallel
execution of processes. This parallel composition operator plays a central role in
every modern process calculus.

The first process calculi are due to the independent work of Milner and Hoare.
The work of Milner between the year 1973 and 1980 culminated in the Calculus
of Communicating Systems (CCS) described in his book published in 1980 [Mil80].
CCS already defines operators for sequential, parallel and alternative composition
which are milestones of process calculi. In 1978 Hoare published the paper that
describes the language Communicating Sequential Processes (CSP) [Hoa78]. CSP
provides a way to describe synchronous communication and also has been practically
applied in industry to formal verification of the concurrent aspect of several systems.
The subsequent development of CSP was influenced by the development of CCS
and wice versa. Both the theory of CCS and CSP are still the subject of active
research. While process calculi like CCS and CSP usually use transition systems to
give a semantics to programs, there is also a different approach that uses algebraic
equations to describe the behavior of the calculus. These approaches are usually

called process algebras. Among them we can mention probably the first one: Algebra
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of Communicating Processes (ACP) [BK84] of Bergstra and Klop. Furthermore,
there exist also algebraic approaches to CCS and CSP. Algebraic approaches are
used to prove various properties of CCS and CSP, and a huge amount of formal
proofs elaborated in details can be found in the literature. This implies a great level
of reliability and is one of reasons while CCS and CSP are still used, even though
their successors are in some sense either more expressive, simpler or more suitable
for different purposes.

From the 1960s to now a large variety of process calculi have been developed.
There are several different aspects that they are trying to address. Among these
aspects are data treatment, time treatment, probability (a stochastic information
treatment), and mobility. Probably the most popular modern process calculi con-
cerning mobility are the m-calculus, which is the successor of CCS, and Mobile Am-
bients. The 7-calculus and Mobile Ambients have attracted many researchers and
have led to a spreading of the process calculi approach and its applications. Now, for
both the w-calculus and Mobile Ambients many extensions, variations, and combi-
nations exist. A more detailed historical overview can be found in a paper of Baeten
[Bae05].

1.5 Basics of Type and Analysis Systems

Type and static analysis systems formalize certain kinds of reasoning about prop-
erties of processes. For any process calculus C, one or more type/static analysis
systems can be designed. An analysis system S¢ for calculus C' is usually designed
to formally reason about and to verify a specific property of processes from calcu-
lus C'. Different analysis system can be designed to reason about different process
properties and thus to reason about different properties of the modeled concurrent
system.

A typical type or static analysis system S for process calculus C' works as
follows. Firstly, it defines the set of predicates. Let p range over these predicates.
Predicates in many systems consist of several parts, typically they contain all non-
process entities which form typing judgments. For example, judgments of a type
system for the m-calculus described in Chapter 14 have the form “A + B” in which
case predicates are contexts A. Judgments of a type system for Mobile Ambients
described in Chapter 16 have the form “A — B : k7 in which case predicates are
pairs (A, k). Finally, Chapter 18 describes a flow analysis system of a biologically
inspired process calculus BioAmbients with statements of the shape “(S,N) ! B”,
and in this case, predicates are triples (S, N,1).

Predicates formally represent properties which the system reasons about and
verifies. Secondly, the analysis system defines a binary relation on processes and

predicates. Let us write the relation as > B:p. This relation formally represents
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the statement “B has the property p”. The relation is desired to be effectively
verifiable. Thirdly, the system (usually) enjoys the subject reduction property, which
states that the relation > is preserved under rewriting of processes, that is, > By : p
and By — By imply > By : p.

Usually it is easy to verify that one process B has a specific property p. On the
other hand, to verify that the process B and all its successors have the property p is
in general a much more complicated task because the set of all successors of B can
be infinite. Type systems considerably simplify this task because subject reduction
implies that it is enough to verify p only for the initial state B, that is, it is enough
to check > B :p.

1.5.1 Principal Typings

For every predicate p we can define its meaning [p| to be the set of all processes
B such that > B:p. A principal predicate of a process B is a predicate such that
> B:p and [p] < [po] for any other py such that > B: py. Principal predicates are
usually called principal typings [Wel02]. Existence of a principal typing for every
process is a desirable property of an analysis system. It is important for efficient
type inference, compositionally, and reusing of results and it is further discussed in
Chapter 10.

1.5.2 Polymorphism

Polymorphic predicates uniformly describe behavior of processes which concerns
values of various concrete types. Thus they support reusing of code in programming
languages, and they allow more comfortable description and modeling of concurrent
systems.

Some analysis systems for the m-calculus assign to every channel ¢ the type of
values that can be transmitted over c. These analysis systems can be, for example,
used to guarantee that only integers are sent over channel c. This is useful to avoid
type errors which can occur when a receiving process receives a value of unexpected
type, for example, a string instead of an integer. Some channels can be, however,
used to legally (that is, without a type error) transfer values of various concrete
types. A typical example is the repeater process “c(x).c<x>.0” where the channel c
can safely transfer a value of any type. Analysis systems whose predicates describe
processes where the same channel name can be used to transfer values of various
types are called polymorphic. This particular case of polymorphism is called channel
polymorphism.

Another kind of polymorphism can be encountered in analysis systems of Mobile
Ambients and similar systems which work with ambients. Some analysis systems

for Mobile Ambients assign to every ambient n an allowed communication topic
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which describes type values values that can be exchanged inside n. Some ambients
can, however, allow exchange of values of different types depending on the position
of the ambient in the ambient hierarchy. For example, the exchange of integers
can be allowed in a when a is inside ambient b while the exchange of strings can
be allowed in a when a is inside ambient c. We call this kind of polymorphism,
where communication actions and capabilities allowed inside an ambient depends
of the ambient position in the ambient hierarchy, spatial polymorphism. Spatial
polymorphism was firstly describe in the POLYA system. Spatial polymorphism in
the PoLy[ system is further discussed in Section 7.7.

1.6 The History of the PoLy[l System

Pory0 was presented by Makholm and Wells [MWO05] in 2005, previously presented
in the technical report [MWO04a] in 2004. Pory[] was developed from the previous
work of the above authors and Amtoft on PoLYA [AMWO04a, AMWO04b]. POLYA
is a type system for Mobile Ambients and it is motivated by the previous work of
Amtoft and Wells [AW02].

1.6.1 The POLYA System

Unlike PoLyld, POLYA only works for one specific process calculus, Mobile Ambi-
ents. POLYA does not assign a fixed communication topic to each ambient as de-
scribed in the previous section. Instead, it assigns a type to each process that gives
upper bounds on (1) a possible ambient hierarchy tree contained in the process, (2)
values that may be communicated, and (3) capabilities that may be used. POLYA
allows, for example, typing of a messenger ambient that can collect a message of
non-predetermined type and deliver it to a non-predetermined location. POLYA
provides spatial polymorphism described in the previous section. Spatial polymor-
phism in POLYA means that a type of an ambient process may depend on a location
where it is found.

Types in POLYA are dependent in the sense that they are build from the same
building blocks as process (from names in POLYA and later in PoLyO from type
tags). POLYA types are selected from the set of shape predicates. A shape predicate
is a graph which represents all possible future states of a process merged together.
Shape types are those shape predicates which are provably closed under rewriting.
The basic idea of shape predicates is that they resemble process structure and con-
tent. A shape predicate looks like a process term syntax tree. A process term
matches the shape predicate if its syntax tree can be “bent into shape” described
by the shape predicate (edges of the shape predicate can be used more than once

during the matching). This basic idea comes to trouble because there may be a
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term that can evolve to a term with an arbitrarily deep syntax tree (for example,
“la[lin a.0]” in Mobile Ambients). It means that we would have to consider infinite
shape predicates. On the other hand, it is desired to keep types finite. Thus POLYA
restricts itself to possibly infinite trees with finite representations, specifically, regu-
lar trees. Although POLYA defines a linear notion of shape predicates called shape
expression, it is easiest to use directly graphs.

Not all shape predicates are shape types in POLYA. Because a desired property
here is subject reduction, only those shape predicates that are closed under rewriting
are called types. Shape predicates which are closed under rewriting are called seman-
tically closed in POLYA. Because the recognition of semantic closure was found far
from easy, another, easier to recognize notion of syntactically closed shape predicates
is defined in POLYA. Syntactic closure implies the semantics closure. Syntactically
closed shape predicates are called shape types in POLYA.

Although the recognition of shape types is relatively easy to implement, it is still
not enough to prove existence of principal typings [Wel02]. That is why PoLyA
defines a subclass of types called restricted types. Restricted types are those which
satisfy two conditions called a discrete and a modest condition'. Among restricted
types, the existence of principal typings is proved and a type inference algorithm
has been implemented [MWO04b]. The existence of principal typings among all un-
restricted POLYA types has never been either proved or disproved. As noted in
Section 1.5, principal typings are important for efficient type inference algorithm,

compositionally, and reusing of results.

1.6.2 From POLYA to PorLy[

The work on POLYA gives rise to POLY[], a generalization from a type system for
Mobile Ambients to a family of type systems for a large family of process calculi.
PorLy[ takes from POLYA the concept of shape types. It provides the way to
describe reduction semantics of the process calculus in question. Based on this
description, the reduction relation is automatically inferred. Again, notions similar
to the semantic and the syntactic closure from POLYA are defined in PorLy[. A
notable change is that PoLy[l leaves off the discrete and modest restrictions, and
instead, it defines simpler conditions on types called a width and a depth restriction.
The main reasons are that the discrete and modest restrictions, although more
powerful, were very complex and hard to understand. Types which satisfy the width
and depth restriction are called restricted and the existence of principal typings is
proved only among these restricted types.

Problems were found in the previously published PoLyd [MW05, MWO04a]. They

are fixed and described in this thesis, which is the first publication which contains

"'We will not even try to explain these conditions here because they are exceedingly complex.
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detailed proofs of PoLy[ properties (subject reduction, principal typings, and oth-
ers) as well as a detailed description and correctness proofs of the type inference

algorithm.

1.7 Overview of the PoLy[l System

Poryl is a generic type system scheme which can be used to verify various prop-
erties of processes from various calculi. Poryl is built on top of the metacalculus
METAO which can be instantiated to many calculi including, for example, the 7-
calculus, Mobile Ambients, numerous variations of these, and other systems. The
instantiation of METAL] to a process calculus is done by a straightforward descrip-
tion R of the rewriting rules in the syntax that METAL provides for this purpose.
A rule description R instantiates METAL to the calculus Cz and the very same rule
description R is the only thing that is necessary to instantiate POLYD to the type
system Sg for Cg.

The type system Si provided by PorLy[ is not designed to verify and reason
about just one specific property of processes. Rather, PoLY[ uses the generic
notion of shape predicates which describe allowed syntactic configurations of META[
processes. Shape R-types are those shape predicates which are provably closed under
rewriting with R by a simple procedure. Every shape (R-)type II describes the set
of METAL processes which have the syntactic configuration allowed by II. Many
interesting properties of processes can be expressed as properties of shape types. The
type system S can be thus used to verify and reason about all the properties which
can be expressed as properties of shape types. The question of the expressiveness of
shape types is further investigated in Part III of this thesis where we formally prove
that shape types can have both the same expressive power as and also superior
expressive power than predicates of three selected analysis systems which earlier
researchers handcrafted to verify specific process properties of specific calculi. Every
PoryU instance Sk has desirable properties such as subject reduction, the existence

of principal typings [Wel02], and an already-implemented type inference algorithm.

1.8 Contributions of the Thesis

The contributions of this is thesis are briefly summarized in the following list.

Extensions of the Pory[] System. A major extension of the POLY[ system in-
troduced in this thesis is the support of name restriction (“v”). Details can be
found in Section 9.1. The support of name restriction is significant because the
functionality of name restriction is very often used when modeling concurrent

systems.

10
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Fixes of the theory. Many problems were found in the theory of the previously
published PovLy[ system. These are fixed and described in this thesis. Sec-
tion 9.2 contains a detailed list of changes together with references to related

parts of this thesis.

Clarifications of the theory. Some notations in the previously published Pory[
theory were used in an informal way without an exact definition. Explicit
definitions of these notions are provided in this thesis. Some definitions were

also simplified and clarified. Details can be found in Section 9.2.

Formalization of a type inference algorithm. Although an implementation of
the type inference algorithm accompanied the previously published Pory[]
system, no formal description of type inference was available before this thesis.
The type inference algorithm is described and proved correct in Part II of this

thesis.

Proofs. An enormous amount of detailed proofs can be found in this thesis. No
proofs of PoLY[] properties were previously published except for a very short
(1 page) proof sketch of subject reduction. The discovery of the above-
mentioned inconsistencies in the original POLY[ system called for much more
detailed proofs. Proofs of subject reduction, principal typings, correctness of
the type inference algorithm, and other important properties of the Poryl

system are first presented in this thesis.

Expressiveness evaluation of Poryll. PoLyl can be instantiated to a type sys-
tem for a large variety of process calculi. The expressiveness of type systems
provided by PoLyl has, however, not been evaluated before the presentation
of results from this thesis. Part III of this thesis deals with this question of
expressiveness and it shows that shape types can have both the same expres-
sive power as and also superior expressive power than predicates of three quite
dissimilar analysis systems from the literature, namely, (1) an implicitly typed
m-calculus, (2) an explicitly typed Mobile Ambients, (3) and a flow analysis
system for BioAmbients.. We believe that the results reached and the diver-
sity of the three systems justify the claim that shape types can be widely used

instead of predicates of many other systems.

Applications of PorLy[l. Apart from the proofs of superior expressiveness, Part I11
of this thesis also shows on concrete examples how to use the PoLy[] system
to achieve specific tasks. This helps to bridge over the problem of complexity
of PoLyl which is inevitably implied by its high generality and which has
been daunting to some readers of earlier papers. We also demonstrate spatial

polymorphism, which is not common for other systems, on concrete examples.

Handling of infinite sets of rewriting rules. The previously published Pory[l

system works only with process calculi with finite sets of rewriting rules. Some

11
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process calculi support polyadic communication which allows exchange of ar-
bitrarily long tuples of objects. Polyadic communication is usually described
by infinitely many rewriting rules (a separate rule for every tuple arity). Han-
dling of infinite sets of rewriting rules which is sufficient to support polyadic

calculi is first presented in Section 10.3 of this thesis.

Non-existence of principal typings among unrestricted types. As noted in
Section 1.6.2, the existence of principal types in PoLy[ is proved only among
restricted types. Section 10.4 constructs a PovLyl instantiation with no prin-
cipal typings among all PoLy[ types. This result, which is first published in

this thesis, explains the reasons for introduction of restricted types.

Part 1 of this thesis partially overlaps with previous Poryll publications of
Makholm and Wells [MWO05, MWO04a]. It, however, contains some extensions and
the differences are summarized in Section 9.2. The materials from Part IT have not

been published before. Part III is mainly based on recent publications of Jakubuv
and Wells [JW09, JW10].

1.9 Structure of the Thesis

Basic mathematical and other notations used throughout the thesis are introduced
in Chapter 2. The rest of the thesis is divided into three parts which deal with the

following topics.

Part I: Shape Types and the PoLy[d System. This part fixes and extends the
generic POLY[ type system previously published by Makholm and Wells [MWO05,
MWO04a]. See Section 1.7 for basic overview of PoLy and shape types. Differ-
ences between the previously published PorLy[] system and the one presented

in this thesis are summarized in Section 9.2.

Part II: Principal Typings and Type Inference. Part II presents a type infer-
ence algorithm and proves it to be correct and complete. The type inference
algorithm together with the proof of its correctness and completeness provide
a constructive proof of the existence of principal typings (see Section 1.5 and
Chapter 10 about principal typings). These results are published for the first

time in this thesis.

Part III: Application and Expressiveness of Shape Types. The last part de-
monstrates how to use PoLy with concrete calculi from the literature, namely,
with the m-calculus, Mobile Ambients, and BioAmbients. For each of the three
calculi we select its analysis system from the literature and we prove that shape
types can provide the same results as the original analysis system. Further-
more, we prove that PoOLyl] can additionally provide greater expressiveness

than the original system.

12
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Some topics are presented in two consecutive chapters where the first chapter pro-
vides a compact overview of the topic and the second chapter contains additional
details, explanations, and proofs. The overview chapters contain all the definition
necessary to comprehend the rest (of the overview chapters) of the thesis. The detail
chapters can be skipped for the first reading and the reader can look them up later as
necessary, either the whole chapter or just some particular parts. The chapter with
details always follows the corresponding overview chapter and it is titled “Technical

Details on ...”.

13



Chapter 2
Notations and Definitions

This short chapter presents some definitions which are not specific to the work of
this thesis.

Throughout this thesis let 4, j, k range over natural numbers. Let (u,v) denote
the pair of v and v. A function f is a pair set such that (u,v) € f and (u,w) € f
implies v = w. Let u — v be an alternate pair notation used when writing functions.

Given the function f and the sets U and V' we suppose the following definitions.

power(U) = {V:V < U} the power set

powerg, (U) ={V:V € U & V is finite} the set of finite subsets
UO\V=A{uuelU&ug¢V} set subtraction

UxV ={(u,v):uel&veV} Cartesian product

dom(f) = {u: (u—v) e f} function domain

mg(f) ={v: (u—v) e f} function range

flt=A{(v,u): (u—v)e f} inverse function /relation
flu—v]={(u —v)e fru#u}u{u—ov}  function extension/replacement
U->V={f< (UxV)]| fis a function} all functions from U to V
U—uV={fe(lU—-V)|fis finite} all finite functions from U to V/

We shall use following BNF-like statements to define sets with members of a
particular syntax.
i,j,k € Nat == 0]1[2]---

The above statement defines a set called Nat to be the set of natural numbers

{0,1,...} and it states that metavariables i, j, and k (possibly with indexes) will be

“w_»

used to range over Nat. We also use similar statements with equality instead of

“::=" to describe a set directly. The following has the same meaning as the previous
statement.

ij,k € Nat = {0,1,2,...}

14
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Syntactic sets can be additionally defined recursively as in the following example.
T € Term ::= Z‘_T|(T0+T1)|(T0*T1)

The above set Term can be equivalently defined by the following recursive definition.

(1) Every natural number is in Term.

(2) When T € Term then “-7” is in Term.

(3) When Ty and Ty are from Term then “(7o+77)” and “(Ty*T1)” are in Term.
(4) Any member of Term is constructed by finitely many applications of (1)-(3).

We use metavariables consistently, that is, all occurrences of the same metavari-
able in the same chapter always range over the same set. Upper case metavariables
range over more complicated (usually recursively defined) sets. Greek metavariables
range over type entities. An index of metavariables can be found at the end of this
thesis.

In Part Il we describe a type inference algorithm using a C-like pseudo-pro-
gramming language. We do not formally define its semantics in favor of the follow-
ing description. We assume the call-by-value semantics, that is, every function call
makes a copy of its arguments. Names of variables correspond to names of metavari-
ables used throughout the thesis and thus the name of a variable determines the type
of its value. For example, variables ¢ and iy can hold only natural number values.

The scope of a variable is the whole function where it is used. Exceptions are
variables which are introduced by an existential quantification in conditions of if
and while statements. The scope of these existentially quantified variables is only
the body of the if branch or the while cycle whose condition introduces the variable.
Existentially quantified variables are read-only. Variables which are used as control
variables in for and foreach cycles have also only the corresponding block as their
scope and they are read-only. There are no global variables.

An attempt to read an uninitialized variable to which no value has been assigned
yet terminates the execution with failure. Some assignment uses a simple pattern
matching, for example “(i,7) := (1,2);”. The execution terminates with failure when
the right-hand side has not the required shape, like for example in “(7,7) := 3;”.
Finally, the execution terminates with failure if the argument of switch command
has a shape which is not described by any case branch and there is no otherwise
branch. Above failures do not, however, happen in algorithms from Part II if ar-
guments have expected values. After the execution of a case branch which is not
finished by return, the execution continues with the first command after the switch

statement (and not by the next case branch like in C).

15



Part 1

Shape Types and the PoLy[]
System
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Chapter 3

The Metacalculus METALI

Poryl is built on the metacalculus META which is based on the observation that
many syntactic constructions have similar semantics in many process calculi found
in the literature. Examples of these constructions are parallel composition (“17),
prefixing a process with an executable or non-executable prefix (“.”), replication
(“I"), and name restriction (“v”). Process calculi differ mainly in the set of prefixes
and their meanings. METAL collects constructors shared among process calculi and
introduces a general concept of forms used to encode various prefixes of other calculi.
METAL is instantiated with a rewriting rule set R that specifies the behavior of
prefixes (forms). META can be instantiated to many calculi including, for example,
the m-calculus, Mobile Ambients, numerous variations of these, and other systems.
We stress that metacalculus METAD is mainly intended to provide a base for
the generic type system PorLyll. META[ is not supposed to be used on its own. In
this chapter we describe generic syntax of METAL] processes together with general
operations and relations which are used by all METALl instances. How to instantiate

METAO to a concrete process calculus is described in Chapter 5.

3.1 Generic Syntax of Processes

Here we introduce the METAL] process syntax which is designed to allow straight-
forward encodings of other calculi and we introduce some useful conventions.

The syntax of METAL processes is given in Figure 3.1. A METAU entity is any
entity defined in Figure 3.1, that is, any basic name, type tag, name, sequence,
message, element, form, or process. Let metavariable Z range over all METAL
entities.

Processes in process calculi are usually built from atomic names. A META[
name a' is a pair of the atomic basic name a and the type tag ¢. Later we shall
define a-conversion of bound names to preserve type tags. Thus the main point

of type tags is to provide identifiers of bound names which are not changed by a-
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a,b € BasicName := a|bj|c| - |in|out|open|---|[1]e]---
t € TypeTag = DBasicName
x,y € Name = a
s € Sequence = Tg...Tp
M € Message = 0]s| MyM
E € Element = x| (xq,...,2) | <My, ..., M>
F € Form = FEy...E}
P,Q,R € Process = 0| FP|(P|Q)|vaP|IP

Figure 3.1: Syntax of METAU processes.

conversion. Type tags and basic names are taken from the same set and we shall
abbreviate a® simply as a when no confusion can arise. This abbreviation allows us
to resemble process syntax of other calculi.

Process constructors have standard semantics. The null process “0” is an inactive
or finished process, “P | )7 runs processes P and () in parallel, “vx.P” behaves as

P with private name z (i.e., x in P differs from all names outside P), and finally

“IP” acts as infinitely many copies of P in parallel (“P | P | ---7).
The input element (xq,...,x;) is used to encode name input binders of other
calculi and it binds the names x4, ..., zx. The output element <M, ..., My> can

be used to encode message sending. Both elements can be empty (when k& = 0).
Forms can encode executable action prefixes from various calculi such as m-calculus
communication actions (as “z(y)” and “ax<y>”) or Mobile Ambients capabilities
(as “in 7, “out 2”7, and “open z”). When a form F encodes an executable action
then “F.P” encodes the process that runs F and continues as described by P.
Forms are also used to encode non-executable prefixes or other calculus-specific
constructions like ambients boundaries from Mobile Ambients. =~ We encode the
Mobile Ambient syntax “x[P]” in METAO as “z[].P” and we use the former syntax
as an abbreviation (“[]1” is a single name).

We omit parenthesis in (P | Q) when possible. Let “.” bind more tightly than “|”,
that is, “F.P | Q = (F.P) | Q" and “vz.P | Q = (vx.P) | Q”. Let the composition
of messages “.” associate to the right, that is, “My.M;. My = My.(M;.Ms)”. Let “|”
associate to the right.

Name restriction “vz” binds all underneath occurrences of x and the input ele-
ment “(zy,...,2)” binds z1, ..., ;. The occurrence of type tag ¢ in a* is bound
when this occurrence of a* is. For every P we define the set fn(P) of free names,
the set ftags(P) of free type tags, the set itags(P) of input-bound type tags, the set
ntags(P) of v-bound type tags, and the set tags(P) of all type tags of process P. A
detailed definition of these notions and sets can be found in Section 4.1.

A bound occurrence of a* can be a-converted to b but the type tag ¢ has to

be preserved. We identify a-convertible processes. Details on a-conversion can be
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found in Section 4.2.

3.2 Well Formed Processes

Some names can have a special meaning in some process calculi like for example in,
out, and open in Mobile Ambients. It is desirable not to allow these special names to
be bound in METAO processes. In the 2004 technical report [MWO04a] special names
can be bound and this causes an inconsistency in the subject reduction property.
This is further discussed in Remark 8.7.2. Because of the introduction of type tags
in the version of POLY[ presented here, special names might be allowed to be bound
but it would unnecessarily complicate proofs and encodings of other calculi.

We suppose that the set SpecialTag < TypeTag contains all special type tags of
names to which a special meaning is assigned by rewriting rules. The set is not fixed
but can be extended as necessary to cover all special name tags in rewriting rules. For
example in the case of Mobile Ambients we assess SpecialTag = {e, [1,in, out, open}.
We suppose e € SpecialTag for any METAL instantiation. We introduce the set
SpecialTag here in order to make the following definition of well formed processes

independent on descriptions of rewriting rules.

DEFINITION 3.2.1. The process P is well formed when all the following hold.

(W1) The type tags ftags(P) v ntags(P) are disjoint with itags(P).

(W2) When F.QQ is a subprocess of P then itags(F') and itags(Q) are disjoint.
(W3) Any F in P contains exactly one occurrence of v for every a* € bn(F).

(W4) Bound tags itags(P) u ntags(P) are disjoint with SpecialTag. .

Henceforth we suppose only well scoped processes. Section 4.3 describes the changes
in this definition from the previous METAL [MWO05]. The following remark explains

the purpose of the conditions.

REMARK 3.2.2. All the well-formedness conditions except W3 are required only for
subject reduction and type inference in PoLyl and are not required for a proper
functionality of METAD itself.

Condition W1 forbids mixing of input bound tags with other (not input bound)
tags. For example, “vx.x.0 | (x).x.0” and “a¥.0 | (b¥Y).b¥.0” are forbidden. Recall
that a standalone x at a name position stands for x*. Condition W1 is necessary
for subject reduction and it is further discussed in Remark 6.3.3, Remark 8.2.1,
Remark 8.5.2, and mainly in Remark 8.7.1. Free name tags and v-bound tags can
mix, for example, “x.0 | vx.x.0” is a well formed process. Processes like this have to
be allowed to achieve the property that any subprocess of a well formed process is
well formed. This property is essential for proofs which use structural induction on

processes.
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Message decomposition operator:

O*P =P S*P =s.P (M(]Ml)*P = MO*(Ml*P)

Application of a substitution to names, sequences, elements, and forms:

Sy — if 2 ¢ dom(S) SCxy,...,x) = (xq,...,78)
7 ne om S<M1,...,Mk> = <SM1,...,SMk>

. otherwise =

S(Ey...Ey) = (SEy)...(SE)

Application of a substitution to messages:
S(Mo.M;) = SMy.SM, g {S(x) if s = 2 € dom(S)

SO0 = 0 Ss otherwise

Application of a substitution to processes:
So=0 ) S(P1Q)=SPISQ S(!P) = ISP
S(vx.P) = ve.SP if x ¢ dom(S) u fn(S)
S(F.P) = {S(m)*SP if F' =z e dom(S)
SESP  if F ¢ dom(S) & bn(F) n (dom(S) U fn(S)) = 0

Figure 3.2: Application of a substitution to METAD entities.

Condition W2 forbids nesting of input binders which bind the same type tag.
For example “(a¥).(bY).b¥.0” is banned. This is essential for the subject reduction
property to hold and it is further discussed in Remark 8.7.1. Condition W3 disallows
a single type tag to be bound more than once in a single form. For example the
following forms are not allowed in any well formed process: “(x,x)”, “(x) (x)”,
“x(x)”, and “(a*,b*)”. These could lead to a formation of an invalid substitution.

The purpose of W4 has already been discussed. .

3.3 Substitution

Now we define substitutions in METAL and their actions on processes and other

entities.

DEFINITION 3.3.1. A METAO substitution, denoted S, is a finite function from

Name to Message. .

Application of S to various METAD entities is defined in Figure 3.2. Application
of S to messages is written SM while application to all other METAL entities is
written SZ. Especially, application of S to process P is written SP. Let substitution
application bind more tightly than other operators, that is, let “SP | Q” stand for
“SP) 1 Q.

Application of a substitution to processes uses an auxiliary message decompo-

sition operation M,P defined in the top part of Figure 3.2. It discards empty
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P=q P=Q Q=R P=Q
(SREF) (SSym) (STRA) (SPAR)
pP=p Q="r P=R PIR=QIR
P=qQ P=qQ P=qQ
————  (SFrwm) ——— (SRep) ————  (SNv)
FP=FQ P =1Q ve.P =vx.Q)
(SPCom) (SPAsc) ——— (SPNuy)
PlQ=QIP PIQIR=PIQIR Plo=P
(SRNuL) (SNuUNv) ————— (SBANG)
0=10 ve.wvy.P =vyve. P IP=P|!P
x ¢ fn(F) x ¢ fn(P)
(SNUFRM) (SNUPAR)
Fuvx.P=vx.F.P Plvz.Q =vz.(P|Q)

Figure 3.3: Structural equivalence of METAL.

messages 0 from M and pushes components of M from right to left onto P (for
example ((a.b).c),P = a.b.c.P). In other calculi this operation is often incorporated
into a structural equivalence relation.

Substitution replaces names by messages, but non-name messages are META[
syntax errors at some name positions. For example, substituting “in a” for x in
“open x” would yield “open (in a)” which is invalid syntax. In some process calculi,
the syntax allows such expressions but they are semantically inert. In METAL,
substitution places a special name “eo” at positions that would otherwise be syntax
errors, that is, the above substitution yields “open e”.

Note that we really need two different application operators because a substitu-
tion is applied in different ways to names inside forms or sequences, and to single
name messages. For example, when S = {x — in a} then “Sx = in a” but “Sx = ”
and hence we have “S(x<x, in x>) = e<in a,in e>”. The result of S applied to a name
is always a name. Also note that substitution application does not touch names
inside input elements, that is, we have for example S((x)) = (x) for any S even
when x € dom(S). This is because input-elements act as binders.

Basic properties of substitutions are proved in Section 4.6. In Section 4.5 we de-
scribe changes in the definition of substitution application from the previous META[]
[MWO05].

3.4 Structural Equivalence

The METAU structural equivalence relation = is the smallest binary relation on

METAL processes that satisfies the rules in Figure 3.3. Labels like SREF or SSym
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are rule names with no impact on semantics. Structural equivalence expresses the
following standard properties of parallel composition, name restriction, and replica-
tion. Parallel composition is commutative and associative and has 0 as its unit (rules
SPCowm, SPAsc, and SPNuL). The scope of name restriction can be extruded from
name restriction, parallel composition, and form when there is no binding conflict
(rules SNUNU, SNUPAR, and SNUFRM). Replication implements repetitive behavior
(rule SBanG). This basic semantics of operators described by structural equiva-
lence is fixed and does not vary with instantiation of METAL. Basic properties of

structural equivalence are proved in Section 4.7.
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Chapter 4

Technical Details on META[]

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just

some particular part.

4.1 Free and Bound Names

We proceed by defining notions of free and bound names and type tags. These

notions are used to define a-equivalence in the next section.

DEFINITION 4.1.1. All occurrences of the name z in “va.P” are called (v-)bound.
When a form F contains an element “(x1,...,xx)” then all occurrences of x1, ...,
x in “F.P” as well as in F' on its own are called (input-)bound. An occurrence
of x that is not bound is called free. The occurrence of v in a* is called bound (resp.

free) when this occurrence of a* is. .

The set fn(P) of free names of P and the set bn(F') of bound names of the form
F' are defined in Figure 4.1. We do not define, however, the set of bound names of
a process because we identify processes up to a-conversion and this set would not
be preserved under a-conversion of bound names in the process.

The function T which extracts the type tag from the name x and the element-wise
extension of this function to sets of names are defined in the top part of Figure 4.2.
The set ftags(P) of free type tags, the set itags(P) of input-bound type tags, the set
ntags(P) of v-bound type tags, and the set tags(P) of all type tags of process P are
defined in Figure 4.2. In contrast to the previous, we define the sets of bound type

tags for processes because we require type tags to be preserved under a-conversion.

4.2 Name Swapping and a-equivalence

Different occurrences of the same bound name under different binders are supposed

to be handled as occurrences of different names. For example, the process “ra.in a.0|
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Free names of sequences and messages:

fn(zo...xx) ={xo,...,zx} M(0)=0  f(My.M;) = fn(My) U fn(M;)

Free and bound names of elements and forms:

m(z) = {z} bu(z) =0
((1’1,.. l’k)) 0 bn((l'ly 7xk)) = {xla 73:/6}
fl'l(<M1, .. Mk>) Uz:l fl'l(MZ) bl’l(<M1, ey Mk>) =0
tm(Ey ... Ey) = UL, (E) bn(Ey ... Ey) = U5, bn(E))
Free names of processes:
fn(0) =0
fn(F.P) = fn(F) u (fn(P)\bn(F)) _ .
(P | Q) =Mm(P)uMm(Q) EEI,/;)P:) n(fPSP)\{ }

Figure 4.1: Free and bound names of META[ process entities.

Type tags of names and sets of names:

at =1 for X < Name: X = {7: zv € X}

Input-bound and v-bound type tags of processes:
itags(F') = bn(F)

itags(F.P) = itags(F') u itags(P)  ntags(F.P) = ntags(P)
itags(vz.P) = itags(P) ntags(vz.P) = {T} U ntags(P)
itags(0) = () ntags(0) = ()
itags(P | Q) = itags(P) u itags(Q) ntags(P | Q) = ntags(P) u ntags(Q)
itags(!P) = itags(P) ntags(!P) = ntags(P)
Free and bound type tags of processes:
ftags(P) = fn(P) tags(P) = ftags(P) v itags(P) u ntags(P)

Figure 4.2: Free and all type tags of METAU process entities.

va.out a.0” should behave as the process “ra.in a.0 | vb.out b.0”. Because names
under different binders can interact with each other, we eventually need to rename
bound names to avoid name conflicts. Renaming of bound names is commonly
referred to as a-conversion and two processes which differ only by renaming of
bound names are called a-convertible or a-equivalent. We now define a-conversion

for METAO processes using the name swapping operation.

DEFINITION 4.2.1. Let (z == y)P be the process P with all occurrences (free, bound,
or binding) of x and y swapped. .

The a-equivalence relation P ~ () is the smallest binary relation on METAL[
processes which satisfies the rules from Figure 4.3. In other words, it is the smallest

equivalence relation congruent with META process constructors which satisfies rule
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P~Q P~Q Q~R
(AREF) (ASym) (ATRA)
P~P Q~P P~R
P~Q P~Q P~Q
(APAR) —————— (AFRrMm) (AREP)
PIR~QIR FP~FQ P~ 1Q
P~Q a' ¢ tm(P) b ¢fn(P)
———— = (ANy) (ASwap)
ve.P ~ve.Q P~ (a"=V)P

Figure 4.3: The a-equivalence relation.

ASwaP. Processes P and () are called a-convertible when P ~ (). Henceforth a-
convertible processes are identified, that is, considered equal.
Without a-equivalence being defined as congruent with process constructors the

following could not be proved:
(va*.0 | va'.0) ~ (va*.0 | vb".0)

Because free names and type tags are preserved under a-equivalence, it is easy
to see that all previously defined functions on processes give equal values for a-
convertible processes and thus these functions are still correctly defined functions
after the identification of a-equivalent processes. Also note that we have a-identified
processes but not forms which is to say that the forms “(a?)” and “(b®)” are different
but the processes “(a?).0” and “(b?).0” are equal. Thus the function bn(F') is still

correctly defined on forms.

4.3 Changes in Well-Formedness

This section describes the differences in handling of a-renaming and well-formedness
between the version of METAL presented here and the METAL! version previously
published in the ESOP 2005 paper [MWO05] and in the 2004 technical report [MWO04a).

The definition of well formed processes is different in the previous version of
MEeTAO [MWO05, MWO04a]. In the previous METAL, names in processes had no
type tags assigned to them and a-equivalent processes were not identified. Instead,
a-renaming of v-bound names was built into the structural equivalence relation.
Moreover, input-bound names were not a-renamed at all. The need to a-rename
input binders can be avoided in any process calculus where the rewriting rules can
not invent processes with nested input-binders binding the same name. This is the
case of majority of process calculi in the literature with the exception of the Higher-

Order m-calculus (HO7) [San93] where the following rewritings can happen, starting
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with a process where all binders bind different names.

d(2).(Z | a<Z>) | d<a(Y).b(x).Y> —pon
a(Y).b(x).Y | a<a(Y).b(x).Y> —yox
b(x).alY).b(x).Y

When we think about input-binders as about A-abstractions in the A-calculus then
the A-calculus does not satisfy the above property either. Let us consider the fol-

lowing reductions.

(Az.2z)(Axy.xy) =5 (Axy.xy)(Axy.xy) =5 Ay.(Axy.xy)y — o Ayy'yy’

Note that a-renaming was required in the last reduction step to avoid name capture.
This means that we can not directly instantiate METAL to HO7 and to the (call-
by-value) A-calculus. We can still, however, work with both HO7 and with the
A-calculus indirectly, for example, via their encodings in the m-calculus. We could
also directly instantiate METAO to the name passing A-calculus [Bou97, Table 1].
Thus a-renaming of input-binders can be avoided in a process calculus which

meets the following requirements.

(1) It is possible to require nested input-binders to bind different name.
(2) It is possible to require input-bound names to be disjoint with other names.

(3) The properties required by (1) and (2) are preserved under rewriting.

One still, however, needs to a-rename v-binders because a single v-binder can be
replicated and the replicated copy can extend its scope to contain the original binder.

All the above three requirements are met for the most of process calculi found in
the literature including the 7-calculus, Mobile Ambient, and their variants. Thus the
need to a-rename input-binders was avoided in the previous METAL. Unfortunately,
there was a mistake in the definition of well formed processes which allowed name

captures. This is further discussed in Section 4.5.

4.4 Properties of Well Formed Processes

The following proves that a well formed process has only well formed subprocesses.
This property is essential for proofs that that use structural induction on processes
because we implicitly assume that all processes are well formed. Thus without this
property one would not be able to apply the induction hypothesis because the proof
of the induction hypothesis can make use of this implicit assumption and thus the

induction hypothesis can be valid only for well formed processes.

LEMMA 4.4.1. A subprocess of a well formed process is well formed.
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PROOF. Let Q be a subprocess of a well formed process P. Clearly W2, W3, and
W4 have to be satisfied for Q. Let us check W1 for Q). Let iy € itags(Q). Clearly
1o € itags(P). We need to proof that vy # 11 for any 11 € ftags(Q)) U ntags(Q).
When 11 € ntags(Q)) then clearly v; € ntags(P) and thus vy # t1. On the other hand
11 € ftags(Q) does not necessarily imply 11 € ftags(P) because 11 can be bound by
some binder in P with Q is its scope. So let 11 € ftags(Q). Now v has to be in
tags(P). When 1, € ftags(P) or i1 € ntags(P) then clearly vy # 11 because otherwise
P would not be well formed as o € itags(P). Finally, when v, € itags(P) then P has
some subprocess F.Py such that 11 € itags(F') and Py has Q as a subprocess. Clearly
Lo € itags(Q) implies 1y € itags(Py) and thus W2 for P says that 1y # 1. Hence Q

is well formed. .

4.5 Changes in Substitution Application

This section describes issues regarding the definition of a substitution and well-
formedness of processes in the previous version of METAO [MW05, MW04a].

As mentioned in Section 4.3, in the previous METADO [MWO05, MW04a] a-equivalent
processes were not identified and type tags were not used. For every process P, the
set FN(P) of free names of P and the set BN(P) of the input-bound names of P
were defined in the previous METAL. Hence v-bound names of P were neither in
FN(P) nor in BN(P). Then the definition of a well formed process' in the previous
MEeTAO [MWO05, Section 2.2] was as follows.

The process term P is well scoped iff it contains no nested binding of
the same name and none of its free names also appear bound in the
term. Formally, it is required that (1) BN(P) and FN(P) are disjoint,
(2) whenever P contains F.(), BN(F') and BN(Q) are disjoint, and (3)
whenever P contains vz.Q), = ¢ BN(Q).

Unfortunately this definition accidentally labels the process “(x).rx.x.0” as well
scoped because, as stated above, v-bound names are not in the set BN(P) of bound
names. Moreover, application of substitution S to process P, which was written S¥ P
in the previous METAL, did not guard against name capture which was justified as
follows [MWO05, Section 2.3].

The definitions in Figure 3 do not worry about name capture. In general,
therefore, S¥ P is only intuitively correct if BN(P) is disjoint from the
names mentioned in §. In practice, this will always follow from the

assumption that all terms are well scoped.

I Actually the phrasing “well scoped process” is used in the previous METAL.
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As a result the following name capture occurred when we had applied S = {x — a}

to the afore mentioned process “(x).vx.x.0”.
SP((x).vx.x.0) = vx.a.0

This is a problem because the instantiation of the previous META to some process
calculus did not behave as the original calculus. For example, in the instantiation
of the previous METAL to Mobile Ambients one obtained that “(x).rx.x.0 | <a>.0”
rewrites to “vx.a.0” which does not happen in Mobile Ambients. This issue can,
however, be solved by fixing the definition of well-scopedness?.

Another related issue is that the definition of well scoped processes in the previous
METAO did not ruled out invalid forms like “(x,x)” which can lead to formation of
an invalid substitution. The last issue is that special names mentioned in rewriting
rules were not prevented from being bound. This breaks the subject reduction of the
extension of PoLyl from the 2004 technical report which handles name restriction
[MWO04a, Section 5.3]. This is further discussed in Remark 8.7.2.

4.6 Properties of Substitutions

Here we prove some trivial properties of substitution applications which will be used

later. The following defines the set fn(S) of free names of S.

DEFINITION 4.6.1. Let fn(S) be the names in messages in the range of S. Formally
fn(S) = {x € fn(M): M € rng(S)}. .

The following lemma says that a substitution application does not change bound
type tags in a process, that is, it can neither introduce a new type tag nor discard

an existing one.
LEMMA 4.6.2. All of the following hold for any F', P, and S.

(1) bn(SF) = bn(F)
(2) itags(SP) = itags(P)
(3) ntags(SP) = ntags(P)

PROOF. By induction on the structure of F' or P using (1) to prove (2). .

In contrast, a substitution application can introduce a new free name. However,
any newly introduced name is either from the range of the substitution or it is e in

the case of a syntactic error.

2Then one has to also restrict a-renaming of v-binders so that a v-bound name is not renamed
to some name which is input-bound elsewhere. This fix has actually never been done.
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LEMMA 4.6.3. All of the following hold for any F', P, and S.

(1) fn(SF) < fn(F) U fn(S) U {e}
(2) fn(SP) < fn(P) U fn(S) U {e}

PROOF. By induction on the structure of F' or P using (1) to prove (2). .

4.7 Properties of Structural Equivalence

Basic properties of structural equivalence are proved in this section. The following
lemma states that structurally equivalent processes have the same bound tags and

free names.

LEMMA 4.7.1. When P = Q) then all the following hold.

(1) itags(P) = itags(Q)
(2) ntags(P) = ntags(Q)
(3) n(P) = m(Q)

PROOF. Proof by induction on the derivation of P = (). The only two cases which

are not absolutely trivial are the following two cases of (3).

SNuFrM: Here P = Fvx. Py and (Q = vx.F.Py for some x, I, and Py. Moreover

we have the following sets of free names

f(P) = i(F) U ((fn(Fy)\{«})\bn(F))
i(Q) = (Ia(F)  (tn(P)\bn(F)))\{z}

which are equal because v ¢ tn(F).

SNUPAR: Here P = Py | ve.Qy and QQ = vz.(Py | Qo) for some z, Py, and Q.

Moreover we have the following sets of free names

n(P) = f(Fo) v (n(Qo)\{z})
n(Q) = (n(F) v (Qo))\{z}

which are equal because x ¢ tn(F). .

The following lemma says that structural equivalence preserves well-formedness

of processes.

LEMMA 4.7.2. Let P = Q. Then P is well formed iff Q) is well formed.
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PROOF. Let P = Q and let P be well formed. We implicitly assume that all pro-
cesses are well formed and thus Lemma 4.7.1 is valid only for well formed processes.
But by an inspection of its proof it is easy to check the lemma does not make use
of this implicit assumption and thus it is valid even for non-well formed processes.
Thus clearly W1 and W4 are satisfied for QQ by Lemma 4.7.1. Also W3 is satisfied
for Q because structural equivalence does not introduce new forms. Finally, W2 is
satisfied for Q) because structural equivalence neither changes nesting of input-binders

nor it can introduce a new input-binder. ]
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Instantiations of METALI

Semantics of many process calculi is given by a rewriting system which defines
a binary rewriting relation on processes. Different calculi usually contain similar
structural rewriting rules and main differences are found in the rewriting axioms.
These axioms specify the semantics of action and other prefixes which we encode
in METAL using forms. Thus instead of fixing the semantics of forms, META[
provides syntax for specifying rewriting rules that give meaning to forms and also
defines how these rules yield a rewriting relation on processes.

The only thing necessary to instantiate META[L to a working process calculus is
to provide a straightforward description R of its rewriting axioms. This instantiates
METAD to the calculus Cr with the rewriting relation <. The same R is the only
thing required to instantiate POLY to the type system S for C'z. Thus one obtains
for free a type system for any calculus whose rewriting rules can be described in the
METAL syntax. This section describes this syntax of rule descriptions R and how

the process calculus C% is obtained.

5.1 Templates and Rewriting Rule Descriptions

Figure 5.1 presents the syntax used to describe rewriting rules. Process templates are
used to describe both left and right-hand sides of rewriting rules. Template syntax
resembles the syntax of processes except that leaves of syntax trees can be variables
in addition to names. Name, message, and process variables are used in rules at
positions of metavariables which range over arbitrary names, messages and processes
respectively. Element templates describe elements of a specific shape. Similarly form
templates describe forms, and process templates describe processes. In element
templates, name variables describe positions in an element where an arbitrary name
can occur. In contrast, a specific METALl name in an element template requires the
exactly same name to appear in an element at the specified position. For example,

the form template “in @” describes all 2-length forms whose first element is name in
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i,y € NameVar == a|b|é]|---
m € MessageVar = M|N|---
p € ProcessVar == P|Q|R|---
$ € Substitute == z|m
E € ElementTpl == z|&| (&y,..., &) | <, ... 10>
F e FormTpl = EOO . Ek

P,Q € ProcessTpl == 0|p|F.P|(P1Q)|{do:=580,...,0, :=8}p

L € Rule w= rewrite{ P — Q} | active{ p in P}
R € RuleSet = powerg, (Rule)

Figure 5.1: Syntax of METAL templates and rule descriptions.

and whose second element is an arbitrary name.

Let metavariable z range over template variables, that is, name, message, and
process variables. Let metavariable Z range over all template entities, that is, over
all the entities defined in Figure 5.2 except rules and rule sets. In templates, we use
the same abbreviation for ambient syntax as in processes, that is, “F[P]” stands
for “E[1.P”.

Variables in templates are replaced during rule instantiation by values of ap-
propriate sorts, that is, name variables by names, message variables by messages,
and processes variables by processes. A substitution application template “{zq :=
S0y..., T := 8} p” describes a substitution to be applied on the right-hand side of
some rule. A single process variable template P= p could be as well implemented
as “P = {3} p” which would reduce the number of different grammatical cases in the
definition of process templates. However, we find it useful to separate the two cases
in order to clarify the presentation. The rewrite rules specify ordinary rewriting
rules while active rules describe rewriting contexts, that is, positions in processes
other than at top-level where rewriting rules are to be applied. For example, in Mo-
bile Ambients rewriting rules can be applied inside any ambient which is expressed
by the rule “active{P in 4[P] }’. In contrast, the rule “active{P in a[P] } where
name variable a is changed to an ordinary name a, would allow rewriting rules to
be applied only in the specific ambient with name a.

Process instantiations fills in values for variables in templates and thus they turn

process templates into processes.

DEFINITION 5.1.1. A process instantiation P is a finite function which maps

NameVar to Name\{e}, MessageVar to Message, and ProcessVar to Process. ]

Application of P to P, written IP’[[}O’]], instantiates template P to make a process by

filling in values for variables in P as assigned by P. We forbid the name “e” as

the value of some name variable to prevent distinct earlier error results from being
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rewrite{]—g’f—%j)}eR( : active{]ﬁinﬁ}eR PSQ
R S RRw - R - 5
P[P] = P[Q] (P[p — P[P] = (P[p — QDIF]

(RACT)

PEQ PEQ PP=P P5EQ Q=@
—~ (RPAR) ——————— (RNv) ——
PIR>QIR ve.P<>uvr.Q P'=qQ

(RSTR)

Figure 5.2: METAU rewriting relation generated by R.

treated as the same name. An instantiation P applies to templates component-
wise. The only non-trivial case is when P fills in a substitution application template

“LTg :=Sg, ..., T := S} p”. It is defined as follows.

]P)[[{:%O = §07 ey ']O:k = §k}ﬁ]:| = S(P[[ﬁ]])
where S = {P(zg) — P(S0),...,P(zx) — P(sx)}

We suppose that P[P] is not defined when some variable from P is not in dom(P) or
when the instantiation of a substitution application construction yields an invalid
substitution which is not a function. The full definition of P[P] can be found in
Figure 6.2 in Section 6.3. Additional notions concerning process templates, like the

scope of a bound variable, are defined in Section 6.1.

5.2 METAL Rewriting Relation

Given a rewriting rule set R, Figure 5.2 defines the rewriting relation <>. Rules
“I” and “v”. Another standard

rule RSTR incorporates structural equivalence into the rewriting relation. Rule RRw

RPAR and RNuU are standard structural rules for

instantiates process templates inside a rule into processes using an arbitrary process
instantiation P. Example instances of RRw are given below in Section 5.3. We
implicitly suppose that rule RRw is used only when both processes in the rule
conclusion are properly defined. To see how RAcT works let us consider the ambient

active rule “active{P in a[P] }” mentioned above. In this case rule RAcT becomes

PS3Q
(P(2)) [P1 < (P(a)) [Q]

for an arbitrary IP which in turn becomes equivalent to the standard Mobile Ambients

rule (where z # o)
PS5Q
z[P1 S z[Q]
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Additional requirements which apply to rules inside R together with reasons for
them are described in Section 6.2. Rewriting rules which satisfy the additional
conditions from Section 6.2 are called well formed rewriting rules. These conditions
are naturally satisfied by all process calculi found in the literature. Well formed
rewriting rules also preserves well-formedness of processes. All the correctness results
from this thesis are valid only for well formed rewriting rules. Basic properties of

the rewriting relation <> are described in Section 6.4.

5.3 Example Instantiations

Now we explain METAD instantiations on examples. The following set Pgsync With
one rule

Peyne = {rewrite{ c<M>.P | ¢(x).Q > P | {x :=M}Q}}

instantiates METAL to the monadic synchronous w-calculus. Monadic means that
only single names (that is, not tuples of names) are objects of communication and
synchronous means that an output action can be followed by an arbitrary continu-
ation process. A brief introduction to the m-calculus can be found in Chapter 14 of

this thesis. With this only rule from Pgync, rule RRw becomes the following.

TopF#*e® X1 7 YFe
2o<y>.P | 29 (2).Q <25 P | {z — y}(Q)

(RRw)

In the asynchronous m-calculus, output communication actions are not allowed to
have any continuations at all. This can be expressed in METAL by allowing only

the null process to be the continuation of an output action as follows.
Pasync = {rewrite{ ¢<M>.0 | ¢(%).Q — {x :=M}Q}}

The following set Ao, instantiates METAL to monadic synchronous Mobile
Ambients. A brief introduction to Mobile Ambients can be found in Chapter 16 of
this thesis.

Amon = { active{P in a[P] },
rewrite{afin b.P | Q] | b[R] —b[alP | Q] | R] 3},
rewrite{a[blout P | Q] | R] —a[R] | b[P | Q] },
rewrite{ open 4P| &[R] > P | fi},
rewrite{ <M>P | (x).Q > P | {x:=M}Q} }
The active rule from this set was already described in the previous section. Also
note that a message variable can be instantiated to e which reflects the fact that

even the meaningless capabilities like “in (out a)” can be communicated in standard
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Mobile Ambients.
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Technical Details on Instantiations

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just

some particular part.

6.1 Scope of Variables in Templates

Here we introduce the notion of free and bound template variables and the notion of
the scope of bound variables. These are used in next Section 6.2 to specify additional

requirements on templates used in rule descriptions.

DEFINITION 6.1.1. When F contains an element template “(xq,...,2x) " then all
occurrences of name variables 1, ..., T in “F.P” are said to be bound. Also
name variables Ty, ..., T} are said to be bound in “{xg :=Sg,...,Tp :=Sp}p”. =

o

Only a name variable can be bound. The set fv(Z) of free variables, the set
bv(Z) of bound variables and the set fn(Z) of free names of a template entity Z are

defined in Figure 6.1. For example, given the process template
P =do(§).4[1.(out b.P | {x :=M} Q)
we have
tv(P) = {&,b,M,P,Q}  bv(P)={x,§}  fu(P) = {do, [1 out}

The sets of variables, free names, and type tags of process templates and rule

descriptions are defined as follows.

DEFINITION 6.1.2. The set fv(P) ubv(P) of all variables of P is denoted var(P).
The set fIn(R) of free names of a rule set R is defined as follows.

fm(R) = {z: z € m(P) L I(Q) & rewrite{ P — Q} € R}u
{z: x € m(P) & active{p in P} e R}
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Z fv(2) bv(2) tn(Z)

x 0 0 {x}

i (&} 0 0

CTE TS ] {ty,...,z} 0

<, > {1, ... ) 0 0

Ey...Ey Ui tv(E) Uiobv(B) UL, fn(E)

0 0 0 0

- T R
F.P fv(F) u (fv(P)\bv(F)) bv(F)ubv(P) f(F)u fn(P)
PlQ fv(P) U fv(Q) bv(P) Ubv(Q) fm(P)u m(Q)
{12'02=§0,...,i’k1=§k}]5 {§1,...,§k,]5} {[z’l,...,[i’k} @

Figure 6.1: Free names and free/bound variables of METAD template entities.

o ) _—

Let tags(P) = fn(P) and tags(R) = fn(R). .

The following definition defines the notion of the scope of a bound name variable

and some useful relations.

DEFINITION 6.1.3. We say that an occurrence of z in P is under the scope of &

when P contains either

(U1) F.Q with & € bv(]%) and with the given occurrence of % in Q, or

(U2) {...z:=5...} p with p = Z being the given occurrence of z.

Write P 5 x > z when there is an occurrence of z in P under the scope of .

Write P -y & > z when all occurrences of z in P are under the scope of x. .

Note that z can be a bound variable and thus, for example, “(x).(y).0 3 x > y”.

6.2 Additional Requirements on Rewriting Rules

It is desirable to forbid rules and inferences that would cause a name capture, release
of a bound name, unleash a nested input-binders, or that would introduce a nesting
of previously not nested input-binders. To ensure that the aboves do not happen
we need additional syntactic restrictions on rewriting rules. This section describes
these conditions and their purpose. In the previous METAL [MWO05, MW04a] these
conditions were stated only informally which was not found satisfactory to carry out
the proofs presented in this thesis. There were also some inadequacies, for example,
the rule “rewrite{ (x).0 — x.0}” that can produce a non-well formed (scoped)
process was accidentally allowed.

The following defines additional restrictions that apply to the left-hand side
template in a rewriting rule. The purpose of these conditions is explained in the

consequent Remark 6.2.2
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DEFINITION 6.2.1. We say that P is a well formed lhs-template when P satis-
fies the following properties.

o

(L1) tags(P) < SpecialTag

(L2) fv(P) nbv(P) =0

(L3) any message and process variable occurs at most once in P

(L4) every & € bv(P) occurs ezactly once in P

(L5) when P & > % then Py & > £

(L6) P does not contain {Zg := S0y T 1= Spt P .

REMARK 6.2.2. Condition L1 allows only type tags from SpecialTag to be used as
tags of free names specifically mentioned in P. The reason for this was explained
in Section 3.2 and it is further discussed in Remark 6.2.4 below. Condition L2
prevents mixing of free and bound name variables. A process template that does
not satisfy L2 would not instantiate to a well formed process. Condition L3 says that
a reduction rule can not depend on the fact that two entire messages or processes are
identical. On the other hand, a reduction rule can depend on the fact that the same
single name occurs in a different positions in a process. There are several reasons
for condition L3. Mainly, comparing of whole messages or processes is not necessary
for describing rewriting rules of process calculi found in the literature. Moreover
implementation of this comparison would be time expansive. Condition L4 firstly
disallows form templates like “(x,x)” which would not instantiate to a well formed
process. Secondly, it forbids templates like “(x).P | (x).Q” on the left-hand side
of a rule because the right-hand side would then be able to construct a process
like “(x).(P | Q)” thus causing a scope mixture. Condition L5 says that whenever
some variable z occurs under the scope of some x then all other occurrences of 2z
have to be found under the scope of the same & as well. For example, the template
“(x).2.0 | (y).2.0” is banned in order to avoid possible name captures. Note that
Py & > £ holds when # does not occur in P at all and thus the opposite implication
of L5 is not required. Finally, condition L6 forbids the use of the substitution
application construction on the left-hand side of a rule. This construction is intended
to be part of the right-hand side of a rule only. Implementation of rules with
substitution on the left-hand side would be complicated and it is not necessary for

our intentions. .

Similarly the following restrictions apply to the right-hand side template in a
rewriting rule. The well-formedness of the right-hand side template depends on the
corresponding left-hand side from the rewriting rule. This is because we need , for
example, to ensure that the right-hand side of some rule does not invent a variable

that is not mentioned by the rule left hand side.
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DEFINITION 6.2.3. We say that Q 1s a well formed rhs-template w.r.t. a well
formed lhs-template P when Q satisfies the following properties.

(R1) tags(Q) < SpecialTag

(R2) fv(Q) < fv(P)

(R3) bv(Q) < bv(P)

(R4) every x € bV(Co)) occurs exactly once in Q

( )when@l—gi">z°'then©|—vi'>z°

(R6) for z e var(@) and any & holds that P \y & > % iff Q -y & > %
(R7)

when, {&, 9} < bv(FY) for Fy in Q then {&,4} < bv(Fy) for some Fy in P w

=

REMARK 6.2.4. Condition R1 ensures that the right-hand side of some rule does
not invent a name with some type tag that is not in SpecialTag. Consider two names

a and b which are not in SpecialTag and the following non-well formed rule.
R = {rewrite{a.0 — b.0 }}

Using R we can prove “a.0<>b.0”. From this we prove inference with a name capture,
like “vb.a.0 <> vb.b.0”, or with a name release, like “va.a.0 < va.b.0”. That is why
the above rule has to be forbidden as long as a and b are not in SpecialTag. When a
and b are in SpecialTag then condition W4 ensures that the processes participating
in the above problematic inferences are not well formed.

Conditions R2 and R3 ensures that the right-hand side does not contain a vari-
able that is not mentioned on the left-hand side and that it does not mix free and
bound variables. Mixing of free and bound variables might cause name capture or
name release. Note that R1, R2, and L2 implies that fv(Q) nbv(Q) = @. Condition
R4 forbids creation of a non-well formed process using form templates like “(x,x)”.

It also forbids rewriting rules like
rewrite{ (§).7.(x) P — () {x :=y}P}

where the bound variable y is used to form a substitution which is applied under the
binder of y. Rewriting rules like this could probably be allowed but here we prefer
a more restrictive condition to simplify proofs because rules like the above are not
required to describe process calculi from the literature. Condition R4 also forbids
rules with right-hand sides like “(x).P | (x).P” which can again probably be allowed
(with an appropriate left-hand side) but we do not find it necessary.

Condition R5 ensures that every variable occurs under the scope of the same
binders thus preventing name captures and name releases. For example “P | (x).P”

is not a well formed rhs-template for any lhs-template because there is not guarantee
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that (the instantiation of) P does not contain a free occurrence of (the instantiation
of) x. Condition R6 is the main condition that prevents name captures and name
releases. It says that every variable has to occur under the same scopes on both

sides of a rule. For example, the following rules are banned

rewrite{ (x) PP}
rewrite{P | (x).Q — (x).P}
rewrite{ (x).P | (§).0— (x,7).(P 1 Q)}

because they could cause name capture or name release, or they could produce a
non-well formed process. The equivalence in condition R6 is required to hold only
when 2z € Var(@) because the right-hand side is allowed to forget some variable z
that is mentioned by the left-hand side and then Q Fv > z would trivially hold
for any x. To simplify proofs, condition R6 is again little bit more restrictive than
necessary and thus, for example, the following rules are forbidden but they could

probably be allowed.

rewrite{ (x,7).P— (x).(y).P)}
rewrite{ (x).(y).P— (x,7).P}

Note that condition R6 does not forbid the rule
rewrite{ (x).0 | (y).0 — (x,y).0}

which can produce a non-well scoped process and thus has to be forbidden. The
problem here is that there is no variable under the scope of binders which would
allow us to apply R6. Condition R7 is introduced specifically to solve this problem.
It says that bound names on the right-hand side which are inside a single form
template have to come from a single form template on the left-hand side. The only
purpose of condition R7 is that a non-well formed process which would violate W3

is not constructed. u

The following defines well formed rewriting rule sets.

DEFINITION 6.2.5. The rule rewrite{ P < Q } is said to be well formed when P
is a well formed lhs-template and Q s a well formed rhs-template w.r.t. P. The rule
active{ p in P} is said to be well formed when P is a well formed lhs-template

and p € var(P). The rule set R is called a well formed rule set, when all its rules

are well formed. .

The following defines well lhs-formed element and form templates which are
templates that can legally occur as a part of some well formed lhs-template. Note

that, for example, an element template “<M,M>” can never occur as a part of a well
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Plz] =z P[(zy,...,2)] = (P(z1),...,P(xx))
Plz] = P(z) Pl<my, ... .m>] = <P(ma), . .., P(rig)>
P[rn] = P(rh) P[Ey ... Ey] = P[Ey] ... P[Ey]
P[0] = 0 P[F.P] = P[F].P[P]
P[] [P 1 Q] =P[P] | P[Q]

e .

Figure 6.2: Instantiation of META[L templates.

form lhs-template because it violates L3. It can, however, legally occur on the right

side of some rule. These two notions are used later in the proofs in Chapter 12.

DEFINITION 6.2.6. An element template F (resp. form template F) is well lhs-
formed when E.0 (resp. F.0) is a well formed lhs-template. .

6.3 Properties of Process Instantiations

o

The full definition of application P[Z] of a process instantiation P to various META
process entities Z is defined Figure 6.2. Next, we prove some properties of well
formed templates and some properties of template instantiations which are to be
used later by various proofs.

The following lemma says that, in well formed rewriting rules, all the variables
bound by a substitution application construction on the right-hand side of a rule

have to come from a single form template on the left-hand side.

LEMMA 6.3.1. Let rewrite{ P — COQ} be well formed. When Q contains {xg :=
S0y .., T := Sk} then there is F in P such that {Zo,..., 2} S bV(F).

PROOF. Let Q contains {To := Sg,..., T := Sptp. By R2 and R3 we obtain that
petv(P) and {Zo, ..., &} S bv(P). We see that Q 5 &; > p for all i € {0, ... k}.
Thus by R5 and R6 and by above we obtain Prsi;»> p for allie{0,... k}. Now
when some ; and ; does not occur in the same form template then we have either
Pryi;> x; or P xj > x; because p occurs in P under the scope of both x; and
Zj. But this leads to a contradiction because neither Q v &; > & nor Q Fy T >
which are required by L5 and R6 holds. Hence x; and ; has to occur in the same

form template. .

Let us suppose that “Prsi > p”, that is, that p occurs in P under the scope
of some bound variable . The following lemma says that when z is instantiated to
some name a‘ then type tag ¢ can not be input-bound in (the instantiation of) p as

long as P is (instantiated to) a well formed process.

41




Chapter 6. Technical Details on Instantiations

LEMMA 6.3.2. Let P be a well formed Ihs-template such that P -3 & > p. Let P[P]

be defined and well formed. Then P[z] ¢ itags(P[p]).

PROOF. Let © = P[#] and P = P[P] and Py = P[p]. Now, because P 5 & > p
and P is defined, there is F' with T € itags(F) and there is P, such that P has a
subprocess F.Py and Py has a subprocess Py. Thus T € itags(F.P;). Now F.P; is
well formed because P is well formed. Thus T ¢ itags(Py) by W2 for F.P,. Hence
the claim because itags(FPp) < itags(Fy). "

The following remark and lemma describes a property of process instantiations

closely related to the one described by the previous lemma.

REMARK 6.3.3. Consider again the situation from the previous lemma when a well
formed lhs-template contains a process variable p under the scope of some input
bound variable z (P s & > p) which is instantiated to some name = with type tag
t. The following lemma says that when (the instantiation of) p contains a free name
y with type tag ¢ then it has to hold that x = y. An instantiation without this
property would not instantiate the template to a well formed process. To clarify
this issue let us consider the following template instantiation P which instantiates

P to a non-well formed process.
P=&P P={x—a’ P <z>0}

We see that “Pﬂﬁﬂ — (a®).<z°>.0” violates W1. Suppose that we have the above P
and some [P’ such that P'(%) = a*. Then the following lemma says that, when P'[P]
is well formed then the only free name with type tag ¢ in IP”(f’) is a*. This property
will be important later for the subject reduction property and it is further discussed

Remark 8.2.1 and Remark &8.7.1. ]

LEMMA 6.3.4. Let P be a well formed lhs-template such that Priis p. Let IE”[[P]]

be defined and well formed and let y € tn(P[p]). Then Px] =7 implies Plz] = y.

PROOF. Let = P[] and P = P[P] and Py = P[p]. Now, because P -3 & > p and
P is defined, there is F' with x € bv(F') and there is Py such that P has a subprocess
F.Py and Py has a subprocess Py. Thus T € itags(F.Py). Take y € fn(Py) such that
T = 7. To prove the lemma we need to show x = y. Now F.P; is well formed
because P is well formed. Thus g ¢ ftags(F.Py) as well as § ¢ ntags(F.Fy) because
tags of free and v-bound names do not overlap with tags of input-bound names by
W1 for F.FPy. Thus y is input-bound in F.Py. Moreover by W2 for F.Py we see
that 7 ¢ itags(FPy). Thus the only possibility is that y € fn(Py) because 7 € ntags(Fp)
would imply § € ntags(F.Py). But now it has to be y € bv(F) because 7y € itags(F.F).
Thus x =y by W3 for F' and F.F,. .
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6.4 Properties of METALl Rewriting Relation

In this section we prove some basic properties of METAL rewriting relation, mainly
that <> preserves well-formedness provided R is well formed. Although this property
is not necessarily required for subject reduction it is a desirable property, for exam-
ple, because it makes the system more intuitive and its behavior more expectable.
Without this property we might, for example, expect different behavior of processes
which differ only by renaming of names

The following lemma is the first step to prove that the rewriting relation preserves
well-formedness of processes. It states that the rewriting relation can not invent
new bound tags and that it can introduce only names from fn(R) or e. The proof
is technical and it mainly uses conditions L.1-6 and R1-7. Below we do not suppose

that @) is well formed because we want to use this lemma to prove its well-formedness.

LEMMA 6.4.1. Let P and R be well formed. Then P <> Q implies

(1) itags(Q) < itags(P),
(2) ntags(Q)) < ntags(P), and
(8) n(Q) < fn(P) U n(R) U {e}.

PROOF. By induction on the derivation of P <> Q. Let P <> Q be derived by

(RRw): There is some rewrite{ P 602} € R and there is some P such that P =

P[P] and Q = P[Q]. Let us prove the three claims separately.

(1) Let v € itags(Q). At least one of the following cases applies.

(a) The input-binder of v in Q) comes from some leaf of template Q which
is a standalone process variable p (that is, not a substitution opera-
tor). Thus we have p € fv(Q) and v € itags(P(p)). By R3 we obtain
i € tv(P). Hence 1 € itags(P). 0

(b) The input-binder of ¢ in Q) comes from some leaf of template Q
which is a substitution operator {xg := Sg,..., T := Sptrp. In this
case we have v € itags(P[{&o := S0, ..., 4% := 8,3 P]) and p € v(Q).
Let S = {PJzo] — P[so],...Plzx] — P[sx]}. Hence we have v €

itags(S(P(p))). Thus we obtain ¢ € itags(P(p)) by Lemma 4.6.2.

From p € tv(Q) we obtain p € fv(P) by R2. Hence 1 € itags(P).
(¢) The input-binder of v in Q comes from some form template in tem-

plate Q. Thus there is some & € bv(Q) such that P(%) = . By R3
we obtain & € bv(P). Hence v € itags(P).

(2) Let . € ntags(Q). At least one of the following cases applies.

(a) The v-binder of v in QQ comes from some leaf of template Q which is a

standalone process variable p (that is not a substitution operator). In
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(b)

o o

this case we have ¢ € ntags(P(p)) and p € tv(Q). We obtain p € tv(P)

by R2. Hence 1 € ntags(P).
The v-binder of v in QQ comes from some leaf of template Q) which is a

substitution operator {Tq¢:=Sg, ..., Ty =S¥ p. In this case we have 1 €
ntags(P[{io := S0, ..., %% := 8} P]) and p € tv(Q). Let S = {P[io] —

P[so], .. . Plzx] — P[sk]}. Hence we have ¢ € ntags(S(P(p))). Thus

o

we obtain v € ntags(P(p)) by Lemma 4.6.2. From p € fv(Q) we obtain
pefv(P) by R2. Hence 1 € ntags(P).

(3) Let x € in(Q). At least one of the following cases applies.

(a)
(b)

o

It is x € fn(Q). Thus clearly v € In(R) and the claim holds.
The occurrence of x that contributes to fn(Q) comes from the value

of some variable z in template P which is not under the substitution
operator. Clearly it has to be % € fv(Q) (because R2, R3, and L2).
We have z € tn(P(£)) We can prove that Q = § > % implies P(§)) # «
for any y because the occurrence of x in P(2) contributes to fn(Q) and
thus can not occur under a binder which bind x. Rule R5 ensures
that this property is satisfied for all occurrences of z in p. Using R6
we prove that P y > z implies P(y) # x for any y as well. Thus

x € fIn(P(2)) implies x € fn(P). Hence the claim.

The occurrence of x that contributes to fn(Q) comes from some leaf
of template Q which is a substitution operator {Ty := Sg,..., T :=
Sk . In this case we have x € n(P[{zg :=So, ..., T := Sk} p]) and
petv(Q). Let S = {P[io] — Pl5], ... P[] — P[8x]}. Hence we

have x € In(S(P(p))). Thus we obtain x € n(P(p)) U n(S) U {e} by
Lemma 4.6.2.

i. Let x € tn(P(p)). We shall prove that the (only) occurrence of
D in P is not under the scope of any binder which binds x. Let
Prsg>p Thus Q v § > p by L5 and R6. We need to
prove that Ply]| # x. There are two possibilities. Firstly, when
§ = @; for some i € {0,...,k}. We know that x € fn(S(P(p)))
and thus it has to be x ¢ dom(S). Hence P(y) = P(z;) # .
Secondly, when y # x; for any i € {0,...,k}. Then the whole
substitution operator {Tqg :=Sg,..., T :=SE}r P in Q 1s under the
scope of y and thus clearly P(y) # x because the occurrence of
in P[{xq :=So,..., Tk := Sp} D] contributes to fn(Q). Hence x €
fn(P).

ii. Let x € fn(S). Hence there is some i € {0,...,k} such that
x € f(P(s;)). Rule R4 implies that $; € fv(@) (because if §;
was bound in Q then there would have to be a second occurrence
of & in Q inside some binder which is forbidden by R4). Now
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when P 3y > §; then we have Q Fv ¥ > 8; by L5 and R6.
But then P(y) # x because we know that an occurrence of x
in P[{zg 1= S0, ..., 2 := Sk p| contributes to In(Q) and thus can
occur under a binder that binds x. Thus we have proved that
any occurrence of $; in P is not under a binder that binds (after

instantiation) x. Thus x € fn(P). Hence the claim.
iii. Let x = o. Then the claim x € fn(P) U n(R) U {e} clearly holds.

(RAcT): There is some active{ p in P} € R and there are some Py, Qo, and P
such that P = (P[p — B|)[P] and Q = (P[p — Qo])[P] and Py <> Q. Let
PP = P[p — Py] and P = P[p — Qo]|. That is, we have P = PP[P] and

Q=

(1)

(2)

(3)

PR[P]. Let us prove the three claims separately.

Let 1 € itags(Q)). At least one of the following two cases applies.

(a) The input-binder of v in Q) comes from some leaf of template P which
has to be a process variable Py by L6. Thus i € itags(P?(py)) and
Bo € tv(P). Now it is easy to prove v € itags(PF(po)) using the
induction hypothesis when p = po. Hence the claim ¢ € itags(P)
because po € fv(P). 0
(b) The input-binder of v in Q) comes from some form template in P. In
this case there is some name variable x € bv(ﬁ) such that W = L.
Clearly P9 (z) = P(z) = PP(2). Hence the claim . € itags(P) because
i € bv(P).
When 1 € ntags(Q) then it has to be the case that 1 € ntags(P?(py)) for
some po € fv(P) because a form template can not introduce a v-binder-.
Now it is easy to prove v € ntags(P¥'(pg)) using the induction hypothesis
when p = py. Hence the claim because py € fv(]f’).
Let & € m(Q). When x € t(P) then x € Mm(R) and thus the claim
clearly holds. Let us suppose x ¢ fn(}o’). Thus the occurrence of x in Q)
which contributes to fn(Q) comes from the value of some variable z in
template P. Clearly z has to be a free variable, that is, z € fV(ﬁ)), and
we also know by L6 that z is not a process variable under a substitution
operator ({Zg := So,..., Tk := Sxt). The variable z can, however, be a
standalone process variable. Thus we know x € fn(P?(2)). Now it is easy
to prove that x € (PP (2)) U M(R) U {e} using the induction hypothesis
when z = p. We can prove that P § > % implies PO(y) # x for
any v because the occurrence of x in P?(2) contributes to tn(Q) and thus
can not occur under a binder which bind . Rule L5 ensures that this
property is satisfied for all occurrences of z in p. Clearly P Y >z
implies PY () # x for any 4§ as well because PY and P2 agree on values

of name variables. Thus x € (PP (2)) implies x € fn(P). Above we
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have proved x € t(PF(2)) U n(R) U {e} which thus implies the claim
ze(P)u(R)u {e}.

(RPAR): All the three claims follow directly from the induction hypothesis.
(RNu): There are x, Py, and Qo such that P = vx.Py and () = vx.Qy and PoﬁQo.

Let us prove the three claims separately.

(1) Clearly itags(P) = itags(Fy) and itags(Q) = itags(Qo). By the induction
hypothesis we obtain that itags(Py) < itags(Qo). Hence the claim.

(2) Lett =T. Clearly ntags(P) = ntags(Py)u{t} and ntags(Q)) = ntags(Qo)u
{t}. By the induction hypothesis we obtain that itags(Fp) < itags(Qo).
Hence the claim.

(3) We see that fu(P) = fn(Py)\{z} and in(Q) = m(Qo)\{z}. Thus (Q) <
fn(Qo). By the induction hypothesis we obtain that fn(Qy) < m(Fy) U
fm(R) U {e}. Now whenever y € in(Q) then y # x and y € fn(Qy). Thus
yen(Py) un(R) u {e}. Henceye f(P)u(R) U {e} because y # x.

(RSTR): All the three claims follow directly from the induction hypothesis applying
Lemma 4.7.1. .

The following proves that with a well formed rule set a well formed process can
rewrite only to a well formed process. In this proposition we, of course, do not

implicitly suppose that @) is well formed because it is the claim to be proved.

PROPOSITION 6.4.2 (WELL-FORMEDNESS PRESERVATION). Let P and R be well
formed and let P <> Q. Then Q is well formed.

PROOF. Let P and R be well formed and let P <> Q. Firstly, by Lemma 6.4.1 we
obtain the following.

itags(Q) < itags(P) ntags(Q) < ntags(P) ftags(Q) < ftags(P) U tags(R) u {e}

Thus clearly W4 is satisfied for Q. Let us prove W1 for Q, that is, that itags(Q)
and ntags(Q) v ftags(Q) are disjoint. By W1 for P we know that itags(P) and
ntags(P) u ftags(P) are disjoint. Thus it is enough to prove that tags(R) u {e} is
disjoint with itags(P). But it is easy to see because fn(R) u {e} < SpecialTag by
well-formedness of R and SpecialTag is disjoint with itags(P) by W4 for P. Hence
W1 holds for Q.

Now let us prove W2 and W3 for Q by induction on the derivation of P < Q.
Let P <5 Q be derived by

RRw: There is some rewrite{ P—>Q} € R and there is some P such that P = P[P]
and () = IP[[Q]] Firstly, it is easy to see that W3 for () follows from R7 for Q
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and W3 for P. Let us prove W2 for Q. Suppose that () contains two nested
input-binders such that the outer input-binder binds type tag vy and the inner
input-binder bounds 1. To prove that W3 holds for () it is enough to prove
that 1y # v1. We distinguish the following two possibilities.

(1) The outer binder is introduced by a form template from Q Thus there is
some & € bv(Q) such that P(Z) = 1o. Moreover there is some % € var(Q)
such that 1y € itags(P(2)). This covers the following three cases when (a)
z is a bound name variable, (b) z is a standalone process variable, or (c)
Z is a process variable under substitution (because substitution application
does not change input-binders by Lemma 4.6.2). In all the cases we have
that Q s x> z. Thus by R5 and R6 we obtain that Py i > % Both
& and % have to occur in P by R2 and R3 and thus we have P 32> 2.
Hence the same two binders which bind 1o and v1 are nested in P as well
and thus tg # t1.

(2) Both input binders come from value of P for some process variable p in P.
This covers both cases when p is a standalone process variable or when p
is under substitution application (as above we use Lemma 4.6.2 to prove
that substitution application does not change input-binders). Hence the

o

nested input binders occur in P(p) for some p € fv(Q). By R2 we obtain

o

p € tv(P) and thus P(p) is a subprocess of P and hence well formed by
Lemma 4.4.1. Thus clearly vy # t1.

RAcT: There is some active{p in PY e R and there are some By, Qo, and P such

that P = (P[p— P])[P] and Q = (P[p— Qo])[P] and Py <> Q. Now P
is well formed and thus Py is well formed by Lemma 4.4.1. By the induction
hypothesis we have that Qy is well formed. Now W2 for () is implied by W2
for Qo and by W2 for P together with itags(Qo) < itags(FPy) proved above.
Finally, W3 for Q follows from W3 for Qg and P because Q) does not contain

any additional forms not contained in Qo and P.

RPAR: Thus P = Py | Ry and Q = Qo | Ry for some Py, Qo, and Ry such that

Py Qo. Now Py is well scoped by Lemma 4.4.1 and thus Qq is well scoped by
the induction hypothesis. Thus W2 and W3 for Q follows from W2 and W3
for Qo and Ry because parallel composition can introduce neither additional
nesting of input-binders nor any additional form (“additional” means “not

present in Qp and Ry”).

RNu: Follows directly from the induction hypothesis using Lemma 4.4.1.
RSTR: Follows directly from the induction hypothesis using Lemma 4.7.2.
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Poryl provides a generic notion of shape predicates which are rooted oriented
graphs that represent sets of METAL processes. A shape predicate II describes
possible shapes of process syntax trees. The set of processes described by II is
called the meaning of II. All instantiations of POLY[ use the same syntax of shape
predicates and thus the meaning of a shape predicate is not necessarily closed under
rewriting. In Section 7.6, we shall define shape R-types for every rule description R
to be a subset of shape predicates which is closed under rewritings with R.

Many interesting properties of processes can be expressed as properties of shape
R-types. How to use shape types to reason about specific properties of processes
in specific process calculi is demonstrated in Part III of this thesis which contains

many examples.

7.1 Types of Basic METAL]I Entities

For all kinds of basic (non-process) METAD entities (sequences, messages, elements,
and forms) we define corresponding types (sequence types, message types, element
types, and form types). Each type represents a set of entities of the appropriate
kind, for example, a message type represents a set of messages. Let ( range over the
above type entities. When ( represents Z then we say that Z matches ¢ or that Z
has type C.

Type tags can be seen as types of names, ¢ represents all names of the shape
a*. The syntax and semantics of other basic type entities is presented in the top
part of Figure 7.1. The meaning of type entities is defined using the binary relation
— Z : ( which expresses that Z has type (. The sequence type “i...t;" describes
any META[ sequence of the length & whose i-th name has the type tag ;.

Sequence type sets and message types are both types of METAL messages. The
difference is that message types allow us to recognize single name messages and

composed messages directly from their types. For example, we can see b x*: {x}
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Syntax of PoLyl basic type entities:

o € SequenceTlype D= g ...l

Y € SequenceTypeSet = power, (SequenceType)

i € MessageType n= Xk |y

¢ € ElementType = 0| ey ey | <pny ey >
¢ € FormType n= &p...Ek

Matching of basic METAL entities against type entities:

Vi<k by Hs:0c oc€EX
(TNAME) (TSEQ) (TSET)
Ha':e Zo...Tkilo... g s
=My:X MY = M:>» M ¢ Name
(TEwmP) (TCwmp) (TSTAR)
FO:X = My.M; - X = MY
Vi:0<i<k Fux;:y Vi:0O<i1<k +— M:p
(TIN) (TOuT)
= (1’1,...,l’k) : (Ll,...,Lk) — <M1a~">Mk>:<,Ula~~'>,Uk>

Vi<k +UE:¢g
FEy...EL:c0...6;

(TELS)

Figure 7.1: Syntax of PoLyll shape predicates.

but £ x*: {x}*, and thus whenever - M : £ then M must be a composed message.
This allows us to predict behavior of substitution application only from types of
messages in its range. For example, a substitution which contain only single names
in its range can not produce a syntactic error “e”. A sequence type set 3 describes
all messages whose sequence parts are described by some sequence type from X
(allowing repetitions). For example, we have - (in a.in b?).x:{in a, x} and - x:{in a, x}
and also - out*.in*:{in a, x}. On the other hand we obtain i/ x:{in a, x}* as mentioned
above and thus the only message type that describes x* is x.

Element and form types simply resemble the syntax of elements and forms. All
input- and output-element types and form types describe only entities of the same
length as the type. Note that rule TSEQ is a special case of rule TELs and thus
TSEQ could be omitted.

Let itags(p) be the set of all input-bound type tags of ¢, that is, those type tags
that occur inside some input-element type (i1,...,¢). Let [(] be the meaning of
¢, that is, the set of all META[ entities that match (. Formal definitions of these

two notions and description of their basic properties can be found in Section 8.1.
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Application of a type substitution to sequence types:

5( ) by if £ =0& o) = X*
G(tg...t5) =
’ g {(6tg...0u)} otherwise

Application of a type substitution to message types:

. {o(b) if + € dom(o)

) o({o1,...,0k}*) = (6o U -+ U Bog)*
L otherwise

Application of a type substitution to element types and form types:
o(¢) ifo() € TypeTag OL gy ooy > = <O, ..., Ol>
oL=11 if © ¢ dom(o) oy, o yt) = Qyyeeytr)
. otherwise (g0 . ..€x) = (0c0) ... (0ck)

Figure 7.2: Application of a type substitution to PovLy[ entities.

7.2 Type Substitutions

In this section we introduce type substitutions which are similar to ordinary METAL
substitutions but they apply to type entities. Type substitutions can be seen as
types of METAL substitutions, each type substitution representing a set of META[
substitutions. Type substitutions are used in shape predicates as labels of flow edges
which are in turn used to select shape types out of shape predicates. Flow edges are

described below in Section 7.4.

DEFINITION 7.2.1. A type substitution, denoted o, is a finite function from type

tags to message types. .

Application of o to various type entities, defined in Figure 7.2, is designed to cor-
respond to applications of METAO substitutions described by o. Application of o
to a sequence type o is written oo. It maps sequence types to sequence type sets.
Application of o to a message type p is written op. It maps message types to mes-
sage types. Finally, application of o to an element or form type ( is written o(. It
maps element types and form types in turn to element types and form types. The
result of o¢ is always a type tag. Three different substitution application operators
0, 0, and ¢ are necessary because a type substitution is applied in different ways
to type tags inside sequence types, to single type tag message types, and to single
type tag element types. For example, with o0 = {x — {in a}*} we have 6x = {in a}
and ox = {in a}* and ox = . To illustrate this further let us consider the following
form type “x<x, {x,in x}*>” which contains x at four different positions. Application

of the above o to this form type is as follows.

O (x<x, {X,in x}*>) = e<{in a}*, o({x,in x}*)> = e<{in a}*, {in a,in e}*>
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Finally, note that names inside input-element types are left intact, as in the case
METAD substitutions, and thus ¢((x)) = (x).
The following defines METALI substitutions described by a type substitution o,

that is, the meaning of o.
DEFINITION 7.2.2. Write - S : 0 when

(1) there is a bijection from dom(S) to dom(o) that maps a* to v, and
(2) for any a' € dom(S) it holds that — S(a*) : o(1). .

Point (1) can equivalently be stated as
(1) dom(S) = dom(o) and different names from dom(S) have different type tags.

Thus, for example, neither Sy = {x* — a?,y* > bP} nor S; = {x¥* — a? y* — b?}
has the type o0 = {x — a} even though S; becomes o when we forget basic name
parts of names. In fact both Sy and S; have no type at all because x* and x¥ are
different names but have the same type tag. Hence for — S: o to hold there has
to be for every ¢ € dom(o) exactly one a* € dom(S) (for some a). This gives us
an unambiguous correspondence between assignments (pairs) in S and o. Point (2)
says that messages in the range of S match the corresponding message types in the
range of o.

Application of a type substitution to different type entities might seem compli-
cated but it is carefully designed to reach the following property. When o describes
S (- S:0) and ¢ describes F' (- F': ) then the application of o to ¢ describes the
application of S to F' (- SF:6¢p). We call this property type substitution correctness

and its proof and further discussions are found in Section 8.2

7.3 PoLyl Shape Predicates

A shape predicate is a rooted finite oriented graph with edges labeled by form types.
The formal syntax of shape predicates is presented in the top part of Figure 7.3.
A shape predicate (I', x) is the shape graph T" together with the root x. A shape
graph can contain loops and cycles. A shape predicate describes a set of process
syntax trees. A process P matches a shape predicate II when P’s syntax tree is
a “subgraph” of II. Shape predicates look alike processes drawn as graphs where
parallel composition (“|”) corresponds to branching and prefixing (“.”) correspond

to sequencing of edges. For example, the shape predicate IT = (I",R) where
R

2 .
W 24

I'= A B%

C
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Syntax of PoLyl shape predicates:

x € Node n= X |Y|Z|---

n € Edge 1= X0 x| Xxo ™ xa
I' € ShapeGraph = power, (Edge)

II € ShapePredicate = (I, x)

Matching METAL processes against shape predicates:
FF:p (x5 x0)el Py (T, x0)

TN TFRM
I—O:H( o) = E.Py: (T, x) (T
FP:II FQ:II =PIl =PI

(TPAR) —  (TNV) —— (TRep)
HPIQ:II Fre. P10 1P II

Figure 7.3: Syntax and Semantics of POLY[ shape predicates.

represents the process

open a.0 | in b.out b.0

Names of nodes are just opaque identifiers and the meaning of a shape predicate is
given by edge labels. The same edge in a shape graph can be used repeatedly or not
at all when matching parallel processes and thus all the following processes match
I1.

open a.0 (open a.0 | open a.0) in b.(out b.0 | out b.0)

On the other hand “in b.in b.0” does not match Il because the possibility to reuse
edges applies only to parallel composition. When matching processes against shape
predicates we ignore replication (“!”), name restriction (“v”), and basic name parts

of names. Thus the following processes are also represented by the above II.
lopen x*.0 va.(open a.0 | lopen a.0) in x°.(out y°.0 | out z°.0)

From the above we can see that when some P matches II then also “P | P” matches II.
Thus it is reasonable to ignore replication because a replicated process “!P” behaves
as finitely many copies of P in parallel. Name restriction can be ignored because type
tags act as handles of bound names and are preserved under a-conversion. Because
type entities are build only from type tags, different v-bound names with the same
type tag are handled as the same name by the type analysis. This can cause some
over-approximation in types but it does not influence analysis correctness. Handling
of name restriction in shape types is further discussed in Section 9.1.

The syntax of shape predicates in Figure 7.3 also defines a second kind of edges
labeled by type substitution which are called flow edges. Edges labeled by form
types are called form edges. Flow edges do not influence the meaning of a shape

predicate and they are described in Section 7.4.
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The typing relation — P :II is the smallest relation that satisfies the rules from
the bottom part of Figure 7.3. The null process 0 matches any shape predicate.
Rule TFRM says that in order to match F.FP, with (', x) we need to find some edge
(x 2 xo0) € T outgoing from y such that F matches ¢ and then we need to match
Py with (', xo). Other typing rules are straightforward. The meaning of shape

predicates and the subtyping relation are defined as follows.

DEFINITION 7.3.1. The meaning [II] of II is defined as [II] = {P: (- P :1I)}.
Write 11y < Iy when [[Hoﬂ - [Hl]} u

Shape graphs can contain loops and cycles and thus a single shape predicate,
which is a finite object, can describe processes of an arbitrary depth. Consider the

shape predicate II' = (I, R) where I"” is the following graph.

R

o

I’ = a[]CA in X
&
B

It can describe an arbitrarily deep nesting of the ambient a like “alalal---]1]7.

C

The meaning of a shape predicate does not necessarily be closed under rewriting with
rules R. For an example, let us consider the rewriting rule set Ao, from Section 5.3
which instantiates METAL to monadic Mobile Ambients. Then the above II’ is not

closed under rewriting with Ao, because we have

Amon

al(x).0] | open a.0 =™ (x).0

It is easy to see that the left-hand side process matches II' (recall that x[P] stand
for [1.P) but the right-hand side “(x).0” does not. Section 7.6 describes how to

recognize shape predicates closed under rewriting with R.

7.4 Flow Edges and Flow Closed Graphs

A shape graph also contains flow edges of the shape Yo > x1 which are used in the
type inference algorithm and in recognizing shape predicates closed under rewriting.
Flow edges are labeled by type substitutions and their presence in a shape graphs
does not affect the meaning of a shape predicate. The intended meaning of a flow
edge (xo->x1) € I' is to describe possible movements of processes that involve
substitution application as follows. Let (xo->x1) € I'. Then we want - S: o
and — P : (T, xo) to imply —= SP: (T, x;). This intended meaning is of course not
satisfied for an arbitrary flow edge added to an arbitrary shape graph. The flow
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edge (o~ x1) € I can be seen as a request to copy the content of the node y, (that
is, the subgraph containing all the edges reachable from xo by an oriented path)
to node y; and apply the substitution o to the copied content. In this section we
define the class of flow-closed shape predicates which satisfy the intended meaning
of flow edges.

We could define flow-closed shape predicates simply to be the predicates which
satisfy the above intended meaning of flow edges. But instead, we provide a con-
structive and easier to verify definition and we prove it to imply the above intended

meaning.

DEFINITION 7.4.1. A shape graph T is said to be flow-closed iff whenever it con-
tains x > xo and x > X' such that itags(¢) N dom(o) = () then it holds that

(F1) if ¢ = 1 for some v and o(1) = X then {x' > X' :0€e L} U {xo=> X} ST,
(F2) otherwise there is xg such that {xo > X4, X’ SN xot T

The shape predicate (I, x) is flow-closed iff T is. .

Conditions F1 and F2 can be visualized by the following diagrams where the blue
edges are those whose existence is required by the corresponding condition. Let X

from case F1 be ¥ = {0y, ...,04}.

xR : Y e — > X
Xoﬁ e O X6
(F1) (F2)

To explain these conditions let us consider some T with (xy = xo) € T'and (x > \) €
I" such that itags(¢) n dom(o) = 0 as in the definition. Rule F1 applies when ¢ is
some type tag ¢ and o(¢) = X* for some ¥. How F1 works will be described shortly.
Rule F2 applies when either (a) ¢ = ¢1...e, with £ > 1, or (b) k£ = 1 and & is some
type tag ¢ such that and o(¢) is not a starred message type (of the shape 3'x). Case
(b) covers two possibilities, (b1) that o(¢) is a type tag and (b2) that ¢ ¢ dom(o).
Thus case (b) simply describes the situation when v # e.

Let us describe rule F2 first on the following example.
EXAMPLE 7.4.2. Let “p = in X" and 0 = {x — a}. Let ' be the graph from the
diagram for F2 above, that is, the following graph.
I ={x "> xo. x> X, X" 7 X0, Xo ™ X}
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Now it is clear that, for example, the process “P = in x.0” matches (I', x). Moreover

let us take S = {xX* — a®} so that we have — S:o. The intended meaning of the

existence of the first blue edge (X' 4, Xo) € I' for some xy is required in case F2. In
this example the required edge is (x' ina, X4) € T which ensures that “SP = in a” is
in the meaning of (T, X'). The second blue edge (xo > x4) € T in case F2 is required
to propagate the request for new edges throughout the graph so that the intended

[0}

meaning of (x — x') € I' is satisfied for all processes. o

Now let us demonstrate F1 on a simple example.

EXAMPLE 7.4.3. Let ¢ = x and o = {x — {in a,out a}*}. Let I be the graph from
the diagram for F1 above, that is, the following graph.

D= {2 v x> X' X =51 X 255X 0% )}
Now P = x*.0 matches (I',x). Let us take S = {x* + in a.out a.in a} so that
we have — S:o. The intended meaning of the flow edge (x > X') € T says that
“S(x*.0) = S(x¥),0 = in a.out a.in a.0” has to match (I',X'). It is easy to check that
it is true because the loops x' ina, Y and X' 22 \" are present in T. Recall that the
message type {in a,out a}* describes any message with arbitrary many repetitions
of the sequence “in a” and that is why the required form edges in case F1 are loops.
The second flow edge (xo - X') € T is again required to propagate the request for
new edges so that the intended meaning of (x > x') € I is satisfied also for processes

of the shape a*.Py with a non-null continuation Fy. O

An important special case of flow edges is when ¢ = (). The intended meaning of
(x LN X') € I' then says that when — P: (I, x) then it has to hold that — P: (I", x').
In order words, it says that (I', x) < (I',x’). We therefore speak of x 2 X as a
subtyping edge and we write simply x - x’.

Finally, note that Definition 7.4.1 is constructive in the sense that it provides
the algorithm to check whether or not a shape predicate is flow-closed. It does not,
however, give us an algorithm to compute the edges necessary to make an arbitrary
graph flow-closed. Mere adding of edges which are requested by the definition would
not give us a terminating algorithm which is further discussed in Section 11.4 and
Section 11.5.

Further discussion of flow closure including some alternative implementation
choices can be found in Section 8.4. The property that the intended meaning of flow

edges is satisfied in flow-closed graphs is formulated and proved in Section 8.5.
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7.5 Closed Shape Predicates

The meaning of a shape predicate is not necessarily closed under rewriting with
arbitrary rewriting rules. Thus in order to use shape predicates as process types, it
is desirable to find a decidable and efficient procedure to recognize shape predicates
closed under rewriting. In this section we demonstrate the complexity of this task.

We call a shape predicate R-closed when its meaning is closed under rewriting
with R. In the next section we shall define shape R-types to be a subclass of all

R-closed shape predicates which can be recognized by a simple closure test.

DEFINITION 7.5.1. Let R be a rule set. A shape predicate 11 is called R-closed,
written R 1Egosed 11, iff = P : 11 and P 5 Q mmply — Q : 11. ]

It is not always easy to recognize R-closed shape predicates as demonstrated by
the following example. Those shape predicates that can not be proved R-closed by
the simple closure test from the next section will not be considered R-types. That

is to say that not every R-closed shape predicate is necessarily an R-type.

EXAMPLE 7.5.2. Let us consider the shape predicate 11 = (I',R) where T' is the
following graph.

R

iny N
out b in a X in a X out b

Cl<=———¢Co BO B1 B2 B3 B4

<{in a}*>

Note that the following holds.

 in a.in a.in a.out b.0: II but £ in a.in a.out b.0: II

14

We can see that a process of the shape “in a.--- .in a.out b.0” matches Il iff “in a”
is repeated odd number of times. When we consider the monadic Mobile Ambi-
ents rewriting rules Amon from Section 5.3 we can verify that 11 is actually Amon-
closed. Only the Mobile Ambients communication rule can apply to a process P in
the meaning of Il because no ambient boundaries are mentioned in I1. Now it is easy
to see that whenever the communication rule introduces some process of the shape
“in a.---.in a.out b.0” then “in a” has to be repeated odd number of times because
there are two occurrences of “x” on the path from BO to B4. It is not trivial, however,
to find an efficient algorithmic way to recognize that I1 and all examples of this kind
are Amon-closed. Later (see also the last paragraph of Section 10.4) we will see that

IT is Amon-closed but not an Amon-type. =
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Instantitating basic templates to types:

mfa’) = n( (@, .. 20)) = (@), ... w(@)
n(z) = w(z) n(<rhy, ..., m>) = <w(my), ..., w(mg)>
n(m) = w(m) n(Ey ... Ex) = u(Eo) ... u(Ex)
Relating templates and shape graphs (s ranges over {L,R}):
o oy 0
n(p) = x (w(p) > x) €l
5 (CVar) . (CFLOW)
mEcp (D x) me P (T X)
{oom(@i)om(8i),...}
(m(p) ~mmZERh ) e T
S S = (CSuB) — — (CNuy)
e {2 =8, 3p (D x) mEg 0: 11
5 5 u(F) -
1]T|=5P0.H 1]T|=5P1.H (X*)XO)EF m}:sPO-<F7XO>
(CPAR) (CFRM)

m'zspolplin m':s}%-ﬁ)o:<r?x>

Figure 7.4: Instantiating templates to shape graphs.

7.6 Shape Types and Closure Test

In the previous section we have demonstrated that it is not always easy to recognize
that a shape predicate is R-closed. However, it is desirable that types can be
effectively recognized. That is why in this section we define the class of R-types to
be an easier to recognize subclass of all R-closed shape predicates.

We introduce a simple closure test which determines R-types. The closure test
can be briefly described as follows. Apply the rewriting rules R directly to all active
positions in a shape graph and check whether all the edges required by rules R are
already present in the graph. In the rest of this section we describe how rules are
applied to a graph, what are active positions in a graph, and what are the edges
required by the application of a rule to a graph.

In order to apply rewriting rules directly to graphs we need to establish a connec-
tion between process templates and shape graphs. For this purpose we define type
instantiations w (the symbol w is a black board bold 7) which connect templates with

shape predicates just like process instantiations P connect templates with processes.

DEFINITION 7.6.1. A type instantiation w is a finite function mapping NameVar
to TypeTag\{e}, MessageVar to MessageType, and ProcessVar to Node. .

Application of a template instantiation w to element and form templates, written
m[[ZOD, is defined in the top part of Figure 7.4. It fills in values of corresponding
kinds for variables just like process instantiations do. Thus w instantiates element
templates to element types and form templates to form types. Note that application

of m to templates forgets the basic name part of names contained in templates
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(m(a') = ¢). As a result only the type tags of special names mentioned in rewriting
rules are relevant for the type analysis.

In the case of processes, we know that a process instantiation P and a process
template P uniquely determine the process IP[[P]] Note that a type instantiation m
maps process variables to nodes but no graph to which these nodes belong has been
mentioned yet. Instead of extending w so that m and P uniquely determine a shape
predicate we define the relation w =, P : I which we read as “P can be instantiated
by m to II”. One w can instantiate the same P to different shape predicates. The
nodes which are values of w for process variables are supposed to be nodes of II.

The following defines a straightforward relationship between process and type
instantiations. A process instantiation PP respects a type instantiation m when both
are defined on the same variables and the values of P have appropriate types given

by .

DEFINITION 7.6.2. A process instantiation P respects a type instantiation w on T,
written I' = P :w, iff all the following hold.

(1) dom(P) = dom(m)
(2) = P(z):w(z) for all & € dom(P)
(3) = P(m):w(mm) for all m € dom(P)
(4) = P(p): (T, u(p)) for all p e dom(P) .
The relation mw =, P II, which is used for rule left-hand sides, is defined to be
the smallest relation which satisfies the rules in the second part of Figure 7.4. The

same figure defines also a similar relation m =g P : II which is used for rule right-

hand sides and will be described shortly. The relation m =, P : II means there is a

o

process instantiation P which respects w on the graph of IT such that P[P] matches
I1. In other words, m =, P : 11 means that P can be instantiated to some process P

that matches II. Let us demonstrate this on the following example.

EXAMPLE 7.6.3. Let us consider the left-hand side “P = &<a>.0 | ¢(%).Q7 of the

communication rule from the asynchronous w-calculus
Pasync = {rewrite{ ¢<a>.0 | ¢(x).0 —> {x :=a}Qq}}
from Section 5.3. We can see that
P = {¢—cam c x— x Q— x(y).y<x>.0}

instantiates P to “P = c<c>.0 | c(x) X(y).y<x>.0” which matches the shape predicate
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[Ty = (g, R) with the following shape graph.

R

I'y = X0 Yo

x(y)

y<x>

Y2

Now it is easy to check that mw =, P [Ty where
= {¢—Car c XX Q— YO}

We can also directly see that w =, P Iy holds just by comparing the syntax tree of
P with the shape graph Ily starting at the root node. Thus the relation w =, P
allows us to recognize that P can be instantiated to some process P of the type 11

without constructing P. =

When P is a left-hand side of some rewriting rule then m =, Pl implies that
the rewriting rule can be applied to at least one process matching II. The relation
7 =, P : II does not hold for templates which contain the substitution application
template {zg := Sp,..., T := Sp} because the relation is supposed to be used only
with left-hand sides of well formed rules.

The relation w =g Q . 11 is similar to w =, P : IL Briefly, the design goal of
the relation w =g Q : IT is that when P respects w on the shape graph of II then
the instantiation IP’[[Q]] of Q has the type II. This property holds provided that
IT is flow-closed. The relation m =g Q : IT holds also for templates which contain
the substitution application template {Zg := Sg, ..., T} := Sp} and it is used with
right-hand sides of rules. This will be described shortly.

Technically, the difference between m =, P11 and w k=, Q : II is in the handling
of process variables p. In the case of the first relation, rule CVAR says that m &,
p : (', x) simply holds only when w(p) = x. On the other hand, from rule CFLow
we see that for m =¢ p : (I, x) to hold there has to be a subtyping edge from
m(p) to x. It suggests that some process originally matching I at node w(p) was
moved by a rewriting rule to the new position corresponding to y. Rule CSuB is a
generalized form of CFrLow and it describes process movements which additionally
involve substitution application.

The following example demonstrates the use of the relation w =5 Q 1L

EXAMPLE 7.6.4. Let us take the right-hand side of the Pasyne communication rule

“0 = {x :=3YQ". Let the type instantiation “m = {¢ —c,am c,x— x,Q— YOV
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o

and graph Ty be as in Example 7.6.3. We can see that w ¥ Q : (I'o,R) because there
is no flow edge from YO to R. Let us construct the shape predicate 11y = (I'1,R) with

the required edge added, where I'1 is as follows.

R g
c<c>

X0 Yo

e
I

x(y)
Y1

y<x>

Y2

Now w = Q . II; holds. The new flow edge describes that the communication can
apply a substitution of type o = {x — c} to some process that matches (I'y,Y0) and
move the resulting process to the root position R. The design goal of m =¢ Q 11y,
that the process IP’[[Q]] matches I1; when P respects m on I'1, is not satisfied because
I1; is not flow-closed. With the process instantiation “P = {¢ — c,a — ¢,x
x, Q — x(y) .y<x>.0}" from Ezample 7.6.3 we can indeed see that IP’[[Q]] = c(y).y<c>.0

does not match I1y. We will conclude this example below in Example 7.6.10. =

The relations w =, P : x and m =g Q . x are used to apply a rewriting rule
rewrite{ P — @} € R directly to a shape graph I' at node y as follows. Firstly,

o

we find all possible type instantiations w such that w = P : (I', x). There are only

finitely many w’s like that with dom(w) = var(P) (see Section 11.4.1 for an effective

o

algorithm). Secondly, we check that m =¢ @ : (I', x). We have seen above that for
s Q (I, x) to hold an existence of some additional edges which are not in I'
might be required. In this way application of a rule to a shape graph can insist on
existence of new edges. We call a shape graph I' locally R-closed at x when the
edges required by application of any rewriting rule from R to (I', x) are already
present in (I, x).

Some formal properties of type instantiations are formulated and proved in Sec-

tion 8.6.

DEFINITION 7.6.5. The shape graph I is called locally R-closed at y iff for any
rewrite{ P — Q} € R it holds that w =, P : (T, x) implies w =g Q- (I, x). .

We will shortly define R-types to be flow-closed shape predicates which are
locally R-closed at every node where rewriting rules can be applied. What remains
is to determine this set of active nodes where rewriting rules need to be applied. This
set is given by the active rules from R. For the rule sets without any active rule,

like for example P, nc above, there is only one active position in a shape predicate,
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that is, the root node. For every node y and I" we define the set ActiveSuccg (T, x)

of active successors of x in I with respect to the active rules in R as follows.
DEFINITION 7.6.6. The set ActiveSuccr (L', x) of active successors of y in I’
w.r.t. R is defined to be

ActiveSucer (T, x) = {n(p): active{p in P} e R & w = P : (T, y)}.

Using the above definition it is easy to determine the set of nodes of a shape
predicate II where rewriting rules R need to be applied. It is the least node set that

contains the root of Il and that is closed for active successors.

DEFINITION 7.6.7. Let Il = (I, x). The set ActiveNodeg(II) of active nodes of
IT w.r.t. R is the least node set = such that

(1) x €E, and
(2) for every xo € Z it holds that ActiveSuccg (L', xo) € =Z. .
The following example demonstrates the definition of active nodes.

EXAMPLE 7.6.8. Let us consider the monadic Mobile Ambients rules Amon from
Section 5.3 and the shape predicate 11 = (I',R) where I' is the following graph.

R

all b0l cll]
I'= A BO co
in b ‘a (]
B1 c1
all bi] cll]
BX BY BZ

The only rule important for this example is active{ P in &[P13} € Amon. It is easy
to compute the set ActiveNodey,  (I1) = {R,A,B0,CO0,C1}. Note that it does not
contain BX, BY, and BZ because node B1 is not active. On the other hand we can see
that ActiveNode 4, ((I',B1)) = {B1, BX, BY, BZ}. o

Now we can finally define R-types to be flow-closed shape predicates locally

R-closed at all active nodes.

DEFINITION 7.6.9 (R-TYPE). A shape predicate I1 = (I', x) is an R-type, written
R IEtype IL, iff T is flow-closed and also locally R-closed at every x € ActiveNodex (II).
When R IEype II and = P : 11 we say that 11 s an R-type of P. .

Now we can conclude the m-calculus examples 7.6.3 and 7.6.4 which demonstrated

local closure.
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EXAMPLE 7.6.10. Let us consider the shape predicate 1y = (I',R) where I'y is below.

c<c> !
Iy = X0
i le(y)

: x(y)

KS! A e A A
" |y<C> y<x>

LA e SO
Z1 < Y2

The shape predicate Ty is obtained from 11y (from Ezxample 7.6.4) by adding the
blue edges. We can see that Iy is an Pasync-type. It can be constructed from 11, as
follows. At first we need to make I1; flow-closed and this can be done by adding four
new edges R <, Z0, Z0 <, Z1, Y1 bzl Z0, and Y2 bl Z1. This makes II;
flow-closed but it is no longer locally Pasync-closed at R because the new edge labeled
with “c(y)” can interact with the one labeled with “c<c>”. Hence the remaining
edges are added to make the shape predicate an Pasync-type. We can, for example,

see that the meaning of 1y contains all the following processes.

Pasync Pasync

le<e>.0 | c(x) .x(y).y<x>.0 — lc<c>.0 | c(y).y<c>.0 —— lc<c>.0

The above definition gives us the algorithm to verify whether a given shape
predicate is an R-type. It does not give us, however, an algorithm to complete an
arbitrary shape predicate to an R-type. Chapter 11 describes the type inference
algorithm which computes an R-type of P for any R and P.

Subject reduction says that the meaning of an R-type is closed under rewriting
with R, that is, that an R-type is R-closed. The proof is found in Section 8.7.

THEOREM 7.6.11 (SUBJECT REDUCTION). Every R-type is R-closed. "

7.7 Spatial Polymorphism

In this section we describe spatial polymorphism which was briefly mentioned in
Section 1.5. Spatial polymorphism, first described in the POLYA system, can be
encountered in analysis systems for process calculi which place processes in a spatial
structure like for example the ambient hierarchy in Mobile Ambients. Type systems
for Mobile Ambients usually restrict the possible content that an ambient can hold,
for example, they restrict communication actions or capabilities that can be executed
inside the ambient. Sometimes it is reasonable to allow the same ambient to hold
different content when it is found on different positions in the spatial hierarchy.

Spatial polymorphism is the ability of an analysis system to describe this behavior.
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< in bl

| openp |
| A <{in cpx> (x) I
I X I
| <{in c}x>|
out c | P1 inc |
ina | inb |
al] b[]
ind]|
<m>

o, ={d—am—c} op={d— b m~— <{inc}l*>}
o, = {x —c} o, = {x — <{in c}x>}

Figure 7.5: Spatial polymorphism on the example of a messenger ambient.

A typical example in Mobile Ambients is a messenger ambient which delivers
a message to a given destination ambient. Let us consider the following Mobile
Ambients process.
(d, m) .pLin d.<m>.0]

This process receives the name d of a destination ambient and a message m to be
delivered, and creates the packet ambient p which will deliver and transmit the
message. As the message is re-transmitted inside the ambient p the destination
ambient d is expected to open it using “open p”. Now the content allowed inside
ambient p depends on its destination d. The delivered message m should have the
type that is expected by the destination d and thus we can not possibly restrict the
content of ambient p before we know the destination d.

The following example shows the above messenger process in action. The mes-
senger process delivers the message ¢ to ambient a and also the message “in c” to

ambient b.
I(d,m).plin d.<m>.0] |

<a, c>.0 | alopen p.(x).out x.0] |
<b,in c>.0 | b[open p.(x).x.0]

An A on-type of the above process is shown in Figure 7.5. Edges with the same
source and destination are shown as one edge with a label that joins the labels of

L(I?J

individual edges using . Some flow edges which are not crucial are omitted in the

graph in order to improve readability. We can see that the type proves, for example,
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that the ambient p can never transmit the message <c> when p is inside b but it
can transmit this message when p is inside a. Thus we can use the type to prove
that the delivered messages have the right type, that is, the type expected by the
destination ambient (the ambient a expects a name while the ambient b expects a

capability sequence).

7.8 The in/open Anomaly

By the name “in/open anomaly” we refer to an over-approximation that happens
in shape types for Mobile Ambients and similar systems which contain the in and
open capabilities. The problem can be simply described on the process “alin a.0]”
considered together with An.n Mobile Ambients rules. This process is inert in
Mobile Ambients and we would like to describe it simply by the shape predicate
“Ilp, = ({R 28, a0,40 3 A1},R)”. Unfortunately it turns out that Iy is not
an Anon-type because Iy has to also describe the process “la[lin a.0]” because
replication is described implicitly in shape types. This replicated process is, however,
no longer inert and it can evolve to a process with arbitrarily many nested copies of
a like “alalal---]]]17. Thus any shape type of “alin a.0]” has to contain the loop
or cycle of edges labeled with “a[]”. One possible Anon-type of the above process

is the following (with the root R).

The same kind of over-approximation is encountered in a very common situation

where an ambient a enters ambient b and in the next step b opens a. For example,

the best shape Amon-type for the process! “alin b.01 | b[open a.0]” looks as follows
(unimportant flow edges are omitted).
R
Y,
2 [l

&[]
= -8 )bl]
‘in b in b\ open a

Al Bl B2

Basically, no shape Anon-type of “alin b.0] | b[open a.0]” can avoid the over-

approximation caused by the loop BO b0, B0 from the same reason as above. That

!This example process motivates the name of the “in/open” anomaly.
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is, because the type has to describe also the process “la[lin b.0] | !b[open a.0]”.

The “in/open” anomaly was firstly described by Amtoft and Wells [AW02] in
the system which motivates PoOLY[l. One possible solution to deal with the anomaly
would be to equip edges in shape graphs with natural numbers (extended with w
for infinity) which would determine how many times a single edge in a type can
be used when matching a process. Although this counting would eliminate over-
approximation in the case of the above process “alin a.0]”, it would not completely
eliminate over-approximation in the case of “a[in b.0] | b[open a.0]”. To demon-
strate this let us consider even a simpler process “alin b.0] | b[0]”. Let us equip
edges in shape graphs with natural number superscripts with the meaning described
above and let us try to close the shape predicate with root R and the following shape
graph.

(R 25 A1), (a1 "> a2)! (R *E 1))

The above is the smallest shape predicate that matches “alin b.0] | b[0]”. Now the
in rule can be applied and it moves ambient a into b. The shape graph changes to

the following.

b[]

"2 42)! (R 55

(R 22 a1)", (a1 B1)!, (B1 2% B2)"}

At this point counting helped us to recognize that the “in b” capability has been
consumed by the rule application and thus there is no edge labeled by “in b” out-
going from B2. However there is no indication in the shape graph that the in rule
has already been applied. The new shape predicate can also match the process
“alin b.0] | b[a[0]]” and thus we need to apply the in rule again which increases
the index of (Bl 24, B2) to 2. The situation repeats again and finally we end up

with the shape predicate with root R and the following shape graph.

{(B 5 41)", (AL 7> 42)", (R 25 B1)', (B1 *5 B2)*)

This shape predicate is the best shape type of “alin b.0] | b[0]” and thus we see
that even counting has not eliminated the over-approximation because of the lack

of temporal information in shape graphs.
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Chapter 8

Technical Details on PoLyl] and
Subject Reduction

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later,

either the whole chapter or just some particular part.

8.1 Properties of Basic PoLyll Types

Figure 8.1 defines sets of free and input-bound type tags of PoLy[l type entities.
Next we define meaning of basic POLY[ type entities. Moreover we define a sub-

typing relation on type entities and we prove its basic properties.

DEFINITION 8.1.1. The meaning [-| of PoLyO type entities is defined as follows.

[e] ={x: (Fx:0)} lo] ={s: (Fs:0)} [Z]={M: (- M:%)}
[l ={M: (- M:p)} [e] ={E: (- E:e)} [¢]={F:(+F:9)}

DEFINITION 8.1.2. The subtyping relation on PoLY[l type entities ( is defined
as Co < 1 iff [Go] € [Gi] where ¢ range over «, o, X, u, €, and . .

The ordering < is well founded for all basic type entities, that is, for any (; there
is only finitely many types (p such that {; < ¢;. This will not be true for subtyping
on shape predicates which is introduced later. For any oy and o, we can see that
0o < o7 holds if and only if 0y = 1. The same holds for any basic type entities that
do not contain any sequence type set ¥ (including the empty set).

Now we prove basic properties of the subtyping relation on basic PoLyl type
entities. Additional properties about the correspondence of the subtyping relation
and type substitutions are formulated and proved in Section 8.3. At first we prove a
close correspondence between subtyping relation on sequence type sets and starred

message types of the shape Y.
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ftags(eo ... tx) = {to,- -, tx} itags(to...tx) =0

ftags(X) = |,y ftags(o) itags(X) =

ftags(c) = {¢} itags(t) =0

ftags(X*) = [, ftags(o) itags(X*) = ()

ftags(Cey, ..., ) =10 itags(Cery .oy tn)) = {t1, -, i}
ftags(<uq, ..., ug>) = Ule ftags(u;) itags(<py, ..., pu>) =0
ftags(co . .. ex) = UF_, ftags(e;) itags(eo ... ex) = L, itags(e;)
ftags(xo = Xl) = ftags(y) itags(xo = x1) = itags()
ftags(xo > x1) = dom(o) U UpErng ftags(y1) itags(xo = x1) = 0

ftags(I') = U, r ftags(n) itags(I') = (U, er itags(n)
ftags((I", x)) = ftags(I") itags((I', x)) = itags(I")

Figure 8.1: Free and (input-) bound type tags of PoLY[ type entities.

LEMMA 8.1.3. The following holds.
LY O iff TxxYx 4ff X

PROOF. We know that [Lo*]| = ([Xo]\Name) for any ¥y and thus it is clear that
Y X XY implies Xx < X'*. Let us prove the opposite implication. Let Xx < X'* and
let = M : Y. We need to prove — M :%'. When M ¢ Name then = M : X% and by
the assumption — M : X'* and thus — M :¥'. When M = x € Name we know that
Fax.x: X and thus & z.x 0 X'* and - x.x : Y as above. But this implies the claim
oY

Now it is enough to prove that ¥ < X' iff ¥ < X'. Let us prove the ‘="
implication. Let X < X' and let 0 € X. There is s such that — s:o and thus - s: .
By the assumption we obtain + s : X' which implies that there is some o' such that
Fs:0' and o' € X' It is easy to see that — s: 0 and + s: o' imply that o = o’ and
thus o € X'. To prove the opposite “<=” implication let ¥ < X' and — M : 3. By an

easy induction on the structure of M we prove — M : Y. Hence the claim. ]

The following lemma expresses the property that when one of the message types

in p <y is a type tag then the second message type is the very same type tag.

LEMMA 8.1.4. Let u < y'. Then

(1) e TypeTag iff u' € TypeTag, and
(2) when j = 1 € TypeTag then ' =1 = p.

PROOF. Let p < p'. Firstly let us prove the ‘=7 direction of (1) and (2). Let
=1 € TypeTag. We know + a*: 1 and thus +— a*: p'. Clearly i/ can not have the
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shape Y% because a single name can not have a X* type. Thus u' has to be a type
tag hence it has to be ¢.

Secondly let us prove the “<=" direction of (1). Let ' =1 € TypeTag. We know
that there is some M such that = M :u because [u] # 0. Thus = M : ' which implies
that M = a* for some a because p' = 1. Thus — a*: u and hence p = 1+ € TypeTag

because a single name can not have a Y% type. .

Similar lemma as the previous one holds also for form types.

LEMMA 8.1.5. Let ¢ < ¢'. Then

(1) ¢ € TypeTag iff ¢' € TypeTag, and
(2) when ¢ =1 € TypeTag then ¢' =1 = .

PROOF. Let ¢ < ¢'. Firstly let us prove the ‘=7 direction of (1) and (2). Let
o =1 € TypeTag. We know + a*: ¢ and thus  a* : ¢'. Thus ¢' has to be a single
element type and hence it has to be t.

Secondly let us prove the “<” direction of (2). Let ¢’ =1 € TypeTag. We know
that there is some F such that - F : because [¢] # 0. Thus -+ F :¢" which implies
that F' = a* for some a. Thus  a': ¢ and hence p = 1 € TypeTag. .

The following lemma says that only form types with the same sets of input-bound

tags are related by the subtyping relation.
LEMMA 8.1.6. When ¢ < ¢’ then itags(p) = itags(¢’).

PROOF. [t is easy to see that — E : ¢ implies itags(E) = itags(e) for any E and ¢.
Thus & Fy : @o implies itags(Fy) = itags(po) for any Fy and . Let ¢ < ¢'. We
know that [¢] # 0 and thus there is some F such that — F : . The assumption
implies that — F : ¢'. Thus itags(yp) = itags(F') = itags(¢’). .

8.2 Type Substitution Correctness

As stated above we want to prove the property that - S: o and +~ F : ¢ implies
 SF :6¢. The following remark discusses additional conditions required for this
to hold and that these conditions will always be satisfied when we work with well

formed entities only.

REMARK 8.2.1. Let - S:o and - F': p. To demonstrate the additional conditions
required for = SF : 6 to hold let us take S = {x* +> a®} and 0 = {x — a}. We see
— S: o and we also know that - y*:x. But now Sy* = y* and 6x = a and thus we

obtain £ Sy*:6x. The problem here is that y* which is not contained in dom(S) has
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type tag x which is contained in dom(o). From this we can formulate a necessary
condition for — SF : 6y to hold to be

for any z € dom(S) and y € in(F) : T = 7 implies z = y.

For any a' € dom(S), it ensures that a' is the only name with type tag ¢ that can
occur free in F'. In practice this condition will be implied by well-formedness of
processes for all substitution applications executed by rewriting rules. The only
situation in METAL that results in the application of a substitution is when the
right-hand side Q of some rewriting rule rewrite{ P Q } contains a substitution
application template, for example “{z :=s} p”. Then we see that it holds Q s >p
and thus in well formed rules it has to hold that P 5 & > p. The substitution at
the right-hand side of some rule is applied only to (the instantiation of) p. Thus the
required condition for any F' from (the instantiation of) p is implied by Lemma 6.3.4
which was discussed in Remark 6.3.3. This issue is important for subject reduction

and it is further discussed in Remark 8.5.2 ]

Now we are ready to prove the following lemma which proves the property
discussed above that applications of type substitutions to type entities faithfully
describes applications of METAL substitutions to process entities. We call this
property “type substitution correctness” because it proves that application of type

substitutions to various type entities is defined as expected.

PROPOSITION 8.2.2 (TYPE SUBSTITUTION CORRECTNESS). Let - S:o0. Let Z
range over {x, M, E, F'} and let for any x¢ € fn(Z) and yo € dom(S), Tg = To imply
xo = yo. Then all the following hold.

(1) = x ¢ implies - Sx: 6
(2) & x: ¢ implies — Sz : 61
(3) & M : p implies — SM : 64
(4) + E : ¢ implies - SE : 6¢
(5) = F : @ implies - SF : 6
PROOF. Let S:o. Let for any xo € in(Z) and yo € dom(S), Tg = Yo imply xo = yo

where Z is x in cases (1) € (2) below, Z is M in case (3), Z is E in case (4), and
Z is F in case (5).

(1) Let - x:v. Thus T = . Distinguish the following three cases. When

S(x) € Name: Then Sz = S(z). Now ¢ € dom(c) because - S: o and x €
dom(S). Moreover o(1) € TypeTag because - S(x):0(t). Thus 6t = o(L).

Hence the claim — Sz : 6¢.
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(2)

(3)

x ¢ dom(S): Let us prove v ¢ dom(o) by contradiction. When t € dom(o) then
there is some y = a* € dom(S) (because - S: o). Hence T =7y and thus
x =y by the assumption. But then x € dom(S) and hence contradiction.
Thus it has to hold v ¢ dom(c). Then Sx = x and 61 = . Hence the
claim.

otherwise: We know that z € dom(S) but S(x) ¢ Name. Thus also ¢ € dom(o)
and obviously o(t) ¢ TypeTag because we know that — S(zx) : o(r) holds.

Thus Sx = e (more precisely Sz = o*) and 61 = o. Hence the claim.
Let = x : 1. Thus T = 1. Distinguish the following three cases. Let

o(¢t) € TypeTag: Thus ¢ € dom(o). There is some y = a* € dom(S) (because
- S:o and 1 € dom(o)). NowT =7 and thus x =y by the assumption of
this lemma. Hence z € dom(S). Thus Sz = S(z) and ¢ = {51} = {o(1)}.
We know that = S(z) : 0(t) and thus the claim is derived by the message
typing rule with the premise (1) € {o(1)}.

v € dom(o) & o(¢) ¢ TypeTag: There is some ¥ such that (1) = Xx. We also
know that z € dom(S). Thus Sz = S(z). But now 6. = ¥. We know that
- S(x) : % and thus - S(z) : X. Hence the claim.

v ¢ dom(o): Thus z ¢ dom(S). Here we have that Sx = x and 61 = {}. Thus
the claim is derived by the typing rule with the premise 1 € {1}.

Let = M : pi. Prove the claim by induction on the structure of M.

M =0: Thus SM = 0. Because - O : 1 we know that p = X* for some 3.
Obviously - 0 : 6(X%*) as well because 6(3*) is a starred message type.

M =s: Here s =xq...x. Let

k=0: Thus s = x. It means that u = ¢ for some v and we have - x : t
which means T = +. When x ¢ dom(S) then ¢ ¢ dom(o) as well
(proved as in the subcase of (1) where x ¢ dom(S)). Thus x ¢ dom(S)
implies Sz = z and 61 = ¢ which implies the claim. Now suppose
that © € dom(S). Hence v € dom(c). Thus Sz = S(z) and 61 = o(v).
Hence the claim because - S(x) :o(t) by - S:o.

k > 0: Here we know that p = X* for some ¥ = {o1,...,0,}. Moreover

there is some o € X such that = s:0. We also know that s = xq . .. xy,
and thus we can see that o = v ..., where — x;:t; and thus v; = 7;

forie{0,...,k}. Now we can see

SM = S(zg...21) = S(zo ... x) = (Sxo) . .. (Szx)

(D_:u = 6({0-17 - .,O'l}*) = (60-1 [ 60—1)*

For the above o = 1 . .. 1, € ¥ we have that 50 = {(Gug ... 6Lx)} which

is a singleton set. By the already proved point (1) of this lemma we
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have that & Sz; : 61; for all i € {0,...,k} (because — x; : 1;). Thus
- Saq...Say 6. . . 6, which gives us - SM:q'j,u as required because
Olg...0L, € op. Hence the claim.

M = My.My: Here we know that u = X for some ¥ = {oy,...,01} and
also = M :X. From the typing rules we know that it has to hold both
= My: % and — M, : X. We have that op = (60q U --- U Gog)*. Let
S = (801 U -+ U boy,). Let us prove that — SMy : Y.

When My ¢ Name then - My : p and thus by induction hypothesis we
obtain — SMy : o which proves that +— SMy : X', So now suppose that
My € Name and note that we can not use the induction hypothesis in this
case. Let x = My and v =%. Thus we have — x:t. Now because - x:> it
has to hold that v € ¥. But now we can see that 6. < Y because 61 = 60;
for some i. Moreover from \— x : 1 we obtain by the already proved point
(2) of this lemma that — Sz:G0. And thus it has to hold also that - Sz: Y

which we wanted to prove.

Thus we have — SMy : ¥ Analogously we prove that + SM; : Y. Thus
— SMy.SM, : ' and + S(My.M,) : ©'*. Hence the claim.

(4) Let — E :e. Distinguish the following case by the structure of E. Let

E =2x: We know that =z :¢ and ¢ = x. Thus the claim holds by the already
proved point (1) of this lemma.

E = (xq,...,2p): Hence ¢ = (11,...,1) where we have v; = T; for all i €
{1,...,k}. Now we see SE = E and ¢ = ¢. Hence the claim.

E =<M,..., My>: Here we have € = <py, ..., > and — M; : p; for all v €
{1,...,k}. By the already proved point (2) of this lemma we have that
- SMZ &, for the related i’s. Also we see that SM = <SM1, . ,SMk>
and G = <oy, ..., 0u>. Hence the claim — SM : 6.

(5) Let = F :p. We have that F = Ey...Ey. Thus because — F : ¢ it has to
hold that ¢ = €q...ex and - E; - e; for alli € {0,...,k}. Thus the previously

proved point (4) of this lemma proves the claim. .

8.3 Preservation of Subtyping Relation

In this section we prove another important property of type substitutions, namely
that application of a type substitution (to POLYO type entities) preserves subtyp-
ing. This property will be necessary to prove existence of principal typings and
correctness of the type inference algorithm. Firstly, we define subtyping on type

substitutions.
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DEFINITION 8.3.1. Write 0 < ¢ when

(1) dom(o) = dom(o’), and

(2)

o(t) < o'(¢) for all v € dom(o). .

Now we prove that application of type substitutions o and ¢’ such that o < ¢’

preserves subtyping of various type entities.

LEMMA 8.3.2. Let 0 < o'. Then all the following hold.

(1) 6o =&t for any o

(2) 60 € &'c for any o

<
(4) € < €' implies 6 < &'¢’
<

' implies op < o'y

@' implies op < 0'p

PRrROOF. Leto X o

(1)

We distinguish the following three cases.

t ¢ dom(o): Then ¢ ¢ dom(o’) and thus 6L =1 = @'t.

t € dom(o) and o(t) = ¢/ € TypeTag: Then also + € dom(o’). We know that
o(t) < 0'(¢) and thus by Lemma 8.1.4 we obtain that o’(1) € TypeTag
and ©'(1) = o(t) =1. Thus oL =1 =d't.

t € dom(o) but o(¢) ¢ TypeTag: Then also + € dom(o’). By Lemma 8.1.4 as

above we obtain o' (1) ¢ TypeTag. Thus 6L = e = @'t.

(2) Let 0 = 1. ..1x. Let us distinguish the following cases.

k=0 and 6.9 = X*: Then 60 = X. We have 1y € dom(o) and 1y € dom(o’).
Let p' = 0'(1p). We know that Xx < ' and thus by Lemma 8.1.4 we
obtain that p' can not be a type tag and thus ' = ¥'* for some ¥'. From
Yk < X'x we obtain X < X by Lemma 8.1.3. Moreover we see that
oo =0"1=2". Hence oo C ¢'o.
otherwise: That is k > 0 or oty € TypeTag. Then 60 = {(Giy...0u)}.
Using Lemma 8.1.8 in the case when k = 0 we see that also ¢'c =
{(©'tg...0"tx)}.  The already proved case (1) of this lemma says that

ot = 0't; for alli € {0,...,k}. Hence 60 € ¢'0.

(8) Let p < 1. We distinguish the following two cases.

p = for some v: Lemma 8.1.8 gives us that ' = 1. When 1 € dom(o) then
¢ € dom(o’) and we see that 6y = o(¢) and &'y’ = o'(1) and the claim op <
o'y’ follows from the assumption. When ¢ ¢ dom(o) then ¢ ¢ dom(o’) and

we see that o = 1 =o'y’ hence op < o'’
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= Yx for some X: By Lemma 8.1.8 we obtain that p' = X'+ for some ¥’
and Lemma 8.1.3 gives us that X < X'. Let

Yo = U oo and X = U oo
oeY oex’
We see that o = (Xo)* and o'u' = (34)*. From ¥ € X' using the already
proved point (2) we obtain that ¥y < Xj. By Lemma 8.1.3 we obtain the

claim op < o'’
(4) Let € < &'. Let us distinguish the following cases by the structure of .

e =1 Clearly + a*: v and thus  a': &' and thus € = 1. Thus 6 = 61 and
o'e’ = o't and the claim follows from the already proved point (1) of this
lemma.

e= (1,...,,): It is easy to see that [e] # O and thus & = (iq,...,1).
Clearly 6e = (11, ...,1) = 0'¢’ and hence the claim.

€= <pn, ..., x> It is easy to see that [u] # 0 and thus ' = <u}, ..., w> for

some py, ..., W,. Let us prove that p; < p} for all i € {1,...,k}. Let
us fix i and let = M; : u;. We need to prove that — M, : ). We know
that there are some My, ..., M;_1, M1, ..., My such that = M; : u;

forallje{l,2,...;i—1,i+1,....k—1,k}. Hence = <My,...,My>:
and thus = <My, ..., My>: p'. Clearly = M, : i, and thus p; < p. By
the already proved point (3) of this lemma we obtain that ou; < o'W}
forallie {1,...,k}. Now we see that 6e = <0i1,...,0u> and o'c’ =

<o’y . .., 0'u>. Hence the claim o < o'e’.

(5) Let ¢ < ¢'. Let ¢ = gq...cp. Now [¢] # 0 and thus there is some F such
that both = F : ¢ and = F : ¢'. It implies that ¢’ = ... €}, for some €, ...,
el (that is, ¢ and @' have the same length). We want to prove that €; < € for
alli e {1,...,k}. Let us fir i and let = E; : ¢;. Now for any other €; where
J # i there always exists Ej such that = Ej;:ej. Thus we have - gq...€p 1 €
and hence & €y...cx: " and thus — E; : €}, Thus e; < & for allie {1,... k}
and the already proved point (4) of this lemma gives us that ce; < ©'¢} for all
ie{l,...,k}. Nowwe seethatop = (0ey) ... (0ex) and &'y’ = (') ... (d'e},).

Hence the claim 6o < 0'¢'. .

8.4 Details on Flow Closure

The example from Section 7.4 also shows why in the case of F1 the required blue

edges have to be loops and not, for example, a sequence of edges. The reason is
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that the starred message type ¥* can match arbitrarily depth messages where a
single sequence can repeat several times. Thus we can not construct all possible
sequences of edges that would match all possible sequences paths S(x*),.0 because
there is no limit on the number of different paths. These loops result in some over-
approximation in types which can be illustrated on the example from the previous
paragraph as follows. Suppose that some other edge x' ——2 y' was present in
I' before the addition of the two blue loops and that the existence of this edge is
not connected with the intended meaning of (y -*>x’) € I' (perhaps it is required
by some other flow edge). When we add the two blue loops then also the process
“in a.open a.0” is added to the meaning of (I', x’). But it is clear that the process
“in a.open a.0” does not need to be added to the meaning of (I',x’) at this step
because no application of any substitution S such that — S: o to a*.0 can result in
“in a.open a.0”.

Over-approximation in types can not be totally eliminated but we can make a
modification F1’ of rule F1 which reduces over-approximation and thus improves
expressiveness of types as follows. To further illustrate this we also show alternative

version F2’ of F2 which adds a loop instead of an ordinary edge.

e :X e :X
(0) . P
‘ g1 O 2
XO ........... <D— O)X/OQ XO
o C -
(Fl’) (F2’)

We can see that the over-approximation described in the previous paragraph
does not happen with the modified F1’. On the other hand this modification would
make all flow-closed shape predicates approximately two times bigger because of
the increased number of the new edges added. That is why we prefer F1 over F1°.
Note that it is still necessary to add the flow edge yo >}’ because o(t) = ¥* can
match the empty message 0. The alternative rule F2’ would cause unnecessary over-
approximation. Note that the number of new edges required by F2’ is the same as
in the case F2 and thus F2 does not result in bigger shape graphs. That is why we
prefer rule F2. Here we just state that the intuitive meaning of flow edges would be
implied when the definition of flow-closed graphs used the alternative rules F1’ or
F2’.

The condition from Definition 7.4.1 that itags(¢) n dom(o) = () says that some
edges can be excluded from the flow closure test. The presence of y > X' in a shape

graph I' describes a possibility that some substitution S of the type o can be applied
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to some process P of the type (I, x). Now when some edge (x 2 xo) € I is actually
used to match P against (I', y) then it has to hold that itags(y) < itags(P). For
example when ¢ = (x) then we can deduce that P has the shape “(a*).F,” for some
a and Py and thus clearly x € itags(P). When itags(p) ndom(o) # () then the above
S of type o also have some name b* in its domain dom(S). Thus the above possibility
described by the presence of y <>/, that is, that S of the type o is applied to P of
the type (I, x), can not actually happen when well formed rules are applied to well
formed processes. This is for the same reason as discussed in Remark 8.2.1, that
is, that this situation could occur only after application of some rewriting rule to a
process of the shape like “(b*). -+ .(a*).Fy” which is not well formed.

To further illustrate this issue let us consider the following two shape graphs
which are both flow closed. Note that the condition discussed in the previous para-

graph applies in the case of the right shape graph.

%R& %R&
{x — a} {x — a}

[N o S > 5 [ A SN > B
‘m X ‘in a \(x)
{x— a}
PR o S > B1 ¥
‘<x> ‘<a> \<x>
{x— a}
PSR o SR > B2 12

8.5 Flow Closure Correctness

By “flow closure correctness” we mean that the intended meaning of the flow edges is
satisfied in flow closed shape graphs. This is expressed by the following proposition
Proposition 8.5.1. We prove that the intended meaning meaning is valid only for
processes P with itags(P) n dom(oc) = (). This condition is related to the similar
condition from the definition of flow-closed graphs discussed above. This condition
will be implied by well-formedness in all applications of Proposition 8.5.1. Another
condition (5) below, which will be satisfied in all required applications as well, is
further discussed in Remark 8.5.2.

PrOPOSITION 8.5.1 (FLOW CLOSURE CORRECTNESS). Let the following hold.

(1) T is a flow closed shape graph

(2) (x>x)eT
(3) -S:o
(4) itags(P) n dom(o) = 0
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(5) for all x € n(P) and y € dom(S), T =7 implies v =y
Then = P : (T, x) implies = SP : (", X').

PROOF. By induction on the structure of P. The only non-trivial case is when
P = F.Py. Then let = P :(I',x). Thus there are some ¢ and xo such that - F : ¢,
and (x 5 x0) €T, and - Py: (T, x0). We distinguish the following two cases which
correspond to the rules F1 and ¥2 from Definition 7.4.1. When

o=1&0o(t) ={o1,...,08}*: Thus = F : v and there has to be some = such that
F =1z andT = 1. Obviously itags(p)ndom(o) = 0 and because T is flow-closed
we know that condition F1 is satisfied for (x % xo) € T and (x> ') € I
It implies that there is (xo - X') € L. Clearly condition (5) is satisfied for P,
because fu(P) = fn(FPy) u {x}. Thus we can use the induction hypothesis for
Py and (xo - X') € T' by which we obtain that - SPy: (T, x').

Now we also know that = S : o and thus it has to hold that x € dom(S) and
- S(x) : {o1,...,0k}*. The later implies that S(z) is not a single name. Thus
S(z.Py) = S(x),SPy. Now it is easy to see that there is some | and some forms
S1, -, 8 such that S(x.Py) = sy1.+++ .5.SPy. Moreover for every s; there is
some i€ {l,...,k} such that - s;:0;. We have already showed that condition
F1 is satisfied and thus there is the edge (X' 7> X') € I’ for everyi e {1,...,k}.
Previously we have obtained — SPy: (T, X') by the induction hypothesis. Hence
the claim + SF.Py: (T, ') is proved by | applications of rule TFRM.

otherwise: It holds that itags(p) n dom(o) = 0 because itags(P) n dom(o) = 0
and thus condition ¥2 is satisfied for (x = xo) € ' and (x 2 X') € T because
I' is flow-closed. Thus there are some x| and edges (X' LN xo) € I' and
(xo0 > Xo) € T'. Obviously itags(Py) n dom(o) = () and thus the assumptions
of the induction step for (xo 2 Xo) € I' and — Py : (I', x0) are satisfied. To
use the induction hypothesis we need to verify assumption (5) for Py. Let
xo € fIn(Fy). When xy € fn(P) then the condition is already satisfied. When
zo € fn(FPy)\fn(P) then xo € bu(F) and thus Ty € itags(P). It means that
To ¢ dom(o) by (4). Now for any yo € dom(S) we have Yo € dom(o) and thus
To # Yo Thus we can use the induction hypothesis for Py and (xo->X') € T
by which we obtain that — SPy: (I, \").

From — F : ¢ we obtain - SF : 6p by Proposition 8.2.2 case (5). Thus
— SFSP, : (I, x) because (' 24, Xo) € I'. By the definition we have that
SP = SFSP, if F ¢ dom(S). Now when F € dom(S), that is F = z for
some x, we have that v € dom(o) for o = T. We see that ¢ = v and thus
o(t) € TypeTag because starred message types are covered by the previous
case. But it means that S(x) € Name. Thus S(z) = Sz = SF and thus
SP = S(z).SPy = SF.SP, as well. Hence the claim is proved. .
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REMARK 8.5.2. The condition () from Proposition 8.5.1 is closely related the sim-
ilar condition from Proposition 8.2.2 previously discussed in Remark 6.3.3 and Re-
mark 8.2.1. This condition will be implied by well-formedness in all possible appli-
cations of Proposition 8.5.1. To illustrate this let us consider the following shape

graph where 0 = {x — a} as in Remark 8.2.1.

This shape graph is flow-closed. Let us take S = {x* — a?} so that we have
— S:o. Now let us consider the process P = y*.0 which does not satisfy (5) with S.
We see that — P:(I", X) but i~ SP:(I',R) even though there is a flow edge (X-*>R) € I'
and + S: 0. It means that the intended meaning of (X-*»R) € I' is not satisfied for
P and SP. This is, however, not a problem because we have already discussed in
Remark 8.2.1 that application of well formed rules to well formed processes can
never lead to application of S to P in this particular example.

We have mentioned above that (X-*>R) € T' describes a possibility that a sub-
stitution §' of the type o is applied to some process P of the type (I',X). As an

example how this can happen let us consider the following Mobile Ambients process.
Q =<a>0| (Y)y.0=<a>0]| (y).P

It is easy to check that — Q:(I',R) and — P:(I", X). Application of the monadic Mobile

Ambients rewriting rules Ao, from Section 5.3 gives us the following rewriting.
<a>.0 | (y).y<.0 <™ 2.0 = S'P where S' = {y* — a}

Here a substitution S’ of type o was applied to process P of type (I',X). We can
see that the names from the domain of S’ are always constructed from some input-
binder above P. Thus the well-formedness rules W1 and W2 ensure that (5) is

always satisfied. The discussion of this issue will be concluded in Remark 8.7.1. =

8.6 Properties of Type Instantiations

Here we prove some properties of type instantiations. Firstly we prove weaken-
ing and strengthening lemmas which allow us to add or remove variables from the

domain of w while preserving the =, relations.
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LEMMA 8.6.1 (TYPE INSTANTIATION WEAKENING). Let type instantiations m and
m such that mg € w be given. Then wy =, P11 implies m = P : 11 where s € {L,R}.

PROOF. By induction of the structure of p prove that for any I, wy P Ir
implies m =, P:II. 0

LEMMA 8.6.2 (TYPE INSTANTIATION STRENGTHENING). Let type instantiations
w and wy such that mg < w and dom(mg) < var(P) be given. Then w =, P : II implies
o =5 P 11 where s € {L, R}.

PROOF. By induction of the structure of P prove that for any II', my =, P
implies m =, P Ir. .

The following lemma is similar to the type instantiation weakening Lemma 8.6.1

above but it extends the shape graph rather then the type instantiation.

o o

LEMMA 8.6.3. wi, P: (I, x) impliesw =5 P : (' T, x) where s € {L,R}.

PROOF. By induction of the structure of P prove that for any X', m k=4 P : (T, x")

impliesw = P: (T’ UT", x'). .

The following is a simple implication of the strengthening lemma. It says that it
is enough to check the local closure condition Definition 7.6.5 on type instantiations
which mention only variables from the left-hand side of some rule. Thus this lemma
implies that it is enough to check the local closure only for finitely many type

instantiations instead of for all type instantiations (which are infinite in number).

LEMMA 8.6.4. Let rewrite{ P — Q} € R and let x € ActiveNoder (I, x,)). Let
mo = P (D, x) imply mo =x Q : (T, x) for all my such that dom(mg) = var(P). Then
mE P (', x) imply w = Q: (', x) for all w.

o

PROOF. Let w be such a type instantiation and let w = P : (', x). Take my =
var(P) < w. It holds that dom(my) = var(P) (because w =, P : (I',X) is defined).

We have my &=, P : (I',x) by the type instantiation strengthening Lemma 8.6.2.

By the assumption we have my =¢ Q : (I',x). Thus the claim holds by the type

instantiation weakening Lemma 8.6.1. .

The following says that when P has the type w then P instantiates F to the
process P[F] of the type P[F]. In this lemma the value of I is irrelevant because F
contains no process variables.

o o

LEMMA 8.6.5. Let I' - P:w and var(F) < dom(P). Then — P[F] : u(F).

PROOF. Follows directly from Definition 7.6.2 .
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The following is an extension of the previous lemma to process templates. When
P can be instantiated by w to II then P of the type m instantiates P to a process
matching II.

LEMMA 8.6.6. Whenuwi P: (I, x) and ' = P:w then — P[P]: (I, x).

PROOF. By induction on the structure of]:z’ using Lemma 8.6.5 for P=F.Dp,. =

The following lemma says that when we have the process instantiation P which
instantiates E to a element of type € then we can construct a type instantiation w
which is a type of P and which instantiates Etoe directly. The value of I" is again
irrelevant in this case.

LEMMA 8.6.7. Let E be a well lhs-formed element template. When - P[E] : ¢ and

o

dom(PP) = var(FE) then there is a type instantiation w such that for any T" it holds

o

that ' = P:w and w(E) = ¢.
PROOF. Let us distinguish the following cases by the structure of E. Let

E =a: Takew =P =0 to prove the claim.
E = i: Let x = P(d). Clearly PJ[E] =  and ¢ = T. Take w = {& — T}. Hence the

claim.
E = (21, ...,2,): Let x; = P(z;) forie {1,...,k}. Clearly IP’[[E]] = (x1,...,x)
and e = (Ty,...,Tx). Takew = {&1 — Ty,..., & — Tr}. Hence the claim.

E =<y, .. 1hp>: Let M; = P(m;) fori e {1,...,k}. We see that there are s,
ooy Mg Such that e = <pq, ..., x> and = M; = p; for allie {1,... k}. Now let

us take w = {my — pq,...,my — p}. Hence the claim. .

The following is the version of the previous lemma which works with form tem-

plates instead of element templates. Once again the value of I' is irrelevant.

LEMMA 8.6.8. Let F' be a well lhs-formed element template. When — P[F]: ¢ and

o

dom(PP) = var(F') then there is a type instantiation w such that T' = P:w (for any

o

I') and w(F) = .

PROOF. Let F be a well lhs-formed element template. Let — P[F]: ¢ and dom(P) =

o

var(F). We see that there is k such that F = FEy...E, and © = ¢€g...65. Let
P; = var(E;) < w for all i € {0,...,k}. Clearly w[E;] = ¢;. Let T' be arbitrary.
Using Lemma 8.6.7 we obtain that for every i there is w; such that I' = P; : m; and
mZ[[E,]] =¢;. Let us take m =mg U - -+ U M.

First of all we need w proved to be a function. Let z € dom(w;) and z € dom(w;)

for some i # j. We need to prove that w;(z) = w;(z). We see that dom(w;) = var(E;)

and that each €; is a well lhs-formed element template because ¢ is a well lhs-formed
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form template. Hence z has to be name variables, that is, z = x for some x. From
I'=P;:m; and I' = Py w; we obtain that - Pi(x) :m (%) and - P;(x):w;(z). It is easy
to see that P;(x) = P;(z) which thus implies that w is a function. Now ' = P; :w; is

clear. Hence the claim. "

Finally the following is the extension of previous two lemmas to process tem-
plates. When [P instantiates Ptoa process of the type II then we can find a type
instantiation m which is a type of P and which instantiates P to 11 directly. This
lemma is used in the proof of subject reduction.

LEMMA 8.6.9. Let the shape predicate 11 = (', x), a well formed lhs-template }07,
and the process instantiation P with dom(P) = var(P) be given. When — P[P] : II
then there exists some type instantiation w such that ' =P :w and w =, P

o

PROOF. Let the assumptions be satisfied. Let — P[P] :1l. Prove the claim by
induction of the structure of P. Let

o o

P =0: Take w = (). Obviously dom(P) = var(P) = 0 and thus I' - P :w. Moreover
m ke, 0: 11 holds as well.

P = p: Take w = {p — x} where x is the root of II. Obviously dom(P) = var(P) =
{p}. We see that (I',w(p)) = Il and thus I' = P:w. Moreover w =, p : I1 holds

as well.

P = F.By: We know that — P[F].P[R] : (I,x). Thus there are some F and xo
such that — P[F] : ¢, and (x 5 xo) € T, and — P[Py] : (T, xo). Let us take
P’ = var(F) < P and Py = var(P,) <t P. By 8.6.8 we obtain v such that with
I'=P:u and m’([ﬁ] = . Moreover by the induction hypothesis for (I', xo),
150, and Py we obtain wy such that T = Py : 1w and w =, Py : (T, xo0)-

Let us take m = w' U my and prove that w is a type instantiation, that is, that
values of W and wy for variables in both dom(w') and dom(my) do not differ.
We know that P is a well formed [hs-template and thus by L3 we obtain that
any variable which is in both dom(w') and dom(wy) has to be a name variable.
Thus, let us take © € dom(w') n dom(my). By the definition of P’ and Py
we know that P'(z) = P(z) = Po(x). From ' + P : v’ and T' + Py : mp we
also know that +— P'[z] : v'(x) and + Po[z] : we(z) hold. But this means that

'(z) = P'(2) = Po(x) = wo(z). Thus w is a function and we directly obtain
that ' = P :m.

By Lemma 8.6.1 and my =, By : (T', xo) we obtain that w =, By : (T", x0). Now
w(F) = ¢ and thus (x ), Xo) € I'. Hence the claim w=,_ P : (I, x) holds.

P = Py | Pi: We have that P[P] = P[] |P[P1] and thus — P[Py]:11 and — P[P]:11.
Let us take Py = var(Py) < P and Py = var(P;) < P. Thus the assumptions of
the induction step for By are satisfied. By the induction hypothesis we obtain
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my and my such that I' = Py : mg and my =, ]50 I as well as I' — Py : my and
m L ﬁliﬂ.

Let us take w = mg umy. Now w is a function from the same reasons as w from
the previous case for P = 13’.]-9’0. Thus we directly obtain that I' = P :w. Now
we obtain m =, 150 I and m =, 151 I from above by Lemma 8.6.1. Hence the

claim.

otherwise: Condition L6 ensures that the above cases cover all possibilities.

8.7 Subject Reduction

Here we discuss two issues related to subject reduction and we prove it. The first
issue is the purpose of well-formedness conditions W1 and W2. The second issue
is a problem with subject reduction in the previously published version of PorLy[
[MWO04a]. Finally we provide the proof of subject reduction for the PoLy[] system

first time presented in this thesis.

REMARK 8.7.1. Now it is easy to conclude the discussion from Remark 8.5.2 about
the purpose of well-formedness conditions W1 & W2 and about their relationship
to subject reduction. Let us again consider the following graph Iy = (I'g,R) from
Remark 8.5.2 together with the monadic Mobile Ambients rewriting rules Ao, from

Section 5.3. Let 0 = {x — a} as before.

We see that Il is an Amon-type. Now let us consider the process
Py =<a>0] (xX).y*.0

which violates W1. Let us for a brief moment ignore the fact that F, is not well
formed in order to show what goes wrong without W1. All the METAU definitions

work correctly without W1 and thus we can prove the following expected rewriting.
<a>.0 | (xX*).y*.0 <A™ y* 0

But now we see that £ y*.0:1ly which means that Il is not Amon-closed. Hence sub-

ject reduction does not hold without W1. The problem is that the type substitution
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o = {x — a} changed x to a in the graph but the corresponding process substitu-
tion S = {x* — a®} left y* in process P unchanged. Well-formedness condition W1
ensures that this does not happen.

The above example can be adapted to demonstrate that W2 is required from the
very same reason. However, W2 (which prevents nesting of input-binders binding
the same type tag) has also another purpose which we reveal now. Let us consider
the process

P = (X)) .(y) .<x*,y*>.0 | <a>.<b>.0

which violates W2. However, META[ again works correctly even for processes

violating W2 and we obtain the following expected rewriting.
Py <A (y9) <a,y*>.0 | <b>.0 <A™ <4 b>.0

The question of a type of P, in PoLyl is, however, more complicated. Let us

consider the following shape predicate which directly corresponds to the syntax tree

OfPl. N
P
B1

Al

(x) <b>
A2 B2
<X, X>

A3

We see that the distinction between x* and y* inside <x*,y*> from P; is lost in the
form type <x, x> from the shape graph. Hence any type substitution would yield the
same result when applied to arguments of <x,x>. It means that no application of a
type substitution would introduce the form type <a, b> which has to be necessarily
present in any shape predicate that matches P; and is Anon-closed. Note that all
the form types whose existence is required by closure conditions are constructed by
application of type substitutions to form types already present in the graph. As a
consequence of this we can deduce that the closure conditions can not require the
presence of <a,b>. Hence Anon-types do not need to be Anon-closed without W2.

To further demonstrate this issue let us consider the following Amon-type I1; =
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(I'1,R) where 0, = {x — a} and o = {x — b}.

I =
(x) <b>
'-.. 0
M A - M
<X, X>

A3

We can see that — P : II; but t# <a,b>.0 : [I;. In this case this is, however,
mainly because of the condition from the Definition 7.4.1 which allows us not to
propagate edges when dom(o) n itags(p) # 0. This condition mainly decrease
over-approximation in types. But even the propagation of the unpropagated edges
{A1 09, pp =2, A3} would not give us a shape predicate that matches <a, b>.0.

In order to redefine the flow closure to deal with nested input binders (that is, to
have subject reduction without W2) it would be necessary for every type substitution
o to consider both possibilities that o does or does not apply to any type tag ¢ from
the graph. It would, however, dramatically increase the number edges in the graph

and cause undesired over-approximation. ]

Now we discuss issues with subject reduction in the previously published version
of PoLy[l.

REMARK 8.7.2. As already noted at several places the extension of Pory[ which
handles name restriction from the 2004 technical report [MWO04a, Section 5.3] is bro-
ken and has no subject reduction. This is mainly because special names mentioned
in rewriting rules were not prevented from being bound in a process as mentioned in

the last paragraph of Section 4.3. Thus for example, the following rule description
R = {rewrite{a.0 — b.0 }}

can be used to prove ra.a.0 < va.b.0. As briefly described later in Section 9.1,
the 2004 extension defines guarded shape predicates to handle name restriction. A
guarded shape predicate I1/X is a pair of a shape predicate II and a set of names
X. The set X can be seen as a set of names which are v-bound in the shape graph
of II. When matching a process against a guarded shape predicate, a v-bound name
from the process can match any r-bound name from the graph. To demonstrate let
us take IT = ({R 5 Y}, R) and let II/{c} be a guarded shape predicate. Then in the
2004 PoLy[ extension it holds both that - va.a.0:1I/{c} and - vc.c.0:1I/{c}. Now
the 2004 extension states that II/X is a type when II is a type. Hence I1/X is an
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R-type in the 2004 extension. However, we do not have  va.b.0: II/{c} which is
necessary because of the rewriting proved above and hence we obtain contradiction
with the subject reduction property.

A similar counterexample can be constructed for the instantiation Amen, of POLY]

to a type system for monadic Mobile Ambients. Clearly we can prove that
alin b.0] | b[0] <*™ a[b[0]]
from which can obtain the following
vin.alin b.0] | b[0] <™ vin.a[b[0]]
and by a-conversion also accidentally
vout.afout b.0] | b[0] <*™> vout.a[b[0]].

Let us take IT = ({R 2= 40,40 2> > a1, 2, BO} R) and the guarded shape
predicate II/{out}. Clearly II is an Anon-type so II/{out} is an Ayon-type in the

2004 Poryl extension. However, we have
 vout.alout b.0] | b[0] : II/{out} but £ vout.alb[0]] :II/{out}

which contradicts subject reduction because of the rewriting proved above. ]

The following lemma is the first step towards the subject reduction. It says that
structural equivalence preserves types. This lemma holds for all shape predicates

not only for R-types.
PROPOSITION 8.7.3. Let P= Q. Then+— P: 11 iff - Q : II.

PROOF. Proof by induction on the derivation of P = Q). ]

The following is main part of the subject reduction proof for rule RRw. It is
also closely related to Lemma 8.6.9 from the previous section. Basically the lemma
says that T — P:wand w =q Q : I imply IP’[[Q]] : I1. However, this does not hold
for all right-hand side templates Q but only for those which are well formed w.r.t.
some left-hand side template. Thus the left-hand side template must be involved
in the formulation of the above property. Moreover we prove the lemma for all
subtemplates Q’ in order to be able to do the induction step. The proof of the

subject reduction will, however, use this lemma for Q’ Q.

LEMMA 8.7.4. Let rewrite{ P — Q} € R, let T be flow-closed, and let T — P : .
Let IP’[[P]] be defined and well formed. Then for a subtemplate Q' of Q it holds that

wEg Q2 (T, x) implies - P[Q'] : (T, ).
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PrROOF. LetR, 15, Co), I', P, and w be as in the assumptions. Let Cj)’ be a subtemplate
of Q and let w =¢ Q' : (T, x). Prove the claim - P[Q'] : (T, x) by induction on the
structure of 602’. Let 11 = (T', x). Let

COZ’ = 0: Clear.

o

Q' =p: FromD + P:w we obtain + P[p] : (I',w(p)). We know that w =¢ p : 11 and
thus (w(p) 2 x) € I'. Thus by Proposition 8.5.1 for S = 0 we obtain the claim
— P[p] : IT because dom(c) = dom(S) = ().

Q = {&g :=80,..., 0% 1= &3P Fromm = Q' (T, x) we have that

Thus o = {u(z1) — w(s1),...,v(zx) — w(sk)} is a correctly defined type sub-
stitution, that is, w(z;) # w(x;) whenever i # j and all required values are
defined. From this it follows that also S = {P[z1] — P[1], ..., Plzx] — P[sk]}

is a correctly defined substitution. It is easy to see that - S : 0.

o o

Now p € var(Q') and thus also p € var(Q). By R2 we have that p € var(P).

Thus p € dom(PP) because we know that P[P] is defined. Thus from T' =P :u
it follows that - P[p] : (I', m(p)).

We also see that 602’ 2 2; > p for any 0 < @ < k. Thus also Q b3z > p
and by R2-2 and R5-6 we obtain that P> p holds as well. Thus by
Lemma 6.3.2 we have that P[z;] ¢ itags(P[p]). Now because P[i;] = w(i;)
and because i was chosen arbitrarily we obtain that itags(P[p]) n dom(o) = 0
(because every type tag from dom(o) is equal to w(x;) for some i). This proves
assumption (3) of Proposition 8.5.1. Now let us verify its assumption (4). Let
x € In(P[p]) and y € dom(S), that is y = P[z;] for some i. But now T =7
implies x =y by Lemma 6.5.4.

Thus all the assumption of Proposition 8.5.1 (for P = P[p]) are satisfied and
we can use it to obtain - S(P[p]) : II. Now by the definition of application of
a process instantiation we have that S(P[]) = P[Q'] and hence the claim.

Q =F.Py: Fromm = Q' : (', x) we have that there exists some xo such that
TR Qo (T, xo0) and (x e, Xo) € I'. Obviously Qo is a subtemplate of Q
because 602’ is so. Now by the induction hypothesis (for COQO as Q’) we have that
= P[Qo] : (T, xo). It is clear that w(F) is defined and thus var(F) < dom(m).
We know that T — P:w and thus by Lemma 8.6.5 we obtain that - P[EF]:u(F).
That is why — P[F].P[Qo] : 1. Hence the claim.

Q' =Qol Q1 Fromw s Q' (', x) we have w =y Qo : (', x). Obuiously Qo is a
subtemplate of@ because COQ’ is so. Now by the induction hypothesis (for @0 as
Q') we have that — P[Qo] : 1. Similarly for Q1 we obtain — P[Q1] : I1. Hence

the claim. n

85



Chapter 8. Technical Details on PoLyl and Subject Reduction

The following proves the subject reduction. We implicitly suppose that R is well

formed.

THEOREM (PROOF OF THEOREM 7.6.11). For everylIl and R, it holds that R IEype
IT implies R 1Eciosed 11

PROOF. Let I be an R-type of P and let P <> Q). We need to prove that — Q : II.
Prove this claim by induction on the derivation of P <> Q. Recall that we implicitly
suppose R to be well formed. Let I = (T', x). Let P <5 Q be derived by

RRw: Then we know that there are some well formed lhs- and rhs-templates P and
602 with rewrite{ PHQ } € R, and that there is a process instantiation P such

o o o

that P = P[P] and Q = P[Q)]. We can suppose var(P) = dom(P) also because
R2 and R3. We know that — P[P] : 11 and thus by Lemma 8.6.9 we obtain
that there is some type instantiation w such that I' = P:uw and w =, P
Now T" is an R-type and thus I' is locally closed at its root node x. Thus also
T Ex Q : II. Obviously Q 1s a subtemplate of itself and thus by Lemma 8.7.4

o

we have that - P|Q] : 11 holds. Hence the claim.

RAcT: Then there are a process variable p and a well formed lhs-template P such

that active{ p in P} e R. Moreover there are a process instantiation P and
processes Py and Qo such that P = (P[p— Py])[P] and Q = (P[p — Qo])[P]

o

and also Py S Qy. When p ¢ var(P) then P = Q and the claim holds.
Otherwise let Pp = P[p — Py]. We can suppose that var(P) = dom(Pp)
because P is defined and the values of Pp for variables not in P are irrelevant.
Thus by Lemma 8.6.9 we obtain that there is some type instantiation mw such
that T = Pp:w and w =, P : I1. Let Xo = u(p) and Ily = (', xo). It holds
that = Py : Iy because I' = Pp :w. Also we know that active{ p in P}YeR
and thus xo € ActiveNodeg(IT). That is why Iy is an R-type. Thus by the
induction hypothesis we obtain that - Qo : 1. Let Po = P[p — Qo]. We see

that I' = Pg : w holds. Hence the claim by Lemma 8.6.6.

RPAR: Then there are some Py, Qo, and Ry such that P = Py | Ry and Q = Qo | Ry
and Py <> Qy. We see that - Py: 11 and — Ry :I1. By the induction hypothesis
we have that — Qq : I1. Hence the claim.

RNu: Then there are some name x and processes Py and Qg such that P = vx. P,
and Q = vr.Qo and Py>Qy. We see that — Py:I1. By the induction hypothesis
we obtain that = Qo : II. Hence the claim.

RSTR: Holds by induction hypothesis and Proposition 8.7.35. ]
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Chapter 9

Changes and Extensions of PoLy[]

9.1 Name Restriction

The main extension of the POLY[ system in this thesis is the handling of name
restriction. The name restriction handling presented here is based on a recent work
of Jakubuv and Wells [JW09, JW10]. However, the presentation style in this thesis
is slightly different and this thesis contains additional details and proofs.

The difficulty with name restriction is that a shape type represents a syntactic
structure of a process, and thus presence of bound names in a process has to be
somehow reflected in a shape type. Because bound names can be a-renamed, PorLyl
needs to establish a connection between positions in a process and a shape type which
is preserved by a-conversion. This connection is provided by type tags which are
the key concept of name restriction handling in this thesis.

Let us suppose that some process P contains the form “a<a>”. Then there has
to be the corresponding form type “a<a>” in any shape type of P. When the name
a in P were v-bound and a-renamed to some other name then the correspondence
between the form in the process and the form type would be lost. This problem
is solved by building shape types from type tags which are preserved under -
conversion.

The handling of input-bound names in the previous Poryl was reached by
disabling their a-conversion which is possible under the circumstances discussed in
detail in Section 4.3. But a-conversion of r-bound names can not be avoided and
thus a different solution presented here has been developed. This solution allows us
to handle a-conversion of r-bound names and input-bound names uniformly which
is much more intuitive than a-conversion in the previous PorLy[l. Moreover, bound
names are handled in the same way as free names when matching processes against
shape predicates.

There are several alternative ways to support name restriction in shape types.

We could, for example, allow a-renaming of bound names in types. In order to do
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this it would be necessary to introduce the notion of the scope of a bound name
in a shape type. Unfortunately, to introduce scopes into graphs is not straightfor-
ward because graphs can contain cycles which can make scopes of different binders
(possibly binding the same name) overlap.

One possible solution to the above problem was given in an extension of Pory[
from the 2004 technical report [MWO04a, Section 5.3] which was designed to handle
name restriction. In this 2004 extension, type tags are not used and both pro-
cesses and shape types are built from the same atomic names. As noted above
in Section 4.3, a-renaming of input-bound names is not allowed. The 2004 ex-
tension which handles name restriction defines guarded shape predicates (see also
Remark 8.7.2) which are pairs of shape predicates and name sets. The name set
of a guarded shape predicate can be seen as the set of names which are v-bound
in the shape graph. The scope of these bound names is simply the whole graph.
This simple introduction of scopes into graphs is possible because of the definition
of well formed processes and other restrictions. When matching a process against a
guarded shape predicate, a v-bound name from the process can match any r-bound
name from the graph.

Unfortunately, the 2004 PoLy[ extension was found broken as described in Re-
mark 8.7.2. Furthermore, the solution presented in this thesis has other advantages.
It allows us to handle a-renaming of bound names uniformly. More importantly, it
is more expressive in the sense that it allows a simple embedding of type system
with explicit types in POLy[d. We can now, for example, construct the embedding of
explicitly typed Mobile Ambients [CG99] which is presented in Chapter 16. The dif-
ference in expressiveness can be demonstrated on the following simple example. The
2004 PorLyl] extension can not distinguish between the METAL processes “vx.x.0”
and “vy.y.0”. They both have the same types under any circumstances. The dis-
tinction between the above two processes can be made in the Poryl from this
thesis as long as x and y have different type tags. The ability to distinguish between
the two processes becomes important when we want to embed a type system with
explicit types in PorLyl. This is briefly described in the next paragraph.

In explicitly typed systems, bound names in processes are annotated with their
types, for example, (vz:w)P where w is the type of x in P. When encoding processes
with explicit type annotations as METAL processes, it is desirable to simply drop
these type annotations because they can not be straightforwardly encoded in META[
syntax. A process encoding which drops type annotations gives us a faithful META[
encoding of the original process calculus because the original rewriting relation does
not usually inspect type annotations and it just copies them around. Nevertheless,
a processes which differ only by type annotations can have different types. Let
us consider some explicitly typed system where “(vx : wgy)z.0” has some type p

but “(vy:w;)y.0” has no type. These two processes are translated to the METAO
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processes “vx.x.0” and “vy.y.0” from the previous paragraph. In order to faithfully
embed the original explicitly typed system in PovLyll we need PoLyll to be able
to recognize typability of the original processes on their METAL equivalents. Thus
to construct an embedding of this explicitly typed system, we need PoLY[] to be
able to distinguish the above two processes. The PoLy[ from this thesis allows the
embedding of explicitly typed systems by translating bound names with different
type annotations to METALl names with different type tags.

An alternative solution to embed explicitly type systems in PovLyl would be
to use some more complicated encoding of processes in METALl which would not
completely forget type annotations. We have thoroughly investigated this possibility
but we have not found any satisfactory encoding. Any encoding of processes which
tries to remember type annotations becomes opaque and hard to comprehend. The
aspiration to simplify these encodings led us to the design of the PorLyl version

from this thesis which introduces type tags.

9.2 Changes from the Original PoLy[l

This section summarizes changes between the previously published PoLyl system
[MWO05, MW04a] and PoLyD presented in Part I of this thesis.

Name Restriction. The main extension of the version presented in this thesis
name is the support of name restriction. The previous PoLyll version pre-
sented in the ESOP 2005 paper [MWO05] does not support name restriction
at all. There is, however, an extension presented in the 2004 technical re-
port [MWO04a, Section 5.3] which supports name restriction. Nevertheless this
extension was found inconsistent. Details related to the support of name re-

striction in PovLyl were presented in Section 9.1.

Fixes. This thesis fixes some mistakes from previous PoLy [MW05, MW04a]. The
mistake in the definition of well formed processes and in application of sub-
stitutions is described in details in Section 4.3 and Section 4.5. This mistake
breaks subject reduction which is discussed in details in Remark 8.7.2. Fur-
thermore, requirements on the rewriting rules defined in the previous Pory[
[MWO04a, Section 5.1] did not ensure preservation of well formedness as de-
scribed in Section 6.2 and Remark 8.7.2. These requirements were previously
stated only informally and several points can be interpreted ambiguously. The
requirements are formalized and described in Section 6.2 of this thesis. Last
but not least least, references to undefined operations (for example “[z := y|”
in [MWO05, Figure 2]) are fixed in this thesis.

Clarifications. Introduction of type tags allows a uniform handling of v-bound and

input-bound names. Previously, input-bound names were not allowed to be a-
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converted (see Section 4.3) and v-bound names were not part on the set BN(P)
of the bound names of a process (see Section 4.5). This unintuitive behavior
was probably the main cause of the mistake in the definition of well formed
processes mentioned above. Another change is that an implicit definition of
a-equivalence from previous POLY[ was in this thesis replaced by a formal
definition (Section 4.2). Substitution now guards against name captures which
makes the behavior of PoLY more predictable (see Section 4.5). Introduc-
tion of type tags also allows slightly simpler definition of type substitution

application.

Proofs. Previous PoryO publications [MWO05, MW04a] contain no proofs except
of a very short (1 page) proof sketch of subject reduction. In this thesis we
prove crucial properties of the system including preservation of well-formedness
(Proposition 6.4.2), substitution correctness (Proposition 8.2.2), flow closure
correctness (Proposition 8.5.1), subject reduction (Theorem 7.6.11), and exis-

tence of principal typings (Theorem 12.10.3.

9.3 Possible Extensions and Future Work

In this section we describe some possible extensions of the PoLy[] system. They
include (1) additional process operators which are found in other calculi (recursion
“u” and the choice “+7), (2) possibilities to increase shape type expressiveness, and
(3) a way to produce smaller shape graphs with the equivalent meaning by the type

inference algorithm.

9.3.1 Recursion and the i Operator

46'77

The current version of PoLy[d provides the replication operator which can be
used to implement recursive behavior of processes. Several other constructions used
to implement recursive behavior are found in the literature [PV05]. These include the
p operator (also called rec), let expressions, and constant or parametric definitions.
Replication can always be expressed by one of the above recursive constructions.
In general, however, the expressive power of different constructions varies among
different calculi [PV05]. For example in the m-calculus, replication can be used to
encode the p operator as well as parametric definitions [Par01, Section 3.4]. On
the other hand, the same encoding can not be straightforwardly adapted to work in
Mobile Ambients and other calculi which contain ambient boundaries.

Now we show how the p operator can be simply emulated in many instantiations
of METAL using additional rewriting rules. The p operator is of interest because in

many calculi it is more expressive than replication as well as it is more convenient
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to express recursive behavior. For example, it is very often used in biologically
inspired calculi. The processes calculi with the p operator usually defines a set of
process variables. Let X range over process variables. The process syntax is then
defined so that every process variable X and every construction of the shape “uX.P”
are processes. Then a process substitution to substitute a process () for process
variable X in process P, written P{X — @}, is defined. The process variable X is
(u-)bound in pX.P and application of a process substitution has to guard against
name and variable captures. The process “pX.P” is supposed to behave as the
process “P{X — puX.P}”". A replicated process “!P” can be expressed using the
operator as “uX.(P | X)".

The semantics of the y operator can be defined in structural equivalence by the

axiom
uX.P=P{X — puX.P}

or in the rewriting relation, either as a separate rewriting step by the axiom
uX.P— P{X — puX.P}

or incorporated into other rewriting steps by the inference rule

P{X — uX.P} | Q—R

We can translate META[ processes with the u operator to standard u-free
METAO processes as follows. For simplicity, let us suppose that process variables
are taken from the set of names. The translation encoding that removes p works as

follows.
(X) = call X.0

(pX.P) = vX.(call X.0 | !rec X.(P))
Purely structural cases like (P | Q) = (P) | (@) are omitted. The names “rec” and

“call”

are ordinary METAL names (more precisely type tags) and we suppose that
they are in SpecialTag. The basic idea is to store the body P of a recursively defined
process uX.P using the replicated process “lrec X.(P)”. The process variable X
as a process is encoded by the process “call X.0”. The replacement of the variable
by the process body, that is, the unfolding of the definition, is implemented by the

following rewriting rule which is to be added to the set of rules.
rewrite{ call .0 | rec x.P <P}

This translation works without any problems in process calculi without any
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active rules like the m-calculus. However, in process calculi with more active posi-
tions it can happen the body “rec X.(P)” of a definition and the request “call X.0”
to unfold the definition appear at different active positions. For example in Mobile
Ambients, they can be present in different ambients and thus the above rewriting
rule can not be applied to unfold the definition properly. Consider, for example,
“uX.alX | out a.0]” where the above rule can be used to unfold the definition at
the top-level location but not inside any ambient.

A possible solution of this problem is to make the process “rec X.(P)” with the
definition body appear inside all active ambients. This can be achieved by adding
the following two rewriting rules which distributes the definition body both in and

out of any ambient.

rewrite{ a[P] | rec x.Q — a[P | rec %.Q] }

rewrite{ &[P | rec x.Q] — &[P] | rec x.Q}

In METAO instantiations which use user defined active rules, two rules similar the
above have to be added for every active rule. This can not, however, be done for
an active rule which mentions input-bound variable, like active{P in (x).P}. The

reason is that the rule corresponding to this active rule
rewrite{ (§).P | rec .0 — (§).(P | rec x.Q) }

is not allowed by the METAU syntax because it is not well formed (see Section 6.2).
It is not allowed because it can create a nested input-binders which bind the same
type tag which is not allowed by well-formedness condition W2. Nevertheless, we do
not know of any process calculi in the literature that would require active rules with
input-bound names. Thus this encoding of the p operator seems to be sufficient.
Based on the above discussion we can claim that it would be possible to support
the p operator in METAL directly as a built-in operator. This might be preferable
in some situations because the above encoding can lead to more complicated shape
types as they need to contain auxiliary edges introduced by the encoding. The u
operator can be directly supported in PoLyl under the following circumstances.
The active rules can not contain any input-bound variables. Furthermore, a re-
cursive processes uX.P can be unfolded to P{X — pX.P} only when it appears
at active position, that is, only one level a time. The above encoding satisfies this
property which is again necessary to ensure that no nested input-binders created by

the unfolding bind the same type tag.

92



Chapter 9. Changes and Extensions of PorLyl

9.3.2 The Choice Operator

Another process operator that is commonly used by process calculi is the choice
operator “+47 also called alternative composition. The process “P + " describes
a process which behaves like P or like () but not both of them. That is, at some
point a decision is made whether the process “P + )7 will behave like the part P
or (), and the other part is discarded. The choice operator is commonly used in
biologically inspired calculi and in the 7-calculus.

In METAO we can simply choose a special name “ch” and use it to encode “P+Q”
as “ch.(P | Q)”. Then we can adapt the rewriting rules to respect this encoding
appropriately. For example, the monadic m-calculus with choice can be expressed

by the following rule description.
Penoice = {rewrite{ch.(C | ¢<a>P) | ch.(D | ¢(x).Q) =P | {x :=a}Q}}

The choice is associative and we assume that “(P+@Q)+ R” is encoded as “ch.(P| Q|
R)” and not as “ch.(ch.(P Q)| R)”. Also a standalone process with not alternatives
like “c<a>.0” has to be encoded as “ch.c<a>.0”. We can see the encoding of choice
with the special name “ch” results in the presence of additional edges in shape types
and thus it makes shape types more complicated.

Chapter 10 introduces additional restrictions on shape types which are required
for type inference. These restrictions, namely the depth restriction (Section 10.2),
would cause unnecessary over-approximation in shape types. It would be helpful
to change the width restriction so that it handles the name “ch” in a special way.
However, an advanced handling of the choice operator that would not unnecessarily
complicate shape types and that would take the specific behavior of “+” into account

is left for future research.

9.3.3 Other Extensions

There are several possibilities to improve expressiveness of shape types. One of them
is to extend the syntax of METAO sequences and messages (and related PorLy[
types) so that it allows more convenient encoding of calculi which communicate
structural messages like the spi calculus [AG99]. Currently, we could use METAL
messages to encode the spi calculus structured messages but the problem is that
the message structure can not be described by PorLy[] message types. For exam-
ple, the message type “{a,b}*” is a type of “(a.b).(a.b)” as well as of “a.(b.a).b”.
Thus PorLyl shape types for processes from calculi which heavily rely on structural
messages would not be very precise. A possible solution would be to extend the
syntax of shape graphs to allow more expressive message types. This solution would

probably require to represent message types themselves by graphs and not just by
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linear structures.

An improved version of message types was proposed in the 2004 technical report
[MWO04a, Section 5.2] under the name “sequenced message types”. A sequenced
message type has the shape “og.--- .0}” for some sequence types oy, ..., ox. The

Y

sequenced message type “og.--- .0 matches all the messages which have exactly
k + 1 non-null sequence parts sq, ..., Si such that - s;:0; where the parts are sorted
as they occur in the message from left to right. Sequenced message types provide
information about the count and the order of META[ sequences in the message but
not about its spatial “tree” structure. For example, the sequenced message type
“a.b.c” matches both “(a.b).c” and “a.(b.c)” but not “b.a.c” or “a.b.b.c”. In order
to obtain the principal typing property (see Chapter 10) it is necessary that no
sequenced message type contain two identical sequence types. For example, “a.a”
is banned as a sequenced message type. It would be probably easy to extend the
PoryO from this thesis to work with the sequenced message types from the 2004
technical report. The proofs of the subject reduction and the correctness of the type
inference algorithm would need to be extended as well.

Another two extensions of POLY[ are proposed in the 2004 technical report.
The first one, target borrowing [MWO04a, Section 5.5], is and optimization of a type
inference algorithm which reduces the size of shape graphs by sharing edges. Only
edges whose sharing does not change the meaning of the shape predicate are shared.

The second extension [MWO04a, Section 5.6, increases the precision of shape
types using atomic labels called marks. Marks are used to recover precision which
is lost by additional restrictions on shape graphs which are necessary to achieve the
principal typing property (see Chapter 10).

Both the two above extensions are briefly described in the 2004 technical report
and implemented in the testing type inference algorithm implementation which be-
longs to the 2004 report. However, the PorLyl 2004 theory was not extended to
work with these extensions and no correctness results were proved. The integration
of these extensions into the PoLy[ theory and extensions of the proofs from this

thesis is left for the future research.
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Chapter 10

Principal Typings

10.1 Principal Typings and Types

A principal type of a process P is the type which is some sense the “most general”
among all the types of P. Wells [Wel02] provides a general definition of principal
typings that works for many type systems. Wells distinguishes between types and
typings. A typing is a collection of all the information other than the process (term)
that appear in type statements. Usually it is the process (term) type and the
environment or context which determines types of free names (variables). Shape type
statements - P:I1 do not use any environment or context and thus typings in PoLy[l
become equivalent with shape types. Henceforth, we use the notions “principal
types” and “principal typings” interchangeably when they apply to PoryLl.

The general definition of principal typings [Wel02] becomes the following when
specialized to PorLy[l.

DEerFINITION 10.1.1. Call an R-type 11 of P principal (among R-types) when for
any 1T
R lEtype II' & = P 1T implies T < II'.

Let II be a principal R-type of P. The meaning of II is included in the meaning
of any other R-type of P. In this sense II provides the most specific information
about P among all other R-types of P. Furthermore, we can say that II represents
all other R-types of P. In this sense II is the most general among all other R-types
of P.

The existence of principal typings, which is called the principal typing property,
is a desirable property of type systems for programming languages. It supports
compositional automated type inference and it allows reusability of type inference
results. A principal typing is a natural output of a type inference algorithm for
a type system with the principal typing property. Furthermore, the existence of
principal typings in PoryU allows us to use Pory[ instead of another type system.
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We demonstrate this is Chapter 14 where we prove that Pory[ shape types can be
used to precisely recognize processes typable in the m-calculus sort discipline [Mil99].

In Povryl, the existence of principal R-types depends on R. We are not aware
of any procedure to recognize rule descriptions R that instantiate POLY to type
systems with the principal typings property. In Section 10.3, we show that instan-
tiations of PoLy[ with some infinite rule descriptions R do not have the principal
typing property. Nevertheless, the finiteness of R does not ensure the principal

typings property either. Let us consider to following rule description.
R = {active{P in a.P} rewrite{ a.middle.a.P < a.a.middle.a.a.P }}

Section 10.4 proves there is no principal R-type of the process “a.middle.a.0”.

Principal types in POLY[ are not unique because for any shape predicate II there
is infinitely many of shape predicates with the same meaning. For example, renaming
of nodes in II preserves meaning but there are more complex graph operations which
preserves the meaning as well, for example unification of all terminal nodes. Of
course all the principal types of P have to have the same unique meaning.

We do not know how to compute principal R-types for those rules R for which
principal R-types exist. This is because the set of all R-types is too complex.
However, in the next section we define a subset of restricted shape R-types so that
the existence of principal R-types among restricted types can be proved. At the
same time, restricted shape types maintain to be expressive enough for practical use

as clearly demonstrated in Part III of this thesis.

10.2 Restricted Shape Types

As noted in the previous section, we do not know how to do a type inference which
outputs a principal R-type for an arbitrary R. The set of all R-types is too big
and complex for this task to be easily achieved. Instead of trying to characterize
descriptions R which instantiates PoLyll to the type system with the principal
typing property and instead of looking for a complete type inference algorithm for
these R we apply the following, much simpler, approach. We define a subset of R-
types, called restricted R-types, by restricting the structure of shape graphs. The
existence of principal types among restricted R-types can be proved for all finite R
and for all infinite R which are of interest. Details about handling of infinite rule
descriptions are found in Section 10.3.

« 7

At first we define the similarity relation “~” on form types as follows.

DEFINITION 10.2.1. Form types o and ¢, are called similar, written pg ~ 1, iff
[eo] N [n] # 0. "
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The ~ relation is close to being the equality on form types. The only way for
non-identical ¢’s to be related by = is when one of them contains a starred message
type X*. It is relatively safe to image ~ to be equality (=), at least to the first
approximation. It is necessary to take this relation instead of equality (=) in two
definitions below in order to achieve the principal typing property.

In order to achieve the principal typings property, we restrict the number of
nodes in shape graphs. The width restriction says that two edges outgoing from
the same source which are labeled with similar (that is, related by “~”) form types
have the same destination node. This restriction makes rule TFrRM of the type
checking relation “+” (and also rule CFrRM of “E=,”) deterministic, because when
- F.Py: (I, x) then the node xo (from TFrM) such that — Py : (T', xo) holds is

uniquely determined.

DEFINITION 10.2.2. We say that a shape graph I' is width-restricted or that I’
satisfies the width restriction iff whenever there are two edges (x 2 xo) € ' and
(x 5 x1) € T with ¢ ~ ', then it holds that xo = x1. A shape predicate (T', ) is

width-restricted when I' is. "

Before we define the second restriction on shape graphs we define a path in shape

predicate quite naturally as follows.

DEeFINITION 10.2.3. A path in (I', x) is a set of linearly connected edges

{025 X1, X1 22 Xy Xb1 > k€T

which we write as {xo = x1 = -+ % xx}. A path is rooted when xo = . .

The depth restriction says that any two edges labeled with similar form types
which lie on the same path have the same destination node. When an upper bound
on form types that can appear in a graph is given, then the depth restriction bounds
the total number of edges that a restricted shape graph can have. This fact will
become the main argument for the termination of the type inference algorithm

presented in Chapter 11.

DEFINITION 10.2.4. We say that a shape graph I is depth-restricted or that
I satisfies the depth restriction iff whenever I' contains a path {xo ~> x1 —>
Xk 2 ng1y © T with o ~ @y, then it holds that x1 = Xps1. A shape predicate

(I, x) is depth-restricted when T" is. .

The width and the depth restrictions do not depend on rule description R.
Restricted R-types are now defined quite naturally as those R-types which are also

restricted.
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DEFINITION 10.2.5. A shape predicate 11 is restricted when I is both width- and
depth-restricted. A shape predicate 11 is a restricted R-type, written R |Ereste 11,
when 11 is restricted and R |Fype 11 .

Finally we defined principal restricted R-types by restraining the general defini-
tion of principal typings only to restricted R-types.

DEFINITION 10.2.6. Call an R-type II of P principal among restricted types
or a principal restricted R-type iff for any IT'

R lEresty II' & = P 1T implies Im<I1Ir.

In Chapter 11 we provide an effective type inference algorithm to compute a
principal restricted R-type for an arbitrary P. The proof of correctness (complete-
ness) of this algorithm provides a constructive proof of the existence of principal

types among restricted types.

10.3 Infinite Sets of Rewriting Rules

Infinite sets of rewriting rules are required to handle polyadic communication rules,
that is, communication rules which can send tuples of an arbitrary arity. As an
example we can take the polyadic m-calculus which is described in METAO by the

following infinite set of rewriting rules.

Prooly = {rewrite{ c<ay,...,a,>. Pl c(xy,...,%,).Q—

Pl{x :=4y,...%, :=8,3Q}:n >0}

It would be possible to extend the syntax of METAL process templates so that the

above can be described by a single rule. This single rule might look as follows.
rewrite{¢<a..>P | ¢(x...).Q—P | {x...:=4a...}Q}

The semantic of the above rule would need to decide what should happen for el-
ements “<a...>” and “(x...)” with different lengths. Instead of extending the
template syntax, we prefer to use infinite sets of rewriting rules and to keep the
language of templates as simple as possible. Any actual implementation of PoLy[
would need to use some extended rule syntax as the above to handle polyadic com-
munication rules.

We start with the observation that the principal typing property does not hold for
some infinite rule descriptions. Let us consider the following infinite set of rewriting

rules.

Ro = {rewrite{ <x>.0 — <x,x>.0 }, rewrite{ <x,x>.0 — <x,x,x>.0},.. .}
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It is easy to see that there are processes with no type at all not to say principal
types. In the case of Ry it is, for example, “<a>.0”. We can see that “<a>.0 AN
<a,a>.0 N <a,a,a>.0 % .7 and thus any Ro-type of “<a>.0” has to contain the
edge labeled with the form type “<a,...,a>” for any possible arity of the output
element type. It means that any Ro-type of “<a>.0” would need to contain infinitely
many number of edges which is not possible because shape graphs are finite.

In order to implement an effective type inference algorithm it is essential that
for any R and P there is only finitely many rules in R that can ever be used when
rewriting P (and its successors). We can see that one of the problems with Ry is
that the right hand side of any rule from Ry generates an element which is longer
than any element mentioned on the rule left-hand side. The first step to handle
infinite rule descriptions is to eliminate “non-monotonic” rules like those from R,.

In order to do that we formally define the length of a METAL entity as follows.
DEFINITION 10.3.1. The length of a METAL entity is defined as follows.

(1) a name “c” has the length 1

(2) a sequence “xg...xy” has the length k + 1

(8) an input element “(x1,...,x,) " has the length k

(4) an output element <My, ..., My>" has the length k

(5) a form “Ey...Ey” has the length k + 1

(6) an input element template “(xy,...,Zx) " has the length k

(7) an output element template “<my,...,my>" has the length k

(8) a form template “Ey...Ey” has the length k + 1

(9) a substitution template “{zq :=So, ..., 2 := S$x}” has the length k + 1
(10) any other METAO entity has the length 0

Let maxlen(P) be the mazimum of the lengths of all METAO entities in P. Similarly,

o o

let maxlen(R) (maxlen(L), maxlen(P) respectively) be the maximum of the lengths
of all METAO entities in R (L, P respectively). "

Note that a composed message has the length 0 and thus its depth does not

affect maxlen(P). For example the longest entity in the process
set <out a.in b.open c.in a>.get (x,y,z).0

is the element “(x,y,z)” with the length 3.

Now we can formally define monotonic rewriting rules.

DEFINITION 10.3.2. Call a rule description R monotonic iff for any rewriting
rule rewrite{ P — Q3 from R it holds that maxlen(Q) < maxlen(P). "
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But the monotony of R is still not enough to ensure principal typings. When
SpecialTag is infinite then we can construct the following well formed rule descrip-
tion.

R = {rewrite{a.0 < :°.0}: 1 € SpecialTag}

We can see that there is no Ri-type of “a.0”. The requirement of the finiteness of
SpecialTag is probably enough to ensure the existence of restricted principal types.
However, it still does not ensure that there is only finitely many rewriting rules that
can ever be used when rewriting a given process. Let us consider the following rule

set which contains lot of redundant rules.
Ry = {rewrite{a 2.0 — = a.0}: £ € NameVar}

It is clear that Ry contains infinitely many of rules (because NameVar is infinite)
that can apply to the process “a a.0”. To select a finite subset of any R which can
ever be used when rewriting a given P is required to effectively iterate over R in
the type inference algorithm and in the algorithm to recognize R-types.

Now we define a subset of rule descriptions which we call standard. We call them
standard because, to our best knowledge, all the process calculi from the literature
which can be described in METAL syntax are covered in this subset. That is to say,

that this property is “standard” for the rules in the literature.

DEFINITION 10.3.3. A rule description R is standard iff R is monotonic and for
every k natural it holds that {L € R: maxlen(L) < k} is finite. .

For all standard R, the existence of restricted principal R-types is proved in
Chapter 11. The standard condition on R is sufficient but not necessary to ensure
the existence of restricted principal R-types. There are, for example, rule sets which
are not monotonic and still instantiates POLyl to the type system with restricted
principal types. We are not, however, aware of any calculus from the literature
which uses non-standard rewriting rules. Thus the exact characterization of infinite
rule descriptions which instantiate POLY[ to the type system with the existence of

principal restricted types is left for the future research.

10.4 Non-existence of Principal Types Among Un-
restricted Types

In this section we construct a rewriting rule description R which is finite and well
formed, and which instantiates POLY[] to a type system without principal types
among all R-types. Principal typings still exist among restricted R-types, however.
From this we can conclude that we really need to work with restricted types to have

principal typings for an arbitrary R.
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PROPOSITION 10.4.1. Let us consider the following rewriting rule set R.
R = {active{P in a.P} rewrite{a.mid.a.P < a.a.mid.a.a.P }}

There is no R-type of the process “a.mid.a.0” which is principal (among all R-types).

PROOF. Proof by contradiction. Let 11 be a principal R-type of “a.mid.a.0”. Let us

define the infinite sequence of processes PP, PS¥, ..., as follows.
P*=aa.---.a.mid.a.a.---.3.0
[ W
1 times i times

We can see that “P° = a.mid.a.0” and that the following rewritings can be proved.
pek & pek & pok &

Hence - P°%: 11 for any n because 11 is an R-type of PP¥.
Now let us define the infinite sequence of shape predicates Iy, 114, ... as depicted
by the three first members.

R—a>x a R—a>A1—a>x a R a Al a A2 a xDa
mid mid mid mid mid| mid
oA . Y

a . a al
c1 c1 2
a .
Nk
D2
I, IL; I,

Forn > 0, the shape predicate 11,, is constructed from 11,,_1 by moving the column
with nodes X and Y one place right, and by adding the additional column of nodes
starting with node “An”. The subtyping edges connect nodes in each column to the
corresponding nodes in the next column for the shape predicate to be an R-type. The
subtyping edges from the last but one column all aim to node Y. For example, the

next shape predicate 113 looks as follows.
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mid mid mid| mid
B1 B2 B3 - YDa
a a a C
c1 c2 c3
a _al
3§ Y
D2 D3
_al:
nE
E3

For any 11,,, we can see that ActiveNodeg (I1,,) = {R,A1,A2,... An,X}. Now it
s easy to check that any 11, is an R-type. For example, let us consider 1I5. When
we apply the only rewrite rule from R at the node Al we can see that the local
R-closure condition requires the presence of the subtyping edge C2 ~>D3. Thus 13
1s locally closed at A1 because this edge is present in the shape graph. Similarly, we
can see that I3 is locally R-closed at all the active nodes {R,A1,A2,A3,X} and hence
II5 is an R-type because it is clearly flow-closed. Finally it is trivial to check that
— PP 11, hold for any n and thus by the subject reduction we obtain that — PP*:1I,
for any i and n (> 0).

Now let us definite the infinite sequence of processes Pf°, Py, ... as follows.
P/°=aa.---.a.mid.aa.---.3.0
_— W
i times (i+1) times

Process P is process PP with one additional a at the end. We can see that the
process PP* can never rewrite to any of the processes P¥°. The key observation here
is that

foranyn>0: £ P<°:1I,.

Now we can finally prove that 11 can not be a principal type of PP<. Let j be
the number of edges in II. Now we shall prove P;‘° 1. We know that +— ch’k (I
because 11 is an R-type of PP* and P can be rewritten to Pfk. Clearly at least one
edge in Il has to be labeled with mid and thus the number of edges in 11 which are
labeled with a s strictly smaller than j. Thus some edge has to be used more than
once when matching the second part of P;’k after mid against I1 because the number
of a’s (= j) is bigger than the number of edges labeled with a (< j). Hence these
edges have to form a cycle which can be used to match an arbitrary number of a’s
after the middle mid. More specifically we obtain ij° 11

Hence 11 is not a principal R-type of P{* because 11, is an R-type of PP* and we
have that = Pf° : 11 but 1/ P : 1I;. .
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Note that the above proof can not be easily adapted to work with some descrip-
tion of an existing process calculus, for example Ao,. The reason is that flow and
local closure conditions already prevent many A,on,-closed shape predicates from
being Anon-types. For example, the flow closure condition F1 applied to the graph
{BO = B1,B0 bexlinald, R} insists on the presence of a loop labeled with “in a” at
node R. It explains why the shape predicate from Example 7.5.2 is not an Amon-type.

Furthermore this precludes us from adapting the above proof to work with A on.
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In this chapter we present a formal description of the type inference algorithm. This
implementation is supposed to provide a constructive proof of the existence of prin-
cipal types. Thus at many places we prefer a less effective but simpler algorithm in
order to make correctness proofs easier. On the other hand, this algorithm clearly
depicts a basic idea of type inference and can be turned into an effective implemen-
tation by the use of more sophisticated data structures and common programming

techniques. Our aim in this thesis is, however, to prove the existence of principal

types.

11.1 Overview of the Type Inference Algorithm

The basic informal skeleton of the type inference algorithm is depicted in the fol-

lowing Algorithm 11.1.

Algorithm 11.1: Informal description of the type inference algorithm

input : a process P and a standard rule description R
output: a principal R-type of P

I := the initial shape predicate directly corresponding to P;
while II is not an R-type do

IT := make II restricted (by unification of nodes);

IT := make II locally R-closed (by adding edges);

IT := make IT flow-closed (by adding edges);

[SLENE N VR

return II;

(=]

The input of the type inference algorithm is a process P and a standard rule de-
scription R. The algorithm starts by computing the initial shape predicate IIp that
directly corresponds to the syntax tree of P. Basically we forget name restrictions
and replications and we translate parallel compositions into branching and sequen-
tial composition into sequencing in the graph. We shall prove later that the initial

shape predicate I1p is a minimal (w.r.t. <) shape predicate such that - P :Ilp.
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The algorithm repeats the main cycle until an R-type is found. The main cycle
takes the currently computed shape predicate IT and makes it restricted by unifying
nodes that need to be unified. Then it adds edges necessary to make the shape
predicate Il locally R-closed and flow-closed. Thus it is clear that the algorithm
returns an R-type iff it terminates.

In Chapter 12 we shall prove that the algorithm terminates for every standard
R. We know that P matches the initial shape predicate IIp. Thus it is clear that
the shape predicate computed by the algorithm is an R-type of P because neither
unification of nodes nor addition of edges can decrease the meaning of II. We shall
also prove that the resulting shape predicate is principal among restricted R-types.
This will be implied by the property that we do not unify nodes or add edges unless
absolutely necessary.

The following sections provides a detailed description of the type inference algo-

rithm. Proofs of termination and correctness are given separately in Chapter 12.

11.2 Initial Shape Predicate

We start by description of the algorithm which computes for every process P the
initial shape predicate IIp which directly corresponds to the syntax tree of P. The
shape predicate IIp is the smallest shape predicate w.r.t. < such that — P: Ilp. In
other words it holds that IIp < II whenever - P :1I. This property is proved in
Section 12.6.

In order to compute the smallest shape predicate which corresponds to the syntax
tree of an input process we need to be able to compute the principal form type ¢
for every form F. This is done by algorithm FormType which uses the subroutines

SequenceTypeSet, MessageType, and ElementType.

Algorithm 11.2: Function SequenceTypeSet (M)
input : a message M
output: the principal sequence type set of M

switch M do

case 0: return ();

case zg...x,: return {Tg...Tx};

case My.M;:
Yo := SequenceTypeSet (Mj);
Y1 := SequenceTypeSet (M;);
return X, U X;

N O 0ok W Ny =

Algorithm SequenceTypeSet, which computes the principal sequence type set for
every message M, proceeds simply by the structure of M. When M is some sequence

Zg ... xy then the algorithms simply forgets the basic names in M and returns the
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singleton sequence type set {Tg...Tx}. The correctness of SequenceTypeSet is
proved in Section 12.6.

Algorithm MessageType computes the principal message type p for every mes-
sage M. Its correctness is proved in Section 12.6. It calls SequenceTypeSet when

M is not a single name.

Algorithm 11.3: Function MessageType (M)
input : a message M
output: the principal message type of M

1 switch M do
2 L case x: return 7;

3 otherwise X := SequenceTypeSet(M); return > x;

Algorithm ElementType computes the principal element type ¢ for every element
E. Tts correctness is proved in Section 12.6. When F is an output-element type
then ElementType calls MessageType for every message in F. For other F it simply

forgets basic names in all names in E.

Algorithm 11.4: Function ElementType (F)

input : an element F
output: the principal element type of £

1 switch E do

2 case z: return 7;

3 case (x1,...,xp): return (7y,...,T;);

4 case <M, ..., Mp>:

5 for i :=1to k do pu; := MessageType(M;);
6 L return <pq ... pug>;

Algorithm FormType computes the principal form type ¢ for every form F. Its
correctness is proved in Section 12.6. The algorithm simply calls ElementType for

every element in F'.

Algorithm 11.5: Function FormType (F')
input : a form F
output: the principal form type of F'

1 Ey...E,:=F,
2 for 1 := 0 to k do ¢; := ElementType(E;);
3 return ¢p...&g;

Algorithm ProcessShape computes for every process P the initial shape predi-
cate I1p which directly corresponds to the syntax tree of P.
Name restriction and replication are simply ignored. Sequential composition

(«.7) is translated to edge sequencing as follows. The initial shape predicate of F.F,
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Algorithm 11.6: Function ProcessShape (P)
input : a process P
output: a shape predicate Il with — P :II that directly corresponds to the
syntax tree of P

1 switch P do

2 | case 0: return ((),R);

3 case F.Fy:

4 (T'g, Xo) := ProcessShape (Fy);

5 X := a node fresh for I'y;

6 ¢ := FormType (F);

7 return ({x % xo} U T, X);

8 case Iy | Pi:

9 (T'o, x0) := ProcessShape (F);

10 (I'1, x1) := ProcessShape (P );

11 I} :=I'y with all nodes except x; replaced by nodes fresh for I';
12 I := T} with all occurrences of x; replaced by xo;
13 return (I'y U I'(, x0);

14 case vx.Fy: return ProcessShape (F));

15 case !Fy: return ProcessShape (F);

is computed from Ily = ProcessShape(F,) by creating a fresh root node x and
connecting x to the original root of Il by an edge labeled with ¢ = FormType (F).
Parallel composition (“|”) is translated to edge branching as follows. The initial
shape predicate of Py | P, is computed from Il = ProcessShape(F) and II; =
ProcessShape (P;) by making the non-root nodes in II; distinct from nodes in I,
and putting both graphs together. The correctness of ProcessShape is proved in
Section 12.6.

11.3 Restriction Algorithm

Now we describe the algorithm RestrictGraph which unifies nodes in the input
shape predicate so that it becomes restricted. The algorithm RestrictGraph uses
two subprocedures RestrictWidth and RestrictDepth which unify edges in an
input shape predicate to make it width- respectively depth-restricted. It can happen
that a unification of nodes in RestrictDepth can violate the width restriction in a
previously width-restricted graph. Thus the main algorithm RestrictGraph has to
call the two subroutines consequently until the resulting graph is restricted.
Algorithm 11.7 RestrictWidth works as follows. It starts with the graph part of
the input shape predicate II and it repeats the main cycle until the graph contains
two distinct edges ¥ =% xo and Y —> i that violates the width restriction. If
the above two edges are found then y, and x; are unified by renaming y, to x;

or otherwise. Note that the algorithm preserves the root node, that is, the root
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node is never renamed. The resulting shape predicate II' = RestrictWidth(II) is
the “smallest” shape predicate which is width-restricted and that II < II'. This is
to say that only those nodes that has to be unified are actually unified, and that
the order in which the nodes are unified does not matter. The exact definition of
what the “smallest” means and proofs of important properties of RestrictWidth
can be found in Section 12.7.1. The main argument of the termination proof of
RestrictWidth is that the number of nodes in I' is decreased with every iteration

of the while loop.

Algorithm 11.7: Function RestrictWidth(II)
input : a shape predicate II
output: a width-restricted II' such that II < IT
1 <F7 Xr> =11
2 while 3{x % xo,x 2> x1} ST x0 # x1 & @0 = 1 do

if x1 = x, then \' := x; else \' := xo; // keep x,
I' := T" with all occurences of xo and x; replaced by y’;

5 return (I y,);

Algorithm 11.8 RestrictDepth works similarly as RestrictWidth. It unifies
nodes until no edges violate the depth restriction. Again, it preserves the root node
and the resulting shape predicate is the “smallest” possible. The termination follows
again from the fact that the number of nodes is decreased with every iteration of

the while loop. Main properties of RestrictDepth are proved Section 12.7.2.

Algorithm 11.8: Function RestrictDepth(II)
input : a shape predicate II
output: a depth-restricted I’ such that IT < IT

1 (T, xy) =1

2 while I{xo = x1 > - Xk > Xer1} ST x1 # xus1 & o = @ do

3 | if xpe1 = xr then X' := X115 else X' 1= xu; // keep X
4 I’ :=T" with all occurences of x; and ;1 replaced by x';

[}

return (I, y,);

Algorithm 11.9 RestrictGraph calls RestrictWidth and RestrictDepth con-
sequently until the resulting shape graph is restricted. It holds that II is width-
restricted iff RestrictWidth(II) = II and similarly for RestrictDepth. The algo-
rithm inherits the main properties of its subroutines, that is, the resulting shape
predicate is the “smallest” possible and the number of nodes in II increases with
every iteration of the repeat cycle (except the final iteration). Main properties are

proved in Section 12.7.3.
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Algorithm 11.9: Function RestrictGraph (II)
input : a shape predicate II
output: a restricted II' such that IT < IT’

repeat
Il := 1II; // save the initial value
IT := RestrictWidth(ID);
IT := RestrictDepth(Il);

until 1T = Ily;

return II;

S oA W N

11.4 Local Closure Algorithm

The local closure algorithm is the most complex part of the type inference algorithm.
Basically we need, for a given R and 11, to apply every rewriting rule rewrite{ P
COZ } € R at every active node in II and to add all edges required by the application
of this rule.

The edges required by the application of rewrite{ P Q } € R at node x are
computed as follows. Firstly, the algorithm LeftMatches computes all possible m

o

such that w=_ P : (T, x). For each m, the algorithm RightRequired determines the
minimal set Iy of edges such that w =g Q : (' U Ty, x) holds. The edges from I'y are
added to I'. The algorithm LocalClosureStep executes the above steps for every
rewriting rule in R and every active node of II.

The algorithm LocalClosureStep does not necessarily return a locally R-closed
graph. Basically, the above set I'y contains the flow edges required by rules CFLow
and CSuB but it can also contain form edges required by CFrM. These form
edges can create new opportunities to apply rewriting rules and thus the result
of LocalClosureStep does not yet to be a locally R-closed shape predicate. More-
over, just repeating LocalClosureStep would not give us a terminating algorithm

as demonstrated by the following example. Consider the following R.
R = {active{P in a.P} rewrite{a.0 <> a.a.0 }}

A consecutive application of LocalClosureStep to ({R = A0}, R) would give us the

following infinite sequence of non-locally R-closed shape predicates.

R R R
la la d

A0 AO A0
a a

Al Al
a
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We will interleave LocalClosureStep with the restriction algorithm RestrictGraph

to ensure termination.

11.4.1 Matching Templates to Shape Graphs

We need an algorithm that for a given P and (I', x) determines all possible m such
that w =, P : (I, x). Here we are interested only in those m with var(P) = dom(m)

o o

because values of w for variables not in var(P) are irrelevant for w =, P : (I, x). It
is to say that we are interested only in those type instantiations which are minimal
w.r.t. set inclusion. For every I'; x, a ]5, there is only finitely many of minimal type
instantiations w such that w &=, P : (', x). These instantiations are computed by
Algorithm 11.12 LeftMatches which uses the following subroutines MatchElement

and MatchForm.

Algorithm 11.10: Function MatchElement (m, Eo,e)

o

input : a type instantiation m to be extended to w’ such that w'(E) = ¢
output: {v'} such that w € v’ and v'(E) = ¢, or () iff there is no such o’

switch £ do

1
2 case z: if T = ¢ then return {un};

3 case I:

4 if ¢ € TypeTag & (2 € dom(w) = w(z) =€) then

5 | return {u[i — ¢]};

6 case (I1,...,T):

7 if deq,... 0= (q,..., 1) then

8 if Vje{l,...,k}: z; € dom(n) = w(z;) = ¢; then
9 L L return {u|T; — t1,..., Tk — ]};

10 case <my,...,mp>:

11 if Jpq, .. e = <pq, ..., up> then

12 | return {u[rny — g, ... 1k = ]}

13 return (;

For every E and g, Algorithm 11.10 MatchElement extends the input type in-
stantiation m to the minimal (w.r.t. ) type instantiation o’ such that v'(E) = e. If
there is such v’ then it is unique and then the algorithm returns {n’}. The algorithm
returns () if there is no o' 2 w such that w'(E) = . The input argument m works as an
accumulator which holds type instantiation computed so far during type inference.
Note that the value of a message variable m in w can be rewritten by MatchElement
but it will not actually happen when E comes from some well formed lhs-template
P. Tt is because L3 says that there is at most one occurrence of m in a well formed
Ihs-template P and thus the accumulator will not contain 7 when m € var(E).

More details on the correctness and other properties of MatchElement are given in
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Section 12.8.1.

Algorithm 11.11: Function MatchForm(m, F, 7))

N O ok W =

o

input : a type instantiation m to be extended to ' such that v'(F) = ¢

o

output: {v'} such that w < v’ and w'(F) = ¢, or 0 iff there is no such v’
EO C Ek = }%,

Eo-.-Ek = Q]
if k # k' then return 0;
Ty := W
for i := 0 to k do
I := MatchElement (g, EOZ-, €i);
if m: 1= {m} then m:=m; else return (;

return {mg};

Algorithm 11.11 MatchForm is similar to MatchElement but it works with form

templates and form types. That is, for every F and p, it extends the input m to the

o

minimal (w.r.t. €) type instantiation w’ such that v'(F) = ¢. If there is such v’ then

it is unique and then the algorithm returns {v'}. The algorithm returns () if there is

o

no w2 w such that v'(#) = ¢. More details on the correctness and other properties

of MatchForm are given in Section 12.8.2.

Algorithm 11.12: Function LeftMatches(m,]—g’,F,x)

W N

® N o o

10
11

12

o

input : a type instantiation m to be extended to m’ such that o' =, P : (T, x)
where P is a well formed lhs-template .
output: the set of all minimal v’ 2 w such that v’ =, P : (I, x)

I:=0;
switch P do

case 0: [ := {w};
case p: 1:= fulp > v}
case ['.Fy:
foreach (y % yo) €' do
foreach my € MatchForm (m, }%, ) do
\; L I:=1u LeftMatches (my, 150, I', xo);
case 150 | P1
foreach my € LeftMatches (m, ﬁo, I',x) do
L I:=1Tu LeftMatches (m, ﬁl, I x);
return I;

Finally, Algorithm 11.12 LeftMatches computes for every well formed lhs-template

P and (I',x) the set of all minimal extensions o of w (that is, m < ) such that

o

' = P : ([, x). The argument w' serves again as an accumulator which contains

the fixed values of variables computed so far by the previous run of the algorithm.
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We suppose that P is a well formed lhs-template and thus dom(w) will not contain
p when P = p, that is to say that no value will be replaced at line 4. In the case
P = [.P, the algorithm iterates over all y % yo from I' and it calls FormType to
extend m to my such that mo(£) = ¢. Then it calls recursively LeftMatches to com-
pute all extensions of my that instantiates 150 as required and it collect the results in
the global variable I. The case when P = ﬁo | ﬁl is even simpler. We extend w to
mp that matches ﬁo at xy and then we further extend my to all minimal instantiations
which match P and collect the results in I. More details on the correctness and

other properties of LeftMatches are given in Section 12.8.3.

11.4.2 Edges Required by a Rewriting Rule

Consider a rewriting rule rewrite{ P < Q}. When w =, P : (I, y) then we need to
compute a minimal set Ty 2 I such that m = Q : (T'g, x) where I'y reuses as much
as edges from I' as possible. Algorithm 11.13 RightRequired serves this purpose,
that is, it computes the set of edges required by the application of the above rule
to I' at y. The algorithm assumes var(Q) < dom(w) and that @ is a well formed

rhs-template w.r.t. some well formed lhs-template.

Algorithm 11.13: Function RightRequired (w, @, )

o

input : a type instantiation m with var(Q) < dom(m) for a well formed
rhs-template @ (w.r.t. some P)
output: a minimal I'y such that w = @ : (Lo, x)

switch Q do

1
2 case 0: return (;

o oy 0
3 case p: return {m(p)-> x};

0 o 0 0 3o oy fenm(ds)ow(8y),..}

4 case {Tg :=Sg, ..., Tk := Sk p: return {m(p) st y ks
5 case [".Qy:
6 o = w(F);
7 if Ix: (x 2> x;) €T then
8 | X0 = X0
9 else
10 L Xo := a node fresh for I';
1 1= (X > x0); O
12 return ({n} U RightRequired(m, Q, " U {n}, x0));
13 case @0 I Q1
14 [y := RightRequired (m, Qo, ', x);
15 | return I'g U RightRequired(m, COQI, I'uly, x);

In the case of a process variable p or a substitution application template {zg :=
S0y - - -, T : =Sk}, the algorithm simply returns the required flow edge. Note that the
edges are correctly defined because we suppose that var(Q) < dom(w). When Q =
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F.Q, then we at first compute o = m[[]*g’]]. Rule CFRM requires an edge n = x > xo
for some Yo to be present in the shape graph. When there is y = yo in I' then the
algorithm reuses this edge, otherwise a fresh node and a new edge are created. Note
that n is added to the graph when the recursive call at line 12 is made. This ensures
that any fresh node possibly created in the recursive call is distinct from .

The case when Q = 6020 | 6021 is a simple recursive call. Again, note that the shape
graph in the second recursive call is extended with the result 'y of the first recursive
call. As above, it is to prevent node name clashes when creating new fresh nodes.
More details on the correctness and other properties of RightRequired are given in
Section 12.8.4.

11.4.3 Active Node Algorithm

We need to apply the rewriting rules to all active nodes of a given II and thus we need
an algorithm to compute the set ActiveNodeg (II). Algorithm 11.14 ActiveNodes

serves this purpose.

Algorithm 11.14: Function ActiveNodes(II, R)
input : a finite set of rewriting rules R and a shape predicate II
output: the set ActiveNodeg (IT) of active nodes of II

1 <F7 Xr> =11

2 = :=();

3 Enew = {Xr};

4 while Z,,, # 0 do

5 Xo := an arbitrary node from =, ;

6 foreach (active{ in P} € R) do

7 foreach m € LeftMatches (), P, T, xo) do
8 L if m(p) ¢ = then Zo, = Zpew U {1(p)}
9 Enew = EneW\{X0}7

10 =E:==2u{xo0};

11 return =;

ActiveNodes performs a simple walk through the graph starting at the root
node. Variable = stores the active nodes whose active successors have already been
visited. This set becomes the set ActiveNodeg (II) in the end. Variable =, stores
the active nodes whose active successors are to be visited. Variable =,., contains
only the root node at the beginning and the algorithm ends when =, is empty.
The algorithm uses LeftMatches for all active rules from R to compute active
successors of a given node. The algorithm supposes that R is finite. More details

on the correctness and other properties of ActiveNodes are given in Section 12.8.5.

114



Chapter 11. Type Inference

11.4.4 Local Closure in Steps

Algorithm 11.15 LocalClosureStep puts the previous algorithms together. It takes
a finite rewriting rule description R and a shape predicate (I', x) as input, and
it returns (I' U Ty, x) where I’y are all the edges required by applications of rules
R to all active nodes in (I', y). Algorithm LocalClosureStep computes only the
immediately required edges, that is to say that the algorithm does not apply the
rewriting rules to the newly generated edges I'y. Thus the result (I' U 'y, x) does
not need to be locally R-closed.

Algorithm 11.15: Function LocalClosureStep (I, R)
input : a finite set of rewriting rules R and a shape predicate 11
output: II extended with edges required by one application of R to 11

1 (0 =11

2 Iy :=0;

3 foreach y € ActiveNodes(I", x,, R, () do

4 foreach (rewrite{ P — Q} ¢ R) do

5 foreach m € LeftMatches (), P, T, y) do
6 L [y := Ty U RightRequired (m, Co?, ' x);

7 return (I' U Ty, x,);

The algorithm simply iterates over all active nodes x of IT = (I, x,) and over
all rewriting rules rewrite{ P Q } from R. Then it uses LeftMatches to com-
pute all minimal (w.r.t. <) type instantiations w such that w =, P : (I, x). Then
the algorithm collects edges computed by RightRequired. Note that the condi-
tion var(Q) < dom(w) required by RightRequired is implied by well-formedness
conditions R2 and R3. More details on the correctness and other properties of

LocalClosureStep are given in Section 12.8.6.

11.5 Flow Closure Algorithm

Algorithm 11.16 FlowClosureStep implements one step of a flow closure algorithm.
For a given II, it computes the edges I'g immediately required by conditions F1 and
F2 for (pairs of) edges from II. It does not, however, compute the edges whose
existence is consequently required by the newly added edges I'y. Thus the result of
FlowClosureStep does not need to be a flow closed shape predicate, similarly as
the result of LocalClosureStep does not need to be locally R-closed.

Another similarity with LocalClosureStep is in that a mere repeating of flow
closure steps FlowClosureStep would not give us a terminating algorithm to pro-

duce a flow closed shape predicate. To demonstrate this let us consider the follow-
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ing sequence of shape graphs which do not satisfy the flow closure conditions. Let

o = {x — a}.

U ] o 3
Q4 4

Al 0 a1

a
P

A2
In order to flow-close the first shape graph in the sequence we need to add the
node A1 and the edges A0 2> A1 and R-"> A1. But the newly added R-*> A1 together
with R = R insist on the existence of a new node A2 with two new edges pointing
to it. It is easy to see that we will never obtain a flow-closed graph in this way.
The type inference will interleave flow closure steps with the restriction algorithm

RestrictGraph in order to ensure termination.

Algorithm 11.16: Function FlowClosureStep (1I)
input : a shape predicate 11
output: II extended with edges immediately required by flow closure
conditions F1 and F2 for II

(Lxe) =11
[y := (b;

[\

s foreach (y % yo) €' and (x> x') e I do
4 if itags(p) N dom(o) # () then continue; // skip this pair
5 if o =1 e dom(o) & o(r) = X* then

6 ‘ To=Tou{xX >x:0eX}uixo™x};

7

else
8 if Ixe: (X' 25 x8) e T then
o | Xo = X0
10 else
11 L X6 := a node fresh for I' U T'y;
12 || Tor=Tou {X =5 X x0™ Xo};

13 return (I' U Ty, x,);

Algorithm FlowClosureStep iterates over all pairs of edges x = o and x > x/
with the same source node x such that itags(¢) ndom(o) = ). For each edge pair, it
determines whether the condition F1 or F2 applies and it collects the edges required
by the appropriate condition in the variable I'y. The algorithm reuses form edges
from the original graph when possible. More details on the correctness and other

properties of FlowClosureStep are given in Section 12.9.
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11.6 Type Inference Algorithm

Algorithm Algorithm 11.17 is used as a workaround to handle infinite set of rewriting
rules. It takes, a possibly infinite, set of rules R and a process P and it returns
the finite subset of R which contains all the rules from R that can ever apply to
rewriting of P with R. Of course, this is not always possible for an arbitrary R and

P as discussed in Section 10.3 but it is possible when R is standard.

Algorithm 11.17: Function SelectApplicableRules(R, P)
input : an arbitrary rewriting rule set R and a process P
output: a finite subset of rules in R that can ever be used when rewriting P;
fails if R is not standard

1 if R is finite then return R;
2 if R is standard then
3 L return {L € R: maxlen(L) < maxlen(P)};

4 fail “R is not standard”;

The algorithm simply returns R when R is finite and it fails when R is not stan-
dard. When R is standard then the algorithm returns the set Rf" of rules from R
which do not contain any template entity longer then the longest METAL entity in P.
This set Rf" is finite when R is standard (by Definition 10.3.3). The type inference
algorithm PrincipalType would work correctly also for non-standard infinite rewrit-
ing rules R provided that an effective implementation of SelectApplicableRules
specific for R is provided. If this specific implementation correctly computed a finite
set Rfin of all the rules that can ever be used when rewriting P with R then the
type inference algorithm would correctly compute principal types.

Algorithm 11.18 PrincipalType implements type inference. For every standard
R and a process P it computes a principal R-type of P. It fails when R is not

standard.

Algorithm 11.18: Function PrincipalType(P, R)
input : a process P and a standard rewriting rule set R
output: a principal R-type of P

1 II := ProcessShape (P);

2 Rfin .= SelectApplicableRules(R, P);
3 repeat

4 [Ty := RestrictGraph(ID);

5 II := LocalClosureStep (IIy, Rfi");

6

7

8

IT := FlowClosureStep(ID);
until IT = Il ;
return II;

The algorithm at first calls ProcessShape to compute the initial shape predicate

and it select a finite subset of applicable rules. Then it enters the main repeat loop
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where the restriction algorithm RestrictGraph is called to make the initial shape
predicate restricted. This restricted shape predicate is stored in the variable II.
Then one step of local R-closure algorithm by LocalClosureStep and one step
of the flow closure algorithm FlowClosureStep are executed. When the shape
predicate is not changed during the execution of the two closure algorithms then
Iy is both flow-closed and locally R-closed (at all active nodes of I1y). Thus Ilj is
already a restricted type and the algorithm returns Iy and terminates. Otherwise
the repeat cycle is executed again until a restricted R-type is found.

From the correctness of algorithms RestrictGraph, LocalClosureStep, and
FlowClosureStep it is easy to conclude that PrincipalType returns a restricted
R-type of P when it terminates. In fact it returns an Rf"-type but it is easy to see
that it is also an R-type. The most difficult parts of the correctness proof are the
following two properties. (1) PrincipalType terminates for every standard R and
P. (2) The computed R-type is principal among restricted R-types.

In order to prove the termination (1) we count different edge paths in the shape
predicate stored in variable II. More specifically, we count different edge paths
where only the last edge label in the path is allowed to repeat one of the previous
labels. Then we prove that there is an upper bound on the count of these paths and
that the number of these paths in II is increased with every iteration of the repeat
cycle. In order to prove (2), that the resulting type is principal, we at first observe
that for the initial shape predicate IIp it holds that IIp < II' whenever II' is some
restricted R-type of P. Then we observe that this property is preserved by all the
three algorithms executed inside the repeat loop. This is enough to prove that the
resulting R-type is principal among restricted R-types of P. More details on the

correctness and other properties of PrincipalType are given in Section 12.10.
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Technical Details on Type

Inference

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just

some particular part.

12.1 Overview of the Correctness Proof

For every algorithm from the previous chapter and mainly for PrincipalType we

need to prove the following three properties.

Termination. The termination of an algorithm means that the algorithm termi-

nates for all relevant inputs. Termination is discussed in Section 12.1.1.

Correctness. By the correctness of PrincipalType we mean the property that
the algorithm does not fail for all relevant inputs and that the resulting value
IT = PrincipalType (P, R) is actually an R-type of P. The correctness of
any other algorithm from Chapter 11 is its property which is essential for the

correctness of PrincipalType. Correctness is discussed in Section 12.1.2.

Completeness. By the completeness of PrincipalType we mean the property that
the resulting type Il = PrincipalType (P, R) is principal among restricted
R-types. The completeness of any other algorithm from Chapter 11 is its prop-
erty which is essential for the completeness of PrincipalType. Completeness

is discussed in Section 12.1.3.

12.1.1 Termination

In order to prove the termination of PrincipalType we need at first to prove that
all the calls to functions ProcessShape, SelectApplicableRules, RestrictGraph,

LocalClosureStep, and FlowClosureStep terminate. Secondly, we need to prove
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that the repeat cycle is executed only finitely many times during the execution of
PrincipalType (P, R), that is, that after finitely many steps the condition I = II,
becomes satisfied. We are interested only in well formed P and R. We additionally
assume that R is standard because otherwise a terminating, correct and complete
type inference algorithm does not need to exist.

Variable II in PrincipalType contains the shape predicate computed so far. We
shall find a numeric property related to IT which (1) is increased with (almost) every
iteration of the repeat cycle and which (2) has an upper bound that can not be
exceeded. This property is the count of almost disjoint edge paths in II which is

defined as follows.

DEeFINITION 12.1.1. Let Il = (I', x). An edge path in II is a sequence of form
types (o1, - .., px) such that there are nodes X1, ..., xp and {x = x1 = - % x4}
is a rooted path in 1I. The edge path is disjoint iff @; # @; for alli,j € {1,...,k}
such thati # j. The edge path is almost disjoint iff p; # ¢; foralli,je {1,... k—1}
such that i # 7.

Let paths(IT) denote the count of different almost disjoint edge paths in 1. =

There can be an infinite count of edge paths in a finite II when II contains
loops. Thus we need to restrict ourselves to disjoint edge paths to keep the number
paths(IT) finite. The count of disjoint paths is, however, not increased during some
iterations of the repeat cycle and thus we count almost disjoint edge paths. The
last form type on an almost disjoint edge path can repeat one of the preceding form
types on the path. This is closely related to the depth-restriction.

The number paths(IT) never decreases during the execution of PrincipalType.
The number paths(II) increases with every iteration of the repeat cycle during which
some form edge was added to II. Some iterations, however, add only flow edges to
IT and thus paths(II) is not increased in these iterations. We shall prove that only
finitely many flow edges can be added to a shape graph. Thus after finitely many
iterations of the repeat cycle either the algorithm terminates or paths(Il) increases.

The remaining part of the termination argument is that there is an upper bound
on paths(IT). Clearly only finitely many different form types of a fixed length can
be constructed from a finite set of type tags. Moreover there is only finitely many
tags in the input P and only finitely many rules from R which can be used compute
the type of II (because R is standard). Thus the number of different type tags in
IT at any time of the execution of PrincipalType(P,R) is limited (by the number
of different tags in P and R plus one for “e”). Moreover, R is monotonic and
thus maxlen(IT) stays constant during the execution of the algorithm. Thus there
is only a finitely many form types which can appear in II during the execution of
PrincipalType. Only finitely many almost distinct edge paths can be constructed

from finitely many form types. This gives as an upper bound on paths(IT) which is
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more precisely evaluated in Section 12.3.

12.1.2 Correctness

In order to use the correctness of PrincipalType we at first prove that P matches
the initial shape predicate computed by ProcessShape. Thus we obtain - P : 1l
holds after the execution of the first line. Then we observe that — P :1II is an
invariant which is valid all the time during the execution of PrincipalType. This is
because RestrictGraph can only unify nodes and thus can not reduce the meaning

of II. The following definition will become useful to prove this observation.

DEFINITION 12.1.2. A node map ¢ is a finite function from nodes to nodes. A
node map 0 is a node renaming of Il when § is defined for all the nodes of 1I.
Application 6(T") of 6 to the shape graph ' is defined as follows.

3(1) = {d(x0) > 6(x1): (xo > x1) € T'}
For the shape predicate 11 = (', x) we set 6(I1) = (o(I"), 0(x))- .

We shall prove that when Il = RestrictGraph(ll) then there is some node
renaming ¢ of IT such that 0(IT) = TIy. Moreover we shall prove that application of
a node renaming to a shape predicate does not reduce its meaning. Furthermore
we know that LocalClosureStep and FlowClosureStep only add edges to II and
thus they do not reduce its meaning either. Thus P :1I clearly holds even for the
result II of PrincipalType(P,R).

In order to prove that the result II = PrincipalType(P,R) is actually an R-
type we shall prove a related correctness properties of algorithms RestrictGraph,
LocalClosureStep, and FlowClosureStep. The correctness of RestrictGraph
states that the resulting value is a restricted shape predicate. The correctness of
LocalClosureStep says that when the return value is equal to the first argument
then this argument is a locally R-closed shape predicate (at any node active w.r.t.

R). That is, the correctness says that
LocalClosureStep(I[,;R) =II implies II is locally R-closed.
Similarly, the correctness of FlowClosureStep states that
FlowClosureStep(I) = II implies II is flow closed.

It is not hard to observe that both the algorithms actually returned the shape
predicate unchanged in the last iteration of the repeat cycle in PrincipalType.

Thus the result II is a restricted R-type of the input process P. Technically, using
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the above argumentation we obtain only that the result an Rf"-type of P where Rfi"
is the finite subset of R returned by SelectApplicableRules. However, we use the
results proved in Section 12.2 to extend the validity of the claim to the original rule

description R as long as R is standard.

12.1.3 Completeness

In order to prove the completeness of PrincipalType, that is, that its return value
is a restricted principal type, we define the following notion of nesting of shape

predicates.

/
r

DEFINITION 12.1.3. A node map § is a nesting of (', x,) in (I, x
write as § . (T, x,) <I{(T, xL), iff

(1) 6(x+) = X1
(2) for all (xo > x1) € T there is (5(xo) 2> d(x1)) € I' with ¢ < ', and
(3) for all (xo > x1) € T there is (6(xo) SN 0(x1)) €IV with o < o'. .

), which we

It is easy to observe that the existence of a nesting of IT in II" implies that IT < IT'.
The opposite implication does not necessarily hold. The nesting relation ¢ .". IT < IT'
can be seen as an effective version of the subtyping relation and 6 can be seen as
the proof that II < II" actually holds.

Next we define an R-preprincipal shape predicate for P to be a shape predicate
which can be nested in any restricted R-type of P. Clearly when a shape predicate I1
is R-preprincipal for P and also a restricted R-type then II is a restricted principal
R-type of P.

DEFINITION 12.1.4. A shape predicate 11 is R-preprincipal for P iff

(1) = P:1I and
(2) for any II' such that R |Fresty [I' and = P : 11" there is § such §.". 11 <IT'. .

To prove the correctness of PrincipalType(P,R) we at first prove that the
algorithm ProcessShape returns an R-preprincipal shape predicate for the input
process P. In order to prove this we shall prove correctness of all the algorithms
called from ProcessShape, that is, SequenceTypeSet and so on. Their correctness
states simply that they return the principal type of their argument. The principal
sequence type set of a message, the principal message type of a message, the principal
element type of an element, and the principal form type of a form are defined as

follows. In these four cases, the principal type of any METAL basic entity is unique.

DEFINITION 12.1.5. A type entity ¢ is a principal type of Z iff = Z:( and for any
¢" such that — Z : (" it holds that ( < (. .
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Once we know that ProcessShape returns a preprincipal shape predicate we
prove that the existence of a nesting of II in any restricted R-type of P is pre-
served during the execution of PrincipalType. This gives the completeness prop-
erties of the three algorithms called from the repeat cycle. For example, let
[y = FlowClosureStep(Il). The completeness of FlowClosureStep says when
there is a nesting §..I1 < II" of II in some restricted R-type II' of P then there is
some nesting dg .. I[Ig <II" of the result Il in the very same II'.

This gives us that the result Il = PrincipalType(P,R) is R-preprincipal for P.
Technically, we again obtain that II is Rfi"-preprincipal but it clearly implies that
IT is R-preprincipal for P because every R-type is automatically an Rf"-type. The
correctness of PrincipalType states that Il is a restricted R-type. The completeness
property, that II is a principal restricted R-type, then follows directly from the

definition of preprincipal shape predicates.

12.2 Infinite Rewriting Rules

The type inference algorithm can handle infinite rule descriptions provided they are
standard as follows. When computing PrincipalType (P, R) with some infinite but
standard R we use SelectApplicableRules to compute a finite subset Rfi" of R
that can ever be used during the type inference. When R is standard then the
following Rfi" = {L € R: maxlen(L) < len} is finite. The type inference algorithm
then works solely with Rf" and thus also the correctness and completeness results
will be relative to Rfi". That is to say that we shall prove that resulting shape
predicate is a restricted principal Rf"-type of P. The last step is to prove that the
result is an R-type as well and this section provides some definitions and techniques
to do that.

Firstly we define lengths of PoLy[ type entities similarly to the lengths of
METAD entities.

DEFINITION 12.2.1. The length of a PorLyl entity is defined as follows.

(1) a sequence type “u...i;" has the length k + 1

(2) an input element type “(t1,...,1) " has the length k
(8) an output element type “<pq,...,ux>" has the length k
(4) a form type ‘cq...ex” has the length k + 1

(5) any other PoLyO entity has the length 0

Let maxlen(p) be the maximum of the lengths of all POLYO entities in ¢ (including
@ itself). Let maxlen(Il) be the mazimum of the lengths of all PoLyO entities in
1I. .
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The following lemma is used to prove Proposition 12.2.3 and it says that selection
of a subset of rules does not affect the set of active nodes. Note that the lemma
holds also for a non-standard and non-monotonic R. An important condition is that

maxlen(IT) < len.

LEMMA 12.2.2. Let R, 11, and a natural number len be given. Let Ry = {L ER:

o

maxlen(L) < len} and maxlen(Il) < len. Then the following holds.
ActiveNodeg (IT) = ActiveNodeg, (II)

PROOF. LetII = (I', x,) and len and R be as above. It is enough to prove that for
any x it holds that ActiveSuccr(x,I') = ActiveSuccr, (x,I"). At first let us prove the
“=” inclusion. Let xo € ActiveSuccg (x,I'). Thus there arew and active{ in P} €
R such that w =, P : (T,x) and u(p) = xo. Now w = P : (L,x) implies that
maxlen(P) < maxlen((I', x)) = maxlen(Il) because otherwise P would not be able
to match at (I, x). Hence maxlen(P) < len and thus active{p in P} € Ry. Thus

Xo € ActiveSuccg,(x, ') because we have already proved above that w =, P : (I, x)

and w(p) = xo. The opposite inclusion “2” is trivial because Ry < R. .

The following proposition allows us to generalize the correctness of the type
inference algorithm, that is, to prove that the result is an R-type once we prove
that it is an Rfi"-type. Note that the proposition holds also for some non-standard
rule sets. However even for standard R, it does not hold for an arbitrary shape
predicate II but only when maxlen(II) < len. The problem is that an arbitrary II
can contain some extra edges on which some rewriting rule that is in R but not
in Rfi" can apply. Nevertheless for a monotonic R and a principal R-type of P it
always hold that maxlen(Il) < maxlen(P) and thus the type inference algorithm

can never introduces the extra edges as above.

PROPOSITION 12.2.3. Let R be monotonic and let a natural number len be given.
Let Ry = {L € R: maxlen(L) < len} and maxlen(Il) < len. Then

Ro IFeype II  implies R IFype 11.

PROOF. Let R, len, Ry, and I1 be as above. Let Ry lkwype 1I. Let I1 = (I', x\). It is
enough to prove that I' is locally R-closed at all active nodes ActiveNodexg (II). Let
X € ActiveNodeg (II). By Lemma 12.2.2 we know that x € ActiveNodeg, (II) and
thus Ro lFwype I1 implies that I' is locally Ry-closed at x. Now let us prove that I' is
locally R-closed at x.

Let rewrite{ P — Q} € R and let v = P : (I',X) for some n. Now m &,

P (T, x) implies that maxlen(P) < maxlen((I', x)) = maxlen(IIl) because otherwise
P would not be able to match at (T, x). Hence maxlen(P) < len and because R is
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monotonic we obtain that maxlen(Q) < len as well. But it means that rewrite{ P—

QY € Ry and thus mw ¢ Q : (', x) because T is locally Ro-closed at x. Hence T is
locally R-closed at x. ]

12.3 Upper Bound on Almost Disjoint Paths

In this section we enumerate the upper bound on almost distinct edge paths in a
shape predicate. We use this upper bound to construct an invariant valid during
an execution of PrincipalType which will become part of the argument for the
termination of the type inference algorithm.

Let two natural numbers tags and len be given. We shall count the number of
different almost disjoint edge paths that can be constructed from tags type tags
provided that no type entity has length more than len. Only finitely many sequence
types o with maxlen(o) < [en can be constructed from a finite set of type tags with

tags elements. Firstly, there is only

len

tags
seqs = Z tagsk S
k=1

len+1

— tags

tags — 1

of different form types which are not longer than len that can be constructed from
tags type tags. From these form types only 2°¢% of different form type sets can be
made. These give us

msgs = tags + 2°°°

of different message types. Furthermore, msgs message types gives rise to

len len len mSgSlenJrl 1
elems = tags + 2 k! + 2 msgs® = tags + Z k! ———
k=0 k=0 k=0 msgs — 1

of different element types. Thus altogether there is only

len

forms = Z elems® =

k=1

len+1

elems — elems

elems — 1

of different form types with no type entity longer than len constructible from tags

of different type tags. Finally there is only

forms

mazpaths = Z (k+1)

k=0

forms!
(forms — k)!

of different almost disjoint edge paths constructible from forms form types. The
fraction inside the sum denotes the number of different k-length sequences of differ-

ent form types constructed from forms form types. It is multiplied by (k + 1) which
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embodies the number of k possibilities to choose the last form type that repeats one
of the preceding ones, plus the possibility that no form type repeats.

Let P and a finite R be given. It is clear that P and R contain only finitely many
type tags. It is easy to check that the initial shape predicate Il = ProcessShape (P)
is constructed only from the type tags in P. Moreover we can see that the type
inference algorithm can not introduce a new type tag that is not in R (except “e”)
during the computation of PrincipalType(P,R). Let tags denote the number of
different type tags contained in P and R plus one (for “e”). Thus the shape predicate
in variable II does not contain more than tags different type tags at any time during
the execution of PrincipalType.

Let R be additionally monotonic and let len = maxlen(P). It is not hard to
see that for the initial shape predicate Iy we have maxlen(Ily) < len (maxlen for
shape types is defined Definition 12.2.1). Moreover it is easy to observe that no
application of a monotonic rule can introduce a type entity longer than len to the
shape predicate in variable Il during the execution of PrincipalType. Thus the
shape predicate in variable II never contain more than mazpaths of different almost
distinct edge paths during the execution of the type inference algorithm. That is to
say that paths(IT) < mazpaths is an invariant valid at any time during the execution

of PrincipalType (P, R). Note that we have required R to be finite and monotonic.

12.4 Note on Time Complexity of Type Inference

We can see that runtime of the time inference algorithm is closely related to the
number of edges in the resulting graph and thus it is reasonable to measure the
runtime in the number of edges that were added to a shape graph. The above upper
bound on the number of almost disjoint edge paths gives us over-approximation of
time complexity which would look similarly as the following (len and tags are clearly

smaller than the length n of inputs P and R).

2(2("n))

Although this time complexity is not very optimistic it has to be noted that the ac-
tual complexity heavily depends on rule description R. It is not hard to artificially
construct R which will result in large principal typings which are very near to the
above formula in size. Thus the height of the above approximation is not caused
by ineffectiveness of our implementation but rather by the complexity of the prob-
lem. Finally, the time complexity of type inference for rule descriptions of process
calculi from the literature which are of interest, like Peync 01 Amon from Section 5.3,
is much lower. We believe that in the case of the m-calculus Psyne it is polynomial

although we have not formally proved it yet. In the case of calculi which communi-
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cate non-single name messages, like Mobile Ambients Aon, examples of processes
with principal typings which are exponential in the size of the process are known!.
These examples, however, are usually not meaningful Mobile Ambients processes.
A proper investigation of the time complexity of type inference is left for the future

research.

12.5 Properties of Renamings and Nestings

The following lemma says that application of a node renaming to a shape predicate
IT can not reduce its meaning. It can, however, extend it when two different nodes

are mapped to the same node.
LEMMA 12.5.1. Let 6 be a node renaming of 1. Then T1 < §(I1).

PROOF. Let P be given. We prove by induction of the structure P that for any 11
and any node renaming 6 of I, = P : 11 implies = 0(P) : II. Let 11 and § as the
above be given and let — P :1I. The only non-trivial case is when P = F.Py. Let
I = (I, x). Then there are some @ and xo such that — F :p and (x > xo) € T
and = Py:(I', x0). By the induction hypothesis we have that = Py:0((I", x0)). Using
Definition 12.1.2 we obtain - Py : (6(T'),6(x0)) and (6(x) 2 8(x0)) € 6(T). Thus
= P:(d(I),d(x)) which proves the claim. .

The next lemma says that nesting of shape predicates implies subtyping. The

opposite implication does not necessarily hold.
LEMMA 12.5.2. When 6. .11 <II' then II < IT'.

PROOF. Let 6 .. II <II'. Let = P:1I. Let I1 = (I',x,) and 1T = (I, x!). Let us
prove by induction on the structure of P the property that for any x it holds that
= P: ([, x) implies = P :(I"",6(x)). The only non-trivial case is when P = F.P,.
Then — P: (T, x) implies that there are ¢ and o such that — F:p and (x 2 xo) € T
and = Py:(T", x0). The induction hypothesis gives us that = Py:(I",0(x0)). Moreover
0. 1T QTII' gives us that there is (0(x) <, d(xo0)) € IV with ¢ < ¢'. Clearly + F : ¢
and ¢ < @' implies = F:¢'. Thus + F.Py:(I",§(x)) which was to be proved. Hence

the claim of the lemma follows from the above property because §(x,) = X.. .

Let §..I < II'. The following lemma says that when a flow closure condi-
tion F1 or F2 applies for two edges from II then the same condition applies for
the corresponding edges of II’. To demonstrate this let us suppose that x = o
and x <>’ are in II. Now ¢..TI < II' implies that there are some §(y) <, d(x0)
d(x) s O(x') in II" with ¢ < ¢’ and 0 < ¢’. Now Lemma 8.1.6 implies that

1For example “(x).(y).(<x y>.0 | <x.y>.0) | <a>.0 | <b>.0”.
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itags(¢) N dom(o) = itags(¢’) N dom(o’). Finally Lemma 12.5.3 says that con-
dition F1 is satisfied for the above two edges from II iff condition F1 is satisfied for

the above corresponding edges from IT'.

LEMMA 12.5.3. Let ¢ < ¢’ and o < o'. It holds that

¢ =1edom(o) & o(t) ¢ TypeTag iff ¢ =€ dom(c’) & o'(¢) ¢ TypeTag

/ /

and o X 0O

114 ”

PROOF. Let ¢ < ¢ Firstly let us prove the “=7 implication. Let
¢ =1 €dom(o) and o(t) ¢ TypeTag. We see that . = ¢ € TypeTag and thus ¢’ =1
by Lemma 8.1.5. Clearly « € dom(o’). From o(¢) < o'(¢) and o(¢) ¢ TypeTag we
obtain o'(1) ¢ TypeTag by Lemma 8.1.4. Hence the claim.

Now let us prove the “<=" implication. Let ¢' =1 € dom(o’) ando’(¢) ¢ TypeTag.
We see that « = ¢' € TypeTag and thus ¢ = ¢ by Lemma 8.1.5. Clearly 1 € dom(o).
From o(1) < 0'(t) and o'(¢) ¢ TypeTag we obtain o(1) ¢ TypeTag by Lemma 8.1.4.

Hence the claim. n

The following definition introduces nesting of type instantiations ¢ .. mw <wu’. The
main relation between nesting of shape predicates and nesting of type instantiations
is as follows. When §..II < II' and w =, P : TI then there is some w such that
§..w<v and w =, P : II'. This is is formally expressed by Lemma 12.5.8. Note
that §..w < ' does not depend on d when dom(w) does not contain any process

variables.
DEFINITION 12.5.4. Write 6 .".w <’ iff

(1) dom(w) = dom(w'),
(2) w(x) =u'(z) for all x € dom(w) N NameVar.
(8) w(m) < v'(m) for all m € dom(w) n MessageVar, and

(4) w(p) € dom(6) and 6(w(p)) = w'(p) for all p e dom(w) N ProcessVar. .

The following states that two nested type instantiations instantiates the same
element (respectively form) template to two element (respectively form) types cor-

respondingly related by the subtyping relation.

o o o

LEMMA 12.5.5. Let 8. .w < w'. Then u(E) < w'(E) and n(F) < v'(F).

o

PROOF. Let 6. .w Aw'. The first claim w(E) < w'(E) is easily proved by induction

on the structure of E. The second claim follows directly from the first one. .

The following two lemmas are used to prove the above relation between the
nesting of shape predicates and the nesting of type instantiations. The first lemma

describes a relation between a subtyping of element types and a nesting of type
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o o

instantiations as follows. Let var(F) = dom(w). When w(E] < € then we can find

type instantiation w’ such that ().".m <n’ and such that ' instantiates Etoe (that

o

is, ”'(E) = ¢). Note that E can not contain any process variables and thus we
simply use the empty node map (). The lemma also assumes that m can be defined

for some variables not mentioned in £ and thus we restrict w in the lemma only to

o

the variables var(£) which are of interest.

LEMMA 12.5.6. Let E be a well lhs-formed element template and w(E) < €. Then
there is v such that 0. .(var(E) <) <v’ and v'(E) = ¢.

PROOF. Let us distinguish the following cases by the structure of E. Let

E = 2: Takew' = 0. We have that var(E) <tw = () and clearly v'(E) = T = ¢.

E = &: From u[FE) < ¢ it follows that there is v such that . = ¢ = u(E). Take

v = {& — 1}. Clearly v = var(E) < w. Hence the claim.

o

E = (&,...,41): From n(E) < e it follows that there are iy, ..., 4 such that

o

(L1, oytx) = e =u(E). Take v = {x1 — t1,...,2T — 1x}. We see that v’ is

a function because E is a well lhs-formed element template and thus x; # ,

o

when i # j. Clearly w' = var(F) < w. Hence the claim.

E = <, ... 1>t From m[[Eol] < € it follows that there are some iy, ..., j such
that € = <uq, ..., > and that w(m;) < p; holds for all i € {1,...,k}. Take
' = {my — pq,..., My — ur}. We see that v’ is a function because E is a well

o

lhs-formed element template and thus m; # m; when i # j. Clearly v'(E) = e.

Moreover (). .(var(E) < w) <u’ follows from w(m;) < p; shown above. Hence

the claim. n

The following is an equivalent of the previous lemma for form templates. Note
that the requirement that F is a well lhs-formed form template is essential (as is the
equivalent requirement of the previous lemma). Basically it says that no message
variable appears in F more than once. Consider I = <M, M> which is not well lhs-
formed and let w = {M +— {a}*}. Clearly n(£) = <{a}*, {a}*> < <{a}*, {a, b}*> but
there is no ' that would instantiate F' to <{a}*, {a, b}*>.

LEMMA 12.5.7. Let F be a well lhs-formed form template and mﬂﬁ’]] < ¢. Then

there is W such that 0. .(var(F) <m) < v and w'(F) = .

PROOF. We know that F = Ey...E), and ¢ = &y...ex. Now u(F) < ¢ implies
that w[E;) < & hold for all i € {0,...,k}. Thus by Lemma 12.5.6 for every i €
{0,...,k} there is v, such that 0. .(var(E;) < w) <, and w,(E;) = ¢;. Let us take
' = my, U - um. Firstly, we need to prove that w' is a function, that is, that
/

m(2) = vi(2) whenever z € dom(w;) N dom(w}) for some i and j. We see that

dom(w}) = var(E;) holds for all i € {0,...,k}. Clearly F does not contain any
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process variable. Moreover, we know that F is a well lhs-formed form template and

thus no message variable is both var(E;) and var(E;) when t # j. Thus the only

/

case when z € dom(w)

i) N dom(w}) is when Z is a name variable, say x. But than

o o

m(2) = w(z) = wj(2) because . .(var(E;) < m) Qw and (.. (var(E;) < w) I’ Thus

we see that W' is a function. Moreover we see that w'(Z) = w(2) holds for any i and

for all z € var(E;). Hence the claim. .

Finally, the following lemma states the relation between nesting of shape predi-
cates and nesting of type instantiations.
LEMMA 12.5.8. Let P be a well formed lhs-template and let 6. (T, x,) < (I, x').

o o

When wi=, P: (T, x) then there is ' such that § .".w <u’" and v’ = P : (I, 6(x)).

PROOF. Let P be a well formed lhs-template and let §.°.(F, x,) < (I, x). Let w =,
P (', x). Let us prove the claim by induction on the structure of P. Let

P =0: Takew =w. The claim is clear.

P =p: Here w =, P i (T, y) implies that w(p) = x. Take w = u[p — 8(x)]. Hence
the claim because w'(p) = §(x) = 6(m(p))

P =F.P;: Let o = m[[}%]). We know that there is some x1 such that m =, P
(T,x1) and (x 5 x1) € T. Now &..(T',x,) < (I, X.) implies that there is
(0(x) LN d(x1)) € I with ¢ < ¢'. Thus by Lemma 12.5.7 there is w, such
that 0. .(var(F) < m) < w) and w)(F) = ¢'. Fromw =Py : (T, x1) by the
induction hypothesis we obtain that there is some wy such that 6 .. w Jw} and
=L P (I",8(x1)). Let us take

o

ng(2) if 2 € var(F)

m(2) otherwise

Firstly, we prove that w'(3) = w,(2) for all % € var(P,). This clearly holds when
2 evar(Py) and % ¢ var(F). When % € var(P)) and % € var(F) then we can see
that z has to be a name variable, say x, because Pisa well formed lhs-template.
But then @.'.(var(ﬁ) < w) <uwy and 6. .w <) implies that v'(z) = wy(z) =
m(x) = vy (z). Hence Var(ﬁl) < wy € v and also it is clear that § .. w<w'. Now
from | =, P (I'",0(x1)) and from the above we obtain by Lemma 8.6.2 and
Lemma 8.6.1 that ' =, P : (I",6(x1)). It is clear that m’([ﬁ) = m’O[[ﬁD = ¢
Hence the claim because (0(x) #, d(x1)) € I was shown above.

P =P, | P: We know that w =, Py : (T',x) and v =, P (', x). By the induction

hypothesis we obtain that there are some w, and w} such that §.".w QA wj and
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5. .m<w, and wy = Py (I",8(x)) and v, =, Py : (I",6(x)). Let us take

o wy(5) if 2 € var(Fy)
(%) =
i (2) otherwise

Firstly, we prove that (%) = w,(%) for all % € var(P,). This clearly holds
when % ¢ var(Py) and % € var(Py). When % € var(Py) and % € var(P,) then we
can see that z has to be a name variable, say T, because P is a well formed
lhs-template. But then 0..w <wy and 6..w < wj implies that v} (z) = w(z) =
(&) = w'(#). Hence var(P)) <t v, < ' and also it is clear that §.".w < '
Now from wly =, Py : (I",8(x)) and v, =, Py : (I",6(x)) and from the above
we obtain by Lemma 8.6.2 and Lemma 8.6.1 that v =_ Py : (I",6(x)) and
v = Py (17, 6(x)). Hence the claim.

otherwise: P is a well formed lhs-template and thus condition L6 ensures that the

above cases cover all possibilities. ]

The following lemma states that any nesting ¢ .". IT < II' maps an active node of

IT to an active node of II" (w.r.t. the same R).

LEMMA 12.5.9. Let 6. .11 <II'. Then
X € ActiveNodeg (IT) implies (x) € ActiveNodeg (IT').

PROOF. Let 6..11 SII' and let x € ActiveNodegr(IT). Let 1T = (T', x,). We know
that ActiveNodeg (I1) is a finite set and thus it follows from Definition 7.6.7 that
there is a finite sequence of nodes Xxo, ..., Xk such that xo = X, Xk = X, and
moreover that x; € ActiveSuccg (x;—1,1") holds for alli e {1,...,k}. Let us prove by
induction on i that 0(x;) € ActiveNodeg (Il'). Fori = 0 we know that §(xo) = d(xr)
is the root node of II' which is an active node. Now let §(;) € ActiveNodeg (IT')
for some i < k. We want to prove that §(x;+1) € ActiveNodeg(IT'). We know
that xi+1 € ActiveSuccr (x;, [') and thus there are active{p in PYeR andw such
that w =, P - (I',xi) and w(p) = Xiz1. Now Lemma 12.5.8 gives us w' such that
§..w<w and v = P (I, 8(x:)). Thus we see that ' (p) € ActiveSucer(I”,8(x;)).-
But it means that w'(p) € ActiveNodeg (IT') because 0(x;) € ActiveNodeg (IT") by the
induction hypothesis. Finally §.".w < u' gives us that w'(p) = 6(w(p)) = 6(xir1)-

Hence the claim. "

12.6 Properties of the Initial Shape Predicate

In this section we prove termination, correctness, and completeness of ProcessShape.

We start by proving corresponding properties of SequenceTypeSet, MessageType,
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ElementType, and FormType. For each of these four algorithms we prove its termi-
nation, correctness, and completeness together. This combined property is similar
all the four algorithms and it says that the algorithm terminates for every input

entity and it returns the principal type of the input.

LEMMA 12.6.1 (SequenceTypeSet PROPERTIES). SequenceTypeSet terminates for
any M and its return value > = SequenceTypeSet (M) is the principal sequence
type set of M.

PROOF. By induction on the structure of M. We prove the following three claims,
that (1) SequenceTypeSet (M) terminates, that (2) it returns a sequence type set
of M which (3) is the principal sequence type set. To prove (3) let us take ¥' such
that = M : Y. We shall prove that ¥ < X'. Let

M = 0: Termination (1) is obvious. The return value is ¥ = () and thus (2) is clear.
Now {0} = [0] < [¥'] and hence (3).

M =xy...xp: Leto =g --Tx. Termination (1) is clear and the algorithm returns
Y = {o}. Thus (2) holds because -~ M : o. Let us prove (3). We have
- xg - xp X' which implies o € X' because there is no sequence type o' of M

other than o. Thus — o : X' and hence the claim.

M = My.My: By the induction hypothesis and by the fact that M is finite we obtain

that both recursive calls terminate and their results
Yo = SequenceTypeSet (M) Y1 = SequenceTypeSet (M)

are in turn principal sequence type sets of My and My. We have ¥ = ¥y U X
and thus = My : ¥ and = My :X. Thus (2) holds. From the principality of ¥
it follows that only a sequence type of some sequence in My can be contained
in Y. Similarly for X1 and My. All these sequence types have to be present
in ¥ because = M : X', Thus ¥ < X' which implies ¥ < ¥'. Hence (3). .

The termination, correctness, and completeness of MessageType is as follows.
Note that the relation between the principal sequence type set ¥ of a message M
and the principal message type pu of M is not p = X only when M is a name. For
example, the principal sequence type set of M = a is {a} but the principal message

type of M is just a.

LEMMA 12.6.2 (MessageType PROPERTIES). MessageType terminates for any M
and its return value p = MessageType (M) is the principal message type of M.

PRrROOF. When M = x then MessageType terminates and returns T which is a valid

message type of x because — x:T. Moreover T is the only possible message type of x
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because a single name message can not have a starred message type of the sequence
Yx. Thus the claim holds when M = x.

Now suppose M # x for any x. The algorithm terminates by Lemma 12.6.1 and
it returns 3 where Y is the principal sequence type set of M. Thus — M :¥x. Take
some ' such that = M : p'. Obviously there is 3’ such that p = X'+ and thus also
= M X' It is easy to see that [u] = [X]\Name and [p/] = [¥'|\Name. Thus
=< ' follows from ¥ < X', that is, from the principality of X. .

The termination, correctness, and completeness of ElementType is stated as

follows.

LEMMA 12.6.3 (ElementType PROPERTIES). ElementType terminates for any E
and its return value € = ElementType (E) s the principal element type of E.

PROOF. Let

E = x: Then the algorithm terminates and it returns the only possible (and thus
principal) element type T of x.
E = (x1,...,2): As in the previous case, the algorithm terminates and it returns

the only possible (and thus principal) element type (T1,...,Tx) of (xq,...,xx).

E =<M,..., My>: Thus the algorithm terminates by Lemma 12.6.2 and it returns
£ =<y, .., 1> where p; is the principal message type of M; fori e {1,... k}.
Thus - E:e. Take €' such that = E:€'. Obviously €' = <ul, ..., u,> for some
Wy, oo, py, such that = M; : ul holds for all i € {1,...,k}. Clearly, when
— E':¢ for some E' then E' = <M, ..., M;> for some M, ..., M| such that
= M!:p;. Thus = M : pl follows from the principality of message types ;.
Hence = E': €' and thus € < €. .

Finally the termination, correctness, and completeness of FormType is stated as

follows.

LEMMA 12.6.4 (FormType PROPERTIES). FormType terminates for any F and its
return value ¢ = FormType (F) s the principal form type of F.

PROOF. Let F' = Ey...Ey. The algorithm terminates by Lemma 12.6.3 and it
returns ¢ = €q . . . €, where €; is the principal element type of E; for alli € {0, ..., k}.
Thus = F : . Let = F : ¢ for some ¢'. From the typing rules it follows that

o =¢f...€; for some gy, ..., e, with = E;:e. It is easy to see that

[¢]
[¢']

{Ef...E}El'e|e] &ie{0,..., k}}
{E{...El-El'e|e] &ie{0,..., k}}

Thus ¢ < ¢ follows from e; < €}, that is, from the principality of element types c;.m
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The termination, correctness, and completeness of ProcessShape are stated sep-

arately by the following three propositions.

PROPOSITION 12.6.5 (ProcessShape TERMINATION). ProcessShape(P) termina-
tes for every P.

PROOF. By induction on the structure of P because P is a finite object and using
Lemma 12.6.4. .

The correctness of ProcessShape (P) simply says that it returns a shape predi-
cate matching P. The resulting shape predicate does not necessarily (and in most

cases it will not) be an R-type.

PROPOSITION 12.6.6 (ProcessShape CORRECTNESS). Let ProcessShape(P) =
IT. Then = P :1I.

PROOF. Let ProcessShape(P) = II. Let us prove the claim by induction on the
structure of P. Let

P = 0: Clearly 11 = (D,R) and + P :1I.

P = F.Py: We see that 1 = ({x 2 xo}uT, x) where (T'y, o) = ProcessShape (F,)
and ¢ = FormType (F) and x is a node fresh for I'y. By the induction hypoth-
esis we obtain that = Py : (T'o, x0). By Lemma 12.6.4 we obtain that - F : .
Hence — F.F, : 11.

P =Py | P Let Iy, Iy, Iy, T'1, xo0, and x1 be values of variables of the corre-
sponding names at the time of execution of line 13. We can see that 11 =
(o u T'], x0). By the induction hypothesis we obtain that — Py : (g, xo0) and
— P :(I't,x1). Now it holds that = Py : (I}, x1) because I'y and I'} have the
same structure, they differ only in names of nodes which do not participate
in matching of processes against shape predicates. Clearly also — Py : (I'], xo0)

because I'| is T} with node x1 renamed to xo. Hence the claim.
P =vx.Py: We see that Il = ProcessShape(F,). By the induction hypothesis we
obtain that — Py : 1. Hence  va. Py : 11.

P =!Py,: We see that I = ProcessShape(F,). By the induction hypothesis we
obtain that -+ Py :11. Hence + Py : 11. .

The completeness of ProcessShape says that the algorithm returns a shape
predicate that is R-preprincipal for the input P. Note this holds for an arbitrary
R. The completeness can be equivalently expressed as that the resulting shape

predicate is ()-preprincipal for P.

PROPOSITION 12.6.7 (ProcessShape COMPLETENESS). Let R be arbitrary and let
IT = ProcessShape (P). Then Il is R-preprincipal for P.
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PROOF. Let IT = ProcessShape(P). Let II' = (IV, ') be a restricted R-type of P.
We want to find & such that §. .11 JII'. Let us prove the claim by induction on the
structure of P. Let

P =0: Then Il = (0,R). Let § = {R— x'}. Clearly §. .11 <II'.

P=F.Py: ThenII = (I'y U {x 2 xo},x) where (I'y, xo) = ProcessShape(F,),
and x is a node fresh for Iy, and ¢ = FormType(F). We know — P :1I
and thus there are some xi, ¢' such that — F :¢" and (x’' LR xo) € I'" and
- Po: (1", xp). By the induction hypothesis we have that there is some 0y such
that 6o . (Lo, xo) < IV, x0)- Thus do(xo0) = X4 By Lemma 12.6.4 we obtain
that = F : ¢ and that ¢ < ¢'. Let us define 6 = do|x — X'|. Clearly § is
defined for all nodes of I1. It is easy to see that 6. .11 < II' because for the
edge x 2> xo from 11 there is the edge X' = §(x) #, d(xo0) = xp in I with
¢ < ¢ as required. The existence of the other required edges follows from
do (Lo, xo0) <AI", x0)-

P =Py | Pi: Then I = (I'g u I'{, xo) where (I'y, xo) = ProcessShape(Fy) and
("1, x1) = ProcessShape(P;) and I'f is I'y with the node x1 renamed to xo
and with the other nodes made distinct from the nodes in I'g. Thus there is
some node renaming 8, such that I'l = 01(I'1) and also 01(x1) = xo. We know
= P:1l" and thus - Py : 1" and +— Py : II'. Thus by the induction hypothesis
we obtain &y and 61 such that & . (o, xo) III" and 61 .".(T'y, x1) JII'. Clearly

(67)71 is a function a thus we can define & on the nodes of I1 as follows.

do(X) if x s in T'g
(x) = B |
01(07 (x)) otherwise

We see that 5(xo) = 01(67 *(x0)) where xq is the only node both in Ty and I';.
Let us prove that 6 .. II<II'. When xa 2> 3 is in I then either (2 = x3) € T
or (xa 2> x3) € I'!. In the first case clearly there is some 6(x2) Z, d(xs) in
Il with ¢ < ¢ because 0(x2) = 0o(x2) and d(x3) = do(x3). In the second
case, when (xo 2> x3) € I we have that (6, (x2) 2 87 *(xs)) € I'1. Because
01 - (T, x1) ST, we have that there is some 0(x2) <, d(x3) in II" with ¢ < ¢’
as required. The situation with flow edges is analogous. Hence the claim.

P =vx.Py: The claim follows directly from the induction hypothesis.
P =1Py: The claim follows directly from the induction hypothesis. ]

12.7 Properties of the Restriction Algorithm

In this section we prove termination, correctness, and completeness of the restriction

algorithm, that is, of RestrictGraph and of its two subroutines RestrictWidth and

135



Chapter 12. Technical Details on Type Inference

RestrictDepth.

12.7.1 Properties of RestrictWidth

Firstly we prove that RestrictWidth terminates for every input.
LEMMA 12.7.1. RestrictWidth(II) terminates for every II.

PROOF. The algorithm increases the number of nodes in the graph assigned to vari-
able T' by one with each iteration of the while cycle. Thus the algorithm has to

terminate after finitely steps because 11 has only finitely many nodes. ]

The following property is used to prove termination of PrincipalType. It
implies that paths(Il) never decreases during the execution of PrincipalType.
Lemma 12.7.11 which proves that the restriction algorithm does not decrease num-
ber of almost distinct paths in a shape predicate uses this lemma. The proof contains

an inductive definition of a node renaming ¢ which is used in other proofs.

LEMMA 12.7.2. Let Il = RestrictWidth(Ily). Then there is a node renaming d of
Iy such that §(11y) = II.

PROOF. Let 11 = RestrictWidth(Ily). Let Iy = (I'g,x,). From Lemma 12.7.1
we know that RestrictWidth(Ily) terminates and thus that while is executed only
finitely many time during the execution of RestrictWidth(Ily). Let it be executed

n times.
Let 59

ren

1
ren’

be the identity on the nodes of Ily. We shall construct the sequence d

.., 0% of node renaming inductively as follows. Let X} be the value of variable X

during the i-th iteration of the while cycle when computing RestrictWidth(Ily).
Similarly, let X' and X' be the values of x1 and X' respectively. Let 6., (x) be defined

ren

for any node x from Iy as follows.
X; if Oren' (X) = X 07 Open (X) = Xi

8 l(x) otherwise

Oten(X) =

Let TI" = (T%, x,) where T'* is the value variable T' after the execution of the i-th
iteration of the while cycle (T° = T'y). It is easy to prove by induction on i that
8 (Iy) = II* for any i € {0,...,n}. We can also
see that 11" = 1I. Finally let § = 0},. Hence the claim 6(Ily) = II. .

ren-’

7

s a node renaming such that d,.,

The following proves the correctness of RestrictWidth which is that when the

algorithm returns its input unchanged then the input is width-restricted.

LEMMA 12.7.3 (RestrictWidth CORRECTNESS). When RestrictWidth(Il) = II
then 11 is width-restricted.
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PROOF. Let RestrictWidth(Il) = II. Clearly the while cycle was not executed
because otherwise the returned graph would have less nodes than the input graph and
they could not be equal. Thus the condition of the while cycle is not satisfied which

directly implies the claim. ]

The completeness of RestrictWidth says that the algorithm preserve existence
of nesting of the input in any other restricted shape predicate. The same node map
which defines the nesting of the input in some restricted shape predicate defines the

nesting of the output in the same restricted shape predicated.

LEMMA 12.7.4 (RestrictWidth COMPLETENESS). Let [leq, be restricted and let
IT = RestrictWidth(Ily). Then §.". 11y <lIlestr tmplies & .. I < I estr.

PrOOF. Let I,y be restricted and let I = RestrictWidth(Ily). Let e =
(Trestr Xrestr)- Let Iy = (Do, xr). Let 6. Mg Qlleste. Let n, Xb, X4, X5, T8 1, and
8t (for anyi € {1,...,n}) be as in the proof of Lemma 12.7.2. Additionally let x* be
the value of variable x during the i-th iteration of the while cycle when computing
RestrictWidth(Ily). Similarly, let @l and @) be the values of o and p1. We have
I = 11" = &% (II,). Let II° = I,

We shall prove by induction on i that 6. . 11" QA Il,es, for alli € {0,...,n}. The
case i = 0 follows directly from the assumptions because II° = Ily. Let i > 0 and
6. I <A Tlyegty. We know that 1I' = ' (Iy) and T = §°41(T0). It means 1!
is obtained from 11" by unification of x§ and X' (that is, replacing both of them by
X, which is one of iy and x'). It is enough to prove that §(x}) = d(x%), that is, that
the nodes of Iy which are being unified in the i-th iteration of the while cycle are
mapped by & to the same node of W,est, (they are already unified in I eg, ).

Now let us prove that §(xi) = d(x}). We have (X' %, Xb) € T and (x° A,
Xi) € T The induction hypothesis says that 6. .11 ' <A Mleqy and thus there are
some @y and @, such that (5(x') 2o 6(xi)) € Trear and (6(x*) 25 3(x2)) € Tresr
and @b < oy and @) < @), We know that ply ~ @' and thus the previous implies
b ~ @) Thus 6(xb) = 0(x}) because Tyesty is width-restricted. Hence the claim.

12.7.2 Properties of RestrictDepth

The properties of RestrictDepth proved in this section are analogous to the prop-
erties of RestrictWidth from the previous section. The termination is stated is

follows.

LEMMA 12.7.5 (RestrictDepth TERMINATION). RestrictDepth(ll) terminates for
every I1.

137



Chapter 12. Technical Details on Type Inference

PROOF. The algorithm increases the number of nodes in the graph assigned to vari-
able I' by one with each iteration of the while cycle. Thus, because I has only

finitely many nodes, the algorithm has to terminate after finitely steps. ]

The following define the property of RestrictDepth used to prove that the
restriction algorithm do not decrease the number of different almost disjoint edge
paths (Lemma 12.7.11). Again, it also provides an induction definition of § used in

other proofs namely in the proof of the completeness of RestrictDepth.

LEMMA 12.7.6. Let 1l = RestrictDepth(Il). Then there is a node renaming o of
IT such that Iy = 6(IT).

PROOF. Let Il = RestrictDepth(Il). Let II = (I',x,). From Lemma 12.7.5
we know that RestrictDepth(Il) terminates and thus that while is executed only
finitely many time during the execution of RestrictDepth(Il). Let it be executed n
times.

Let & be the identity on the nodes of Il. We shall construct the sequence 5%, ...,
on . of node maps inductively as follows. Let X be the value of variable x; during
the i-th iteration of the while cycle when computing RestrictDepth(Il). Let k; be
the value of k in the i-th iteration. Similarly, let X2i+1 and x; be the values of xy,+1
and X' respectively. Let &', (x) be defined for any node x from 11 as follows.

Xi if Gren' (X) = X1 07 07 (X) = Xj, 11

Oren(X) =4~ |
Sit(x)  otherwise

Let TI" = (T, x,) where T is the value variable T after the execution of the i-th
iteration of the while cycle (T° = T'). It is easy to prove by induction on i that
6;(I) = IT* for any i € {0,...,n}. We can also see that 11" = Tly. Finally let 6 = §,.
Hence the claim §(I1) = T,. .

The following defines and proves the correctness of RestrictDepth.

LEMMA 12.7.7 (RestrictDepth CORRECTNESS). When RestrictDepth(II) = II
then Il satisfies the depth restriction.

PROOF. Let RestrictDepth(Il) = II. Clearly the while cycle was not executed
because otherwise the returned graph would have less nodes than the input graph and
they could not be equal. Thus the condition of the while cycle is not satisfied which

directly implies the claim. .

The following proves the property of RestrictDepth which is essential for the

completeness of PrincipalType.
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LEMMA 12.7.8 (RestrictDepth COMPLETENESS). Let [leq, be restricted and let
IT = RestrictDepth(lly). Then §. .11y < 1lesty implies § .7 11 < T ety -

PROOF. Let s, be restricted and let 11 = RestrictDepth(lly). Let e, =
(Trestrs Xrestr) - Let Ty = (To, xr). Let 8. .1y < Tyeste. Let n, T, 1%, and &Y, (for
any 1 € {1,...,n}) be as in the proof of Lemma 12.7.6. Additionally let x* be the
value of wvariable x during the i-th iteration of the while cycle when computing
RestrictDepth(Ily) and let k; be the value of k in the i-th iteration. Similarly, let
©bs - @k and X4, ..., X, 1 be the values of corresponding variables (that is, ¢},
is the value of vy [more precisely @y, [ in the i-th iteration and so on).

We shall prove by induction on i that §." . 11" Qe for alli € {0,...,n}. The
case i = 0 follows directly from the assumptions because II° = IIy. Let i > 0 and
6. I <A Tlegty. We know that 1I' = 6%y () and T = §°41(T0,). It means 1!
is obtained from II by unification of x| and x|, ., (that is, replacing both of them by
X; which is one of x| and X}, ). It is enough to prove that 6(x}) = 6(x},.1), that
18, that the nodes of Ily which are being unified in the i-th iteration of the while
cycle are mapped by & to the same node of ety (they are already unified in sy ).

Now let us prove that 5(x}) = 0(x},). We know that there is the path {x{, b,
X4 A, S Xk ki, Xri11) € % The induction hypothesis says that .. TI1 < T egty

and thus there are some @, ..., @, with ¢ < ¢} for all j € {0,... k;} such that

, o o @k, ,
there is the path {0(x}) o, (x%) A, 0 (X)) RN O(Xki+1)} S Drestr in Hyesty. We
know that oy ~ ¢}, and thus the previous implies @, ~ ¢, . Thus 6(x}) = d(x},)

because I estr 15 depth-restricted. Hence the claim. n

12.7.3 Properties of RestrictGraph

The termination of RestrictGraph is closely related to the termination of its two

subroutines. It is proved in the following lemma.

LEMMA 12.7.9 (RestrictGraph TERMINATION). RestrictGraph(Il) terminates for
every I1.

PROOF. We can see that every call to RestrictWidth (resp. RestrictDepth) ter-
minates by Lemma 12.7.1 (resp. Lemma 12.7.5). The number of nodes of the shape
predicate assigned to variable 11 is either decreased during the call to RestrictWidth
(resp. RestrictDepth) or the whole shape predicate stays unchanged. Thus during
every execution of the repeat cycle the number of nodes of I1 is either decreased or
IT stays unchanged. When it stays unchanged then the algorithm terminates. Thus
the number of iterations of the repeat cycle is bound by the number of nodes in the

input shape predicate which is a finite number. ]
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The following lemma is used to prove that the restriction algorithm does not de-

crease the number of different almost disjoint edge paths (the next Lemma 12.7.11).

LEMMA 12.7.10. Let Iy = RestrictGraph(II). Then there is a node renaming 0
of IT such that 11y = §(I1).

PROOF. The node renaming 6 is obtained by composition of the node renamings
obtained from Lemma 12.7.2 and Lemma 12.7.6. ]

The following proves that the restriction algorithm does not decrease the num-
ber of different almost disjoint edge paths. It is used to prove the termination of

PrincipalType.
LEMMA 12.7.11. Let Iy = RestrictGraph(Il). Then paths(II) < paths(Ily).

PROOF. Let IT = (I', x,) and 1ly = RestrictGraph(Il). By Lemma 12.7.10 we
have & such that 6(I1) = . Let {x, = x1 > --- 25 i} be a rooted path in 11
such that (1, ..., k) 1s an almost disjoint edge path in I1. Then obviously

{60x) 55 0(x1) 2 -+ 5 60}

is a rooted path in §(I1) and that is why (1, ..., k) is an almost disjoint edge path
in §(I1). Thus paths(II) < paths(S(I1)). .

The following lemma is used in the proof of the termination of PrincipalType.
It helps to prove that when LocalClosureStep or FlowClosureStep adds a new

form edge to II then the number of different almost disjoint paths in II is increased.

LEMMA 12.7.12. Let Iy = RestrictGraph(Il). If there is a rooted path to every
node in 11 then there is a rooted path to every node in 11y such that the corresponding

edge path in Iy 1s disjoint.

PROOF. Let Ily = RestrictGraph(Il). By Lemma 12.7.10 there is § such that
Iy = 6(I1). Let x' be a node of Iy. There is a node x of 11 such that 6(x) = x'. By

the assumption, there exists a rooted path {x, 2> x1 2> -+ 25 x} to x in II. Then

{60x) 25 0(x1) 2 - 25 6(x)}

is a rooted path to x" in Ilg. We know that §(11) satisfied the depth restriction. When
©; = @; for some i < j then obviously ¢; ~ ¢;. Thus by the depth restriction it has
to hold that 6(x;) = 0(x;). Let us construct a path by removing the edges between
d(xi) and 6(x;), that is, shorten the above path

(000) 25 - 25 5(ya) 255 o 2 5(x) 2 L 2

140



Chapter 12. Technical Details on Type Inference

to

Repeat this procedure until p; # @; for all i # j to obtain a rooted path to X' in
O(IT). Clearly its corresponding edge path is disjoint. .

The following is used to prove the correctness of RestrictGraph.

LEMMA 12.7.13. When RestrictDepth(RestrictWidth(Il)) = II then II is re-

stricted.

PROOF. Let RestrictDepth(RestrictWidth(Il)) = II. We know that both the al-
gorithms RestrictWidth and RestrictDepth preserves the root node and that none
of these two algorithms can increase the number of nodes in the input shape predicate.
When any of the two functions do not decrease the number of nodes than they return
the input shape predicate unchanged. Thus it has to hold that RestrictWidth(Il) =
IT which gives us that RestrictDepth(Il) = II. Thus II satisfies the width re-
striction by Lemma 12.7.3 and the depth restriction by Lemma 12.7.7. Hence Il s

restricted. "

The following proves the correctness of RestrictGraph. This correctness prop-
erty is slightly different from correctness properties of the subroutines RestrictWidth
and RestrictDepth. The correctness of RestrictGraph its property which is re-
quired to prove the correctness of PrincipalType. On the other hand, correctness of
RestrictWidth or RestrictDepth is its property required to prove the correctness

of RestrictGraph.

LEMMA 12.7.14 (RestrictGraph CORRECTNESS). Let Il = RestrictGraph(Il).

Then Iy is restricted.

PROOF. Let Ily = RestrictGraph(Il). The until condition at line 5 was satisfied

in the last iteration of the repeat cycle and thus
RestrictDepth(RestrictWidth(Ily)) = Il

because 1y is the value of both wvariables 11 and Iy at that point. Hence 11y is
restricted by Lemma 12.7.13. .

The completeness of RestrictGraph follows from the completeness of its sub-
routines RestrictWidth and RestrictDepth.

LEMMA 12.7.15 (RestrictGraph COMPLETENESS). Let e, be restricted and let
IT = RestrictGraph(Ily). Then §. .11y Dl es, implies 6 .. 1T < Tlesty -

PROOF. Follows directly from Lemma 12.7.4 and Lemma 12.7.8. ]
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12.8 Properties of the Local Closure Algorithm

The following notion of compatible type instantiations will be used in the proofs in
this section. Two type instantiations are compatible when they agree on values of
variables which are defined by both of them.

DEFINITION 12.8.1. Type instantiations w and w' are compatible iff for all vari-
ables z € dom(w) N dom(u') it holds that w(z) = uv'(Z2). .

12.8.1 Properties of MatchElement

We know that MatchElement returns either an empty set or an singleton set with

o

one type instantiation. The correctness of MatchElement says that when w(E) = ¢
and var(E) = dom(w) then MatchElement(),[,e) = {m}. In other words, for a
given E and e, MatchElement computes (representations of) all instantiations such

o

that w(FE]) = €. The following lemma proves a slightly more general property which

o

considers also type instantiations with var(¥) < dom(w) and nonempty accumulator

m.

LEMMA 12.8.2 (MatchElement CORRECTNESS). Let w and w' be compatible. Then
w(E) = ¢ implies

MatchElement (v, E, &) = {v' U (var(E) < m)}.

o

PROOF. Let w and v be compatible and let w(E) = e. Let

E = x: Then e =T and obviously MatchElement (v, E, &) = {v'} = {v’ U (var(E) <
m)}.

E = i: Thus ¢ = u(#) € TypeTag and MatchElement (v, E,¢) = {w'[i — ]} be-
causew and w' are compatible. Now also because w and w' are compatible and be-
cause var(E) = {#} we have that /[ — €] = v U{& — e} = v’ U (var(E) < ).

E = (iy,...,i&x): Let oj = ul&;) for j € {1,...,k}. Thus ¢ = (u,...,1) and
MatchElement (v, F,e) = {w/[#; > u1,..., 45 — ]} because w and W are
compatible and thus ©; € dom(w') implies v'(z;) = ¢;. From the same reason
and because var(E) = {&1,..., &} we obtain that W[ — w1, ..., & — ] =

' U{T) >, T o ) =0 U (var(E) < m).

E = <, ... 1> Let p; = w(m;) for j € {1,....k}. Thus ¢ = <uy,..., x> and

MatchElement (v, E,e) = {w'[thy — pi,...,1 — ui]}. Because w and v
are compatible, and because var(E) = {1, ... 1} we obtain that w'[ih, —
ula"'alfhk '_)/J“k] =1 U {ml '_),ula"'?/rhk '_),uk} =1 v (VaT(E) < UT). -
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The completeness of MatchElement says that the set returned by the algorithm
MatchElement (f),E,c) contains only type instantiations m such that m[[E]) =¢e. We
know that e and E uniquely determines w such that w(E) = ¢ (with var(E) =
dom(m)) and thus the set returned by the algorithm never has more than one mem-
ber. The formulation in the following lemma is again slightly more general as it
considers nonempty accumulators . Recall that well lhs-formed E is an element
template that appears in some well formed lhs-template and thus the same message

variable can not appear more than £ once in E.

LEMMA 12.8.3 (MatchElement COMPLETENESS). Let E be a well lhs-formed ele-
ment template. Let dom(w')~var(E) < NameVar. When m € MatchElement (', E, )
then w(E) = & and w = v U (var(E) < ).

PROOF. Let E be well lhs-formed and let dom(w')  var(E) < NameVar. Let w e
MatchElement (v, F,£). Clearly MatchElement (v, ) = {n}. Let

E = x: The if condition at line 2 was satisfied during the execution and thusw = w'.

Now var(E) = () implies the claim.

E = i: The if condition at line 4 was satisfied during the execution and thus w =
w[E—e] = v U {E — e}. Now claim holds because var(E) = {i}.

E = (Z1,...,2): Both relevant if conditions were satisfied and thus w = w'|x1 —
L, ..., Tk = | for some vy, ..., 1x. We know that ; # &; whenever i # j
because E is well lhs-formed. The if condition at line 7 was satisfied and thus

o

= (t1,...,t). This gives us u(E) = . Moreover the condition at line 8 was
satisfied and thus w = ' U {1 > 11, ..., &5 — ). Now var(E) = {d1, ..., &}
implies the claim.

E = <My, ...,mg>: The if condition at line 11 was satisfied and thus w = w'[m; —
pi, ...,y — | for some pn, ..., pp. We know that m; # m; whenever

1 # J because E is well formed. The if condition at line 11 was satisfied and

o

thus € = <py, ..., > This gives us w(E) = . Moreover the assumption that
dom(w') ~ var(E) = NameVar implies that m; ¢ dom(w') for all i € {1,... k}
and thus w = ' U {thy — p,... 1% — et Now var(E) = {rhy, ... 1}
implies the claim. .

12.8.2 Properties of MatchForm

The correctness of MatchForm is similar to the correctness of MatchElement. It says
that MatchForm((D,F ,p) returns the set containing all instantiations w such that

n(F) = ¢ (and var(E) = dom(w)). The following slightly more general formulation

considers nonempty accumulators m'.
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LEMMA 12.8.4 (MatchForm CORRECTNESS). Let w and w' be compatible. Then
w(F) = ¢ implies

MatchForm (1, £, 0) = {u' U (var(F) <t m)}.

PROOF. Let w and v be compatible and w(F) = ¢. It is clear that F = E, ... E},
and ¢ = eq...c for some k. We have that w(E;) = &; fori € {0,...,k}. Now we
can construct two finite sequences wg, ..., g and wy, ..., w, of type instantiations

such that wy = v, and that w; and w, are compatible, and it holds that
{w;} = MatchElement (1, E; e m= T U (var(E;) < m) mo=m

The existence of the above sequences is easily proved by induction on i using the
above Lemma 12.8.2.

Now let us consider the execution of the algorithm MatchForm(u’, ﬁ, p). We can
see that w, is the value of variable wy at the time of evaluation of line 6 in the i-th
iteration of the for cycle, that is, when the value of variable i is i. Moreover we can
see the if condition at line 7 is satisfied in all iterations of the for cycle and that
m; 1S the value assigned to the existentially quantified variable wy in the condition in
the i-th iteration of the cycle. Hence the algorithm returns the singleton set {w}. It
is easy to prove that w; and w are compatible for all i € {0,... k}. Thus we can see

o o

that var(E;) < w; = var(E;) < w. Using the above equations we obtain

=1 U (Var(EZO) Qmg) U U (Var(oEok) dmy) = o
' v (var(Eg) <w)u - v (var(Ey) <w) =o' v (var(F) < m)

The last equation holds because var(F) = var(Eo) U - - - U var(Ey) and because w and

' are compatible. Hence the claim. .

The completeness of MatchForm is similar to the completeness of MatchElement.
It says that MatchForm((Z),}%,w) returns the set containing only instantiations m such

that w(F) = ¢ and no other instantiations. The following slightly more general

formulation considers nonempty accumulators u’.

LEMMA 12.8.5 (MatchForm COMPLETENESS). Let F be a well lhs-formed form tem-
plate. Let dom(w') ~ var(F) = NameVar. When w € MatchForm(w', I, ) then
w(F) = ¢ and w =1 U (var(F) < m).

PROOF. Let I be well formed and let dom(v') ~ var(F) < NameVar. Let mw €
MatchForm(w, F, p). Obuviously MatchForm(w', E, ) = {u} and it implies that F' =
Ey...Ey, and ¢ = eo...5 for some k (which is equal to the value of variable k).
Moreover is implies that the if condition at line 7 was satisfied in all iterations of the

for cycle in MatchForm. Thus we can construct the sequence of type instantiations
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W, - .., W, such that w; is the value of variable my at the time of evaluation of line 6 in
the i-th iteration of the for cycle, that is, in the iteration when the value of variable
1 18 1. Similarly we construct the sequence wg, ..., mg such that w; is the value of
vartable my evaluated at line 7 in the i-th iteration of the for cycle. We see that
m = m, and also that vy, = v and w, = w;_y for i e {1,...,k}. Moreover we see that
{w;} = MatchElement(m;,Eoi,si) fori € {0,...,k}. Let us verify the assumptions
of Lemma 12.8.3. The first assumption of Lemma 12.8.3 that E, s well formed is
satisfied because F' is well formed. The second assumption is dom(w;) ~ var(E!) <
NameVar. We know that my = w' and thus the assumption is satisfied for i = 0
and the lemma can be used for i = 0. The lemma proves that W' < wy = w}. By
induction on i we can prove that w' < w;. Moreover the assumption that F is well
formed implies that no message variable from E; is contained in the previous 1370,

.., B 1. Thus there is no message variable in both dom(w;) and var(FE;) because

o

dom(w') A var(E;) € NameVar. So by Lemma 12.8.3 we obtain that w(E;) = ¢; and
m; =1, U (var(E;) < w) for all i€ {0, ... k}.

This implies that w; 1 € w; for i € {1,...,k} and also that w; < w, = w for
i €10,...,k} and also more specifically that w' < w. Now w; < w and w;(E;) =
implies n(E;) = e; which proves the first part of the claim that w(F) = ¢. Using the

o

above equation that w; = v, U (var(E;) < w;) we can prove that

m=m, =1 U (var(Ep) < m) U - - U (var(Ey) < m)

o

We have already proved that w;(E;) is defined for all i € {0,... k} and thus we

know that var(E;) < dom(w;). Thus for alli € {0,...,k} we can see that var(E;) <

m; = var(E;) < w because m; € w. Thus w = v U var(F) < w because var(F) =

var(Eo) U - - U var(Ey,) and W < w. Hence the claim. .

12.8.3 Properties of LeftMatches

The correctness of LeftMatches is similar to the correctness of its above two sub-
routines. It says that LeftMatches(@,ﬁ’,F,x) computes the set which contains all
instantiations w such that w =, P : (I, x) (and dom(w) = var(P)). Contrary to the
previous algorithms, the resulting set can have more than one member because ]—9’, I,
and y do not uniquely determine m. The following slightly more general formulation

considers a nonempty accumulator w'.

LEMMA 12.8.6 (LeftMatches CORRECTNESS). Let w and w' be compatible. Then

o

=, P (T, x) implies

(var(P) <t m) U T’ € LeftMatches (', P, T, y).
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PROOF. By induction on the structure of P. Letw and v be compatible and m =,
P (', x). Let us take the set of type instantiations I = LeftMatches (1, JS,F,X).

o

We need to prove that (var(P) <m) uw’ € 1. Let

o o o

P = 0: It is cleat that T = {u'}. Now (var(P) <mw) uw' =u' because var(P) = ().
P =p: We see that T = {w/'[p— x]}. Noww =, p: (I, x) implies that n(p) = x and

o o

thus ({p} < w) = {p — x}. Also var(P) = {p} and thus (var(P) < w) un’ =
w'[p— x| el

P = ]3.}%0: In this case we know that there is some xo such that mw =, }070 : (T, x0)
and (y 2 xo) € T where o = u(F). Moreover we can see that

{wy: m € LeftMatches (o, P,T, Xo) & My € MatchForm (1, F, el
By Lemma 12.8.4 we obtain that
(var(F) <t m) U T’ € MatchForm (1, F, ©) .

o

Let wy = (var(F) < w) un'. It is easy to see that w and wy are compatible.

Thus by the induction hypothesis for w, m,, and ]50 we obtain that
(var(F) < m) U T, € LeftMatches (), By, T, yo) < I
Finally, we know that var(P) = var(F) u var(Py) and thus
(var(F) <m) u ) = (var(F) < m) U (var(By) <) u ' = (var(P) <m) u v
P =Py | Pi: We have that wi=, Py : (I, x) and w =, P : (I, x). We can see that

[ = {my: mp € LeftMatches (my, ﬁl, I, x) & m € LeftMatches (1, ﬁo, INSD)

Let W, = (var(Py) < m) u . By the induction hypothesis for w, w', and Py we
obtain that w) € LeftMatches (v, ﬁo, I',x). It is easy to see that w and wy are
compatible. Thus by the induction hypothesis for w, w}, and 151 we obtain that

(var(P,) < m) U T, € LeftMatches (w;, P, T, x) < I
Finally, we know that var(P) = var(Py) u var(P;) and thus

o

(var(Py) <m) u T, = (var(P) <) U (var(By) <m) un = (var(P) <m) U

!/

otherwise: m =, P : (T, x) implies that P can not contain a substitution application

template and thus the above cases cover all possibilities. ]
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The completeness of LeftMatches is similar to the completeness of its above two
subroutines. It says that LeftMatches((Z),]oD,F,X) computes the set which contains

only instantiations wsuch that w =, P : (I', x) (and dom(w) = var(P)). The following

slightly more general formulation considers a nonempty accumulator '

LEMMA 12.8.7 (LeftMatches COMPLETENESS). Let P be a well formed Ihs-template
and dom(w') n var(P) = NameVar. When u € LeftMatches (', P, T, x) then w k=,
P:(T,x) and v = v U (var(P) < m).

PROOF. Let P be a well formed lhs-template and dom(w') ~var(P) < NameVar. Let
I = LeftMatches (v, P,I",x) and we L. Let Il = (I',x). Let

o o

P =0: Then 1= {v'} and thus m = w'. Also var(P) = (). Hence the claim.
P =i: Herew = v'[& — x] and I = {v}. Obviously n(¢) = x and thus var(P) <

w = {& — x}. Also p ¢ dom(w') because p € var(P) and p ¢ NameVar. Thus

w[p— x] =0 U {p— x} =1 uvar(P) <m. Hence the claim.
P = ]3.}%0: We can see that

I = {m:m € LeftMatches (mo,]-g’o,F,Xo) &
T € MatchForm (', F, ©) & (x 5 xo) T}

Now w e T and thus there are some my, o, and ¢ such that it holds that m €
LeftMatches (mo,}o’o,F,XO) and my € MatchForm(w', F) ©) and (x 2 xo) €T
Clearly F s well formed because P is a well formed lhs-template and also

o

dom(w') nvar(F') < NameVar. Thus by Lemma 12.8.5 we obtain that wy(F) =

v and mg = ' U (var(F) < wy). The first statement implies that var(F) <

dOm(ﬂTo) .

For any m € var(P,) we have that 1 ¢ dom(my) because th ¢ var(F) and
1 € var(P) and ¢ dom(w') and rh ¢ NameVar. It is even more clear
for any process variable because an action template can not contain a process
variable. Thus dom(my) n var(By) < NameVar. Clearly Py is a well formed
lhs-template and thus by the induction hypothesis for my and 150 we obtain that
w i By (D, x0) and w = my U (var(By) <t w). The second statement implies

that mg < m.

Clearly my < w and wo(F) = ¢ implies that w(F) = . This proves mw =, P : II.
Moreover my < w and var(F) < dom(wy) implies that var(F) < wy = var(F) <
w and thus 1o = o U (var(F) < m). It gives us that w = v U (var(F) <
m) U (var(By) < m) = v U (var(P) < m) because var(P) = var(F) U var(F).
Hence the claim.

P = 150 | ]51: We can see that

[ = {w;: m € LeftMatches (m, ﬁl, I, x) & my € LeftMatches (1, ﬁo, INS9):
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Now w € I and thus there is some my € LeftMatches (m’,]—g’o,F,x) such that
mE LeftMatches(mo,ﬁl,F,X). Clearly 150 is a well formed lhs-template and
dom(w') N var(Py) € NameVar and thus we obtain by the induction hypothesis
for w' and Py that mg &, Py : I and my = o' U (Var(JODO) < mp). The first

statement implies that var(Py) < dom(m).

For any p € var(P,) we have that p ¢ dom(mo) because p € var(P) and p ¢
dom(w') and p ¢ var(Py) and p ¢ NameVar. The same holds for any message
variable € var(Py) and thus dom(m) nvar(P;) < NameVar. Obviously P, is
a well formed lhs-template and thus by the induction hypothesis for wy and P
we obtain that w =, P : 11 and w = my U (var(Py) < m). The second statement

implies that my < .

Now mg € w and my =, f’o 11 implies w =, f’o - II by Lemma 8.6.1. This
proves w =, P : II. Moreover my < w and var(Py) < dom(wy) implies that
var(Py) < mg = var(By) <1 w and thus my = v U (var(By) <1 w). It gives us
that w = v U (var(Py) < m) U (var(P) < ) = o' U (var(P) < w) because
var(P) = var(P,) U var(P,). Hence the claim.

otherwise: P is a well formed lhs-template and thus can not contain a substitution

application template and thus the above cases cover all possibilities. ]

LeftMatches is called from LocalClosureStep and from ActiveNodes always
with the empty accumulator which saves the result computed so far (when a recursive
call to LeftMatches is made). Thus the following proposition combine the above
correctness and completeness properties to the property which is required to prove
correctness and completeness of LocalClosureStep and ActiveNodes. It says that

LeftMatches((D,}O’,F,X) computes the set which contains exactly the instantiations

o

w such that w =, P : (I, x) (and dom(w) = var(P)).

PROPOSITION 12.8.8 (LeftMatches CORRECTNESS). Let P be a well formed lhs-
template. It holds that

LeftMatches (), ﬁ,f‘,x) ={m:wE P (I', x) & dom(m) = var(ﬁ)}.

PROOF. Let P be a well formed lhs-template. Let 1 = LeftMatches ({), ﬁ, I',x). Let

o

m e I. Clearly ) nvar(P) = () € NameVar and thus by Lemma 12.8.7 we obtain

that w =, P (T, x) and w = 0 U (var(P) < w). The second statement implies that

dom(m) = Var(ﬁ). This proves the “C” direction of the equality in question.

Now let us prove the ‘27 direction. Let w be such that w &=, P : (I, x) and

dom(w) = var(P). Let v = 0. Clearly w and v are compatible. We see that

o

(var(P) < w) v’ = and thus w e I by Lemma 12.8.6. .
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12.8.4 Properties of RightRequired

The correctness of RightRequired (m, @, I', x) says that the algorithm returns the

graph I'" which contains all the edges required for w =¢ @ : (I”, x) to hold. The

returned graph I can contain some edges which present in I'.
LEMMA 12.8.9 (RightRequired CORRECTNESS). Let

(1) var(Q) < dom(w) and

(2) w(z;) # u(z;) whenever Q contains {&g := S0, ..., 45 := &3P and i # j.
When T = RightRequired (w, Q.,T, X) then it w =g Q- (I, x).

PROOF. By induction on the structure of Q

o

@ = 0: Clear.
Q = p: Clear because I' = {u(p) 2 x} and because p € dom(m).

@ = {do :=80,..., & := Sp¥p: Here I = {w(p) (zol—ulSo),... wlxl—ulsy). x} contains a
properly defined type substitution because w(z;) # w(x;) for i # j and because
{zo,..., Tk, Sq, ..., Sk p} S dom(w). Thus the claim.

Q = F.Qo: Let ¢ = u(F) (which is defined because var(F) < dom(w)). The value
of variable xo gives us node xo such that such that (x %> xo) € I'". Let T}y =
RightRequired(m, Qo, ' U {x > Yo}, x0). We see that T' = Thu{x > xo}. It
is clear that var(Qo) < dom(w) and thus by the induction hypothesis we obtain
that w =¢ Qo : (b, x0). By Lemma 8.6.3 we have that w = Qo : (I", X0).
Hence m =x F.Qo : (I, X).

@ = 6020 | @1: Let the recursive calls result in I'j = RightRequired (m, @0, I',x) and
I, = RightRequired(m, Q;, T U T, x). Itis clear thatT" = T, T, Obviously
var(Qo) < dom(w) and var(Q;) < dom(w) and thus by the induction hypothesis
we obtain that w =g Qo : (I, x) and w =g Q1 : (I}, x). Thus by Lemma 8.6.3
we have that w =g Qo : (I, x) and w=q Qy : (I, x). Hence the claim. .

The completeness of RightRequired says that it preserves existence of nest-
ing of the input in any restricted R-type (where R is the argument of the call
of LocalClosureStep from which RightRequired is called). That is, when I’y =
RightRequired (m, COQ, ', x) and there is a nesting of (I, x) in some restricted II" then
we can construct a nesting of (I' U I'g, x) in II". In order words it means that I'y
does not contain unnecessary edges, that is, that the local closure algorithm adds
only those edges which have to be added. Assumptions (4) & (5) will be satisfied
for all locally R-closed II" = (I, x1).

LEMMA 12.8.10 (RightRequired COMPLETENESS). Let
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(1) Ty = RightRequired(m Q,T,x), and
(2) 6. (L, xr) (I, x}), and

r

(3) let (I, x}) be restricted, and
(4) 6. .w<u', and
(5) 7 = Q (I, 0(x))-
Then there is &y such that 6. .(I' U Tg, x,) LT, X)) and & .. w < v’

PROOF. Let the assumptions hold. Let us prove the claim by induction on the struc-
ture of Q Let

o

Q =0: Then Ty =0 and thus we can simply take &y = 0.

Q = p: We have Ty = {u(p) 2 X}. An important observation here is that both the
nodes w(p) and x are in dom(d). The node w(p) because (4) & (5) and x
because 6(x) is mentioned and thus defined in (5). Now let us prove that
0. (DUl x,) I, x1). We know that §." (T, x,) < (I", x!) and thus we only
need to prove that I contains an edge which corresponds to the only edge in
To. Fromu' = Q : (I",8(x)) we know that (v'(p) 2. d(x))el". Nowd..wv
implies that w' (p) = 0(w(p)) and thus we have that (d(w(p)) 2 d(x)) e I". Hence
the claim because clearly O < (.

Q = {do :=80,.... % =8} pr Let 0 = {u(do) — w(o),...,u(#) — w(é)}. Let
o = {u'(z0) — v (%),...,0'(Zx) — w(s)}. Firstly assumptions (4) & (5)
implies that o is a correctly defined function, that is, that w(z;) # w(x;) for
i # j. Assumption (5) alone implies that o is a function. Assumption (4)

implies that 0 < ©'.

We have Ty = {m(p)-*> x}. As in the previous case, both
the nodes w(p) and x are in dom(d). Thus again we only need to prove the
existence of an edge postulated by Definition 12.1.3 for the only new edge in

o

To. Fromu' =¢ Q : (I",8(x)) we know that (v'(p) A d(x)) e I". Clearly Now

0. .w S implies that w'(p) = §(w(p)). Hence the claim because o < 0.

Q =F.Qu: Let p = m[[}%]) and ¢’ = m’[[}%]). By Lemma 12.5.5 we have that ¢ < ¢'.
Let 1 be the value of variable . Thus we see that n = (x 2 xo) for some
Xo. Let 'y = RightRequired (m, 6021,? U {n}, x0). Now we can see that I'y =
{n}uT'y. In order to use the induction hypothesis we need at first find some 0,

o

such that 61 . (T'u{n}, x,) T, x7) and 61 .. u<w’. Fromw' =, Q : (I",5(x)) we

obtain that there is some X[} such that v’ =g Q1 = (I, X} and (6(x) £ x!) € T,
We shall prove that we can take 6y = §[xo0 — Xx0]-

We have that 61(x0) = xg- When xo was chosen fresh for I' then xo ¢ dom(J)
and thus it is easy to see that 01. (T U {n}, x,) I T, x}) as well as 6, .. w <.

Now, let us consider the case where xo is a node already present in I'. We
know thus that n € T. Thus there is (6(x) = d(xo)) € I" such that ¢ < ¢".
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We also know from the above that (0(x) #, xo) € Ty with ¢ < ¢'. Now
P
is restricted and thus the width restrictions requires that 6(xo) = xo. Thus we

/ "

and o < " implies that @' ~ " because [p] # 0. We know that T
can see that in this case 6; = § and thus clearly 6, . (I U {n}, xr) < (I7, x})
because ' U {n} =T.

Thus we obtain ' = Q; : (I, 81(x0)) and we can use the induction hypothesis
Jor Ty (asTy), Qv, xo0, TU{n} (asT), and 6,. The induction hypothesis gives
us 0 such that 6o . (I'U{n} U, x,) AT, x1) and & .. w<u'. Hence the claim
because I'y = {n} u I'y.

602 = 6021 | 6022: Let T\, = RightRequired (m, 6021, I, x) and moreover let us take I'} =
RightRequired(m,@2,F u Iy, x). It is easy to see that I'y = I'y u I']. Now
v e Q1 (I, 6(x)) implies that v =q Qy = (I, 0(x)) and v = Q3 : (I, 8(x)).
Using the induction hypothesis for I', and 6021 we obtain 61 such that §; . .(I" U
Lo, xe) (Y, x4 . Furthermore using the induction hypothesis for I}, Qs rory,
and 61 we obtain that there is oy . (I WT{ U T, x,) I, x.). Hence the claim

/! /!
because I'y = T'y U T .

12.8.5 Properties of ActiveNodes

The following proposition proves the termination, correctness, and completeness of
ActiveNodes. It says that the algorithm correctly computes the set of active nodes.
The correctness of ActiveNodes is the “2” direction of the equality below while the

“c” direction is its completeness.

ProproSITION 12.8.11. Let R be finite. Then ActiveNodes terminates for every
input and ActiveNodes (II, R) = ActiveNodeg (II).

PROOF. Firstly let us observe that the following invariants are valid all the time
during the execution of the algorithm. (1) Z and Z.e, are set of nodes of ' and
thus are finite and there is an upper bound on the number of their members. (2) =
and Znew are disjoint. (3) The size of = is increased by one with every iteration of
the while loop. Invariant (2) is useful to observe (3), and (1643) implies that the
algorithm terminates.

From Lemma 12.8.7 it follows that the foreach cycle on line 7 iterates through all
type instantiations that could provide different node values w(p). Thus the foreach
cycles on lines 6 and 7 iterates through ActiveSuccr (L, xo). It means that line 8
is executed for every w(p) € ActiveSuccr (I, xo). Thus lines 6-8 can be equivalently

expressed by a one line statement

Enew 1= Znew Y (ActiveSuccr (I, xo) \ 2);
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Now we can observe that another invariant (4) is satisfied:
V' € Z: ActiveSuccr (T, X') € (2 U Znew)

Let Z' = ActiveNodes(II,R). The algorithm terminates when Zpew = 0 and
then returns =. Thus from (4) we have that Vx' € Z': ActiveSuccg ([, ') € Z'.
When Il = (', x,) we can conclude that the following recursive property is satisfied

(because x, is added to = in the first while loop iteration):
= = {x} U {x1 € ActiveSucer (T, x0): xo0 € Z'}

Now ActiveNodexg (I) is the smallest set with the above property by Definition 7.6.7
and thus we obtain that ActiveNodeg (II) < ='.

Opposite wise, when X' € =" we can find a natural number k and nodes xg, - - ., Xk
such that x4 = xr, and x3, = X, and x; € ActiveSuccg (L', x}_1) for 0 <i < k. The
node X' is the value of the program variable xo evaluated right after the execution
of line 5 in the (i + 1)-th iteration of the while loop in ActiveNodes (and k is
simply the number of the iteration which added x' to Z'). In other words, this node
sequence provides a justification that the node X' has to be a member of the smallest
set ActiveNodeg (I1) of active nodes. This gives us = < ActiveNodeg (II). Hence

the claim. n

12.8.6 Properties of LocalClosureStep

At first we prove the termination of LocalClosureStep together with the termina-

tion of all its subroutines whose termination has not been proved yet.

LEMMA 12.8.12 (LocalClosureStep TERMINATION). Ewvery call of the algorithm
LocalClosureStep(Il,R) terminates for every Il and every finite R.

PROOF. Let R be finite. ActiveNodes terminates by Proposition 12.8.11 and the
same proposition says the it returns a finite set of nodes (because the set of active
nodes is subset of all nodes which is finite). The termination of LeftMatches and its
subroutines MatchElement and MatchForm is proved easily by structural induction
on its template argument. Thus also LeftMatches has to return a finite set. The
termination of RightRequired is proved by induction on its template argument as

well. Hence every call LocalClosureStep (I, R) terminates because R is finite. =

A shape predicate is well formed when none of its form types contain more than
one occurrence of an input-bound type tag. For example, “(z,1)” can not appear in

a well formed shape predicate.
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DEFINITION 12.8.13. A shape predicate 11 is well formed when any ¢ in II con-

tains exactly one occurrence of every v € itags(p). .

In the case of LocalClosureStep, the correctness is similar the correctness of
RestrictWidth. It says that when the algorithm returns its input shape predi-
cate uncharged then the input is locally R-closed. The assumption of well formed-
ness of the input shape predicate is used to prove assumption (2) of Lemma 12.8.9

(RightRequired Correctness).

LEMMA 12.8.14 (LocalClosureStep CORRECTNESS). Let R be finite and let 11
be well formed. It holds that when LocalClosureStep (I, R) = II then II is locally
R-closed at any active node x € ActiveNodeg (IT).

PROOF. Let R be finite and let TI and R be well formed. Let 11 = (T, x,) and x €
ActiveNodeg (IT). Let LocalClosureStep (I, R) = II. Moreover let rewrite{ P —
COZ} eR andw = P : (I',x). To prove the claim we need to show that w =g Q :
(T, x)-

Let Ty be the value of variable I'g at the time of evaluation of line 7 in the
execution of LocalClosureStep. Also we see that x, is the value of variable x,
during the whole execution. Thus LocalClosureStep(1l,R) = II implies I'y < T.
By Proposition 12.8.11 we obtain that x € ActiveNodes(I', x,, R,0) and thus the
rewriting rule rewrite{ P Q } € R s processed by the for cycle at line 4 at the
point when the value of variable x is x.

o o

Letwy = var(P) <t w. Wee see that var(P) < dom(w) and thus dom(m,) = var(P).
Thus o =, P (', x) by Lemma 8.6.2. Now by Proposition 12.8.8 we obtain that
my € LeftMatches(@,ﬁ,F,X). It means that wy is processed at some point by the
for cycle at line 5. At this point the value of variable w becomes wy and line 6 is
executed. The values of variables m, Co), I', and x are in turn mg, Co), I', and x. Let
[ = RightRequired (my, 602, ).

Let us verify the assumptions of Lemma 12.8.9 for mg, 602, I', and x. The rewriting
rule is well formed and thus var(Q) < var(P) by rule R2 & R3 for Q. Thus
assumption (1) follows from var(P) = dom(wg). Let Q contain {&o := So, ..., &) =
8.3 p and let i # j. Rule R4 for Q implies that i; # zj. By Lemma 6.3.1 we have
that there is some E' in P such that {i, ..., &} < bv(F). Nowmy = P : (I, x)

implies that wo(F) € T'. It implies that wo (i) # mo(z;) because I' is well formed. Thus
assumption (2) is satisfied and by Lemma 12.8.9 we obtain that wy g Q : (I, x).

Clearly " < Ty € ' and thus by Lemma 8.6.3 it holds that g =r Q = (T, x). Finally

o

by Lemma 8.6.1 we prove the claim =g Q : (I, ). ]

The completeness of LocalClosureStep says that it preserves existence of a

nesting of the input shape predicate in any restricted R-type.
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LEMMA 12.8.15 (LocalClosureStep COMPLETENESS). Let R be well formed and
finite and let 11" be locally R-closed and restricted. Let 6. .11 < TI' and let 11} =
LocalClosureStep(Il, R). Then there is §; such that 6;.".11; JIT'.

PROOF. Let R be well-formed and finite, and let 11" be locally R-closed and re-
stricted. Let §..11 <1II' and let II; = LocalClosureStep(Il,R). Let IT = (T, x,)
and 11" = (I", x|). We know that LocalClosureStep terminates by Lemma 12.8.12
because R is finite. Thus line 6 is evaluated only finitely many times during the exe-
cution of the LocalClosureStep (I, R). Let us consider that the line was evaluated
k-times. Let I'; be the value of variable Iy after the i-th evaluation of line 6. This
gives a finite sequence of graphs I'y, ..., T'y. Let us take I'g = (). We can see that
I, = (T U Tk, xy).

Let us prove by induction on i that there is 0, such that §;. .(I' u T';, x,) < 1T
Clearly, fori =0 we can take 0y = 0 because 'y = 0. Now let 0. (T U T';, x,) < II'
for i < k. We want to prove that there is &, such that 6] . .(I' U T'iy1, xr) < I
Let x, ﬁ, 602, and w be the values of the correspondingly named variables at the
time of the (i + 1)-th evaluation of line 6 during the execution of the algorithm.
We see that x € ActiveNodes(I', x,, R,D) and rewrite{ P — Cj)} e R and that
T € LeftMatches (0, P, ', x). From the first and the third claim we obtain in turn by
Proposition 12.8.11 and Proposition 12.8.8 that x € ActiveNodeg (II) and w =, P :
(I, x). Now the induction hypothesis says that 6! . (' U T, x,) I, x.). Thus from
T P (', x) by Lemma 12.5.8 we obtain that there is some v’ such that J,. . w<u’
and v’ =, P : (I",8/(x)). Furthermore, x is a node in T’ and thus x € dom(é!).
Thus by Lemma 12.5.9 we obtain that 6.(x) € ActiveNodeg (I"). We know that T
is locally R-closed and thus v =, P : (I, 3i(x)) implies w' = Q: (I, 0 (x))-

Let I, = RightRequired(m,CO),F,X). We see that I'iy = I 0 I, We
have already showed above that 8. (I' U T;, x,) QI and 8. w < v and v £ Q -
(I, 0:(x)). Thus by Lemma 12.8.10 we obtain that there is some ;11 such that

Oiv1- (Dol T 4, xr) LI, Hence the claim because I'; 01" | = T'ijq. .

12.9 Properties of the Flow Closure Algorithm

The following lemma helps to prove the completeness of PrincipalType. It says
then when the condition “II = IIy” of the repeat cycle in PrincipalType is valid
(and thus the algorithm terminates) then both the last calls to the subroutines

LocalClosureStep and FlowClosureStep returned its argument unchanged.

LEMMA 12.9.1. When FlowClosureStep(LocalClosureStep(Il,R)) = II then it
holds that LocalClosureStep(Il, R) = II.
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PROOF. The property in question follows from the fact that both FlowClosureStep
and LocalClosureStep preserves the root node and both algorithms can only add

edges to an input shape predicate. .

The following proves the correctness of FlowClosureStep.

LEMMA 12.9.2 (LocalClosureStep CORRECTNESS). FlowClosureStep(Il) = II
implies that 11 is flow-closed.

PROOF. Let FlowClosureStep(Il) = II. Let IT = (I',x,). Let T'y be the value of
variable I'y at the point when the last line 13 of FlowClosureStep is being evaluated.
From FlowClosureStep(II) = 1I is follows that I'y € T'.

Let X, X0, X'» ¢, and o such that {x 2 xo,x > X'} € T and itags(¢)ndom (o) = ()
be given. It is clear that during the computation of FlowClosureStep(Il) there is
an iteration of the foreach cycle when these values are assign to the corresponding
variables. Moreover, the if condition on line 4 do not apply and thus the remaining
body of the foreach cycle is processed. It is easy to see that when (F1) ¢ = 1
and 61 = {01,...,0u}*% for some v and o1, ..., ok, then {x' 7> ' : 0 < i <
kE}y U {xo> X'} € Ty. Otherwise, when (F2) ¢ ¢ TypeTag or 6y is not a starred
message type, then we see that there is some xq such that {x’ 24, Xos X0 > X6} < To.

We conclude that 11 is flow-closed because 'y S T'. ]

The following proves the completeness of LocalClosureStep, that is, that it
preserves the existence of a nesting of its input in any restricted R-type. In fact
it is enough to assume that the shape predicate is flow-closed instead of being an

R-type.

LEMMA 12.9.3 (FlowClosureStep COMPLETENESS). Let II' be flow-closed and re-
stricted. Let I1; = FlowClosureStep(Il). When 0.".11 I II' then there is 61 such
that 51 Hl ﬁ IT.

PROOF. Let 1T = (I', x,) and let 1I; = FlowClosureStep(II). We see that 11} =
(T' T, xr) for some Ty and thus 11y contains all the edges of I but I1; can contain
some additional edges and nodes. Let §.". 11 <II'. Firstly we shall construct §; by
extending 6 with values for the additional nodes from 11y. Secondly we shall prove
that indeed 6; .. II; < II'.

Let xg be a node in T'g which is not in I'. We need to define the value 61 (xg)-
We see that x; was added to T'y at line 12 as a fresh node in the iteration of the
foreach cycle when the value of variable x was xi. Let x, Xo, X'» ¢, and o be
the values of the variables with corresponding names in this foreach iteration. We
know that (x % xo) € T and (x > X') € I' as well as that itags(p) N dom (o) = 0.
It is easy to see that the flow-closure condition (F2) is satisfied for the two above
edges. Now 6. .11 Q11" gives us two edges §(x) LN d(xo) and §(x) SN d(x') in 1T
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such that ¢ < ¢’ and 0 < o'. Now Lemma 12.5.83 and Lemma 8.1.6 imply that the
flow-closure condition F2 applies for two edges of II' as noted in the paragraph before
Lemma 12. 5 3 Because I is flow closed, we thus obtain that there is some xg such
that 5(x') <5 x! and §(xo) %> X! are in II'. We set 61(x}) = x/. By Lemma 8.5.2
we obtain that 6o < &'¢'. Thus we directly see that 61 acts as a correct simulation
for the two edges ' o8, Xo and xo > x4 newly added to Ty in the iteration of the
foreach cycle under consideration.

Now we need to prove that 6,.".1I; QII'. We see that the root node of 11y 1is
the root node of II and thus it is enough to prove that for every edge in 11, there
exists the edge in I1' proposed by Definition 12.1.8. This is clearly true for every
edge already present on I1 and thus it is enough to check only the edges from T'y.
FEdges were added to Ty during the execution of the algorithm at lines 6 or 12 in
some iteration of the foreach cycle. Let x, xo, X', @, and o be the values of the
variables with corresponding names in an iteration of the foreach cycle when some
new edges were added to Tg. We know that (x 2 xo) € T' and (x > \') € F as well
as that itags(¢) N dom(o) = 0. Now 6.".TL I II' gives us two edges 5(x) = 6(xo)
and 0(x) LN d(x") in I such that p < ¢’ and o < 0©'.

Let new edges were added to Ty at line 6. Then we know that ¢ = ¢ € dom(o)
and o(t) = Xx for some k and oy, ..., ox. Moreover the edges newly added to I'g
are {X' > x': 0 € X} U {xo X} Now Lemma 12.5.8 implies that ©' = 1 and
using also Lemma 8.1.6 we obtain that the flow-closure condition (F1) is satisfied
for the edges 6(x) z, d(x0) and 6(x) 2 (') in II" because 11" is flow closed. We
know that o' (1) = (X')* for some ¥'. Because II' is flow closed we know that the
edges {5(x') = 5(x') : o € X'} U {5(x0) A d(x')} are present in 1I'. Now wusing
Lemma 8.1.8 we obtain that ¥ € X'. Thus for the edge X' %> X' with o € ¥ added to
[y there is the edge 5(x') = 8(X') in II' as Tequzred (clearly o < o). Moreover for
the edge xo > X' added to Ty there is 6(xo) > 0(x') in II' with o < o’ as required.

Let some new edges were added to Iy at line 12. In this case the edges added
to Iy are ' o8, Xo and Xo > Xy. During the construction of §; we have already
handled the case when the destination node xi, is a freshly created node. Thus the
remaining case is when X' 2, Xo s already present in I'. Using 0 we obtain the
edge 6(x') > 6(xp) in I’ with 6p < ¢". Now Lemma 12.5.3 and Lemma 8.1.6 give
us that the flow-closure condition (F2) is satisfied for the edges 6(x) 2 6(xo) and
d(x) 2 d(x") from II'. Because 11" is flow closed, we obtain that there is some node

Xo such that the edges §(x’) LR X0 and §(xo) 2 xo are present in II'. To prove
the claim it is enough to prove that 6(x;) = xg- By Lemma 8.3.2 we obtain that

II

¢ <X 0'¢'. Nowcp < ¢" and 6o < © go zmplies O" ~ @' because [op] # 0. We
have that both §(X') 5(X0) and 6(x') =5 x4 are present in II' and thus, because
IT" is restricted, the width restriction implies that 6(xo) = xg. Thus for the edge

X % xb in Tg there is 5(x') e, d(xp) in II" with 6o < &'¢’, and for the edge
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Xo = X4 there is the edge 5(xo) S (xp) in 1" with o < 0 as required. .

12.10 Properties of the Type Inference Algorithm

Now we prove the termination of PrincipalType which is based on the argument
outlined in Section 12.1.1 and it uses the upper bound of almost disjoint edge paths

computed in Section 12.3.

PROPOSITION 12.10.1 (PrincipalType TERMINATION). PrincipalType(P, R) ter-

minates for every P and R.

PROOF. ProcessShape terminates by Proposition 12.6.5. SelectApplicableRules
by design returns a finite number of rules when R is standard. When R is infinite
and non-standard then the algorithm terminates with failure. RestrictGraph ter-
manates by Lemma 12.7.14. LocalClosureStep terminates by Lemma 12.8.12 and
it is easy to check that FlowClosureStep terminates for all inputs because it iterates
over a finite objects. An iterative execution of the repeat loop in PrincipalType

gives us the following sequence of shape predicates.

[Ty = RestrictGraph(ProcessShape(P))
I1;;; = RestrictGraph(FlowClosureStep(LocalClosureStep (I;, Rf")))

The shape predicate 11; is the value of variable 11 after the execution of line 4 in
the (i + 1)-th iteration of the repeat loop in the call of PrincipalType(P,R). To
prove the termination of PrincipalType it is enough to prove that there is k such
that 11, = Il q.

Let tags be the count of different type tags in P a R plus one (for “e”). Let
len = maxlen(P). Let mazpaths be the upper bound on different edge paths enu-
merated in Section 12.3. We have already argued in Section 12.3 that paths(Il) <
magzpaths for all k and that 11}, contains only the tags from R™ and P and possibly
“e”. Now let us prove it in more details. Any action type ¢ from ProcessShape (P)
is introduced at line 6 of ProcessShape. It is easy to see that maxlen(p) < len and
that ¢ contains only type tags from P. RestrictGraph does not introduce new
action types and thus paths(Ily) < mazpaths. There are four places where a new
action type can be introduced to a shape graph during type inference: lines 6 and
12 in FlowClosureStep, and lines line 4 and 11 in RightRequired. [t is easy
to check that the newly introduced action type ¢ contains only type tags from P
and R (and possibly “”), and that maxlen(p) < len. All action types of Il;4,
which are not introduced by the above four lines are already present in I1;. Thus

paths(Ily) < mazpaths for any k follows by induction.
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Now let us prove that paths(Il;) < paths(Ilx,1) for all k. Let T'; be the shape
graph part I1; for any i, that is, we have I1; = (I';, x,). Note that the all functions
called from RestrictGraph preserve the root node. Let T be the set of edges
newly introduced during the execution of LocalClosureStep(Il;, R") and let Tflov
be the set of edges newly introduced by FlowClosureStep((I'; U 'l v\ )). Let
[ =T; vl yTflow. By Lemma 12.7.10 there is &; such that ;. = 6;((I'}, x)).
It is clear that paths((I';, x,)) < paths((I'}, x,)) because every path in I, is a path in
['. Thus by Lemma 12.7.11 paths(I1;) < paths(IT;,1).

Now let us prove that for every i such that paths(Il;) = paths(Il; ;1) there is j
such that I1;; = 1,4 ;41 or paths(Il;) < paths(Il;y;). This is sufficient to prove
the termination of the algorithm because the number paths(Il;) can not grow over
mazxpaths. Let paths(Il;) = paths(Il;;1) but II; # I1; 1. Thus we know that there is
at least one new edge in FLW" or FE'O"" because otherwise I1; = 11,1 (because dy, is an
identity when Il°@ = ['flow = (),

When there is some (non-flow) edge in IT'°?" or T then let (y 2> x') e Tle@l U
[flow be the first edge newly introduced by the type inference algorithm. Thus we
have (x 2 X') ¢ T; but on the other hand we know that x is a node in T;. It is easy
to prove by induction that there is a rooted path to every node in I'; and similarly
for T By Lemma 12.7.12, there is a rooted path {x, > x1 = --- 2 x} to x
in I1; such that (p1,...,pr) is a disjoint edge path. Now (p1,..., ¢k, ) is an edge
path 1,11 with at most one repetition. Let us prove that (p1,..., ¢k, @) is not an
edge path in 11;. We know that 11; is restricted and thus the edge path (p1, ..., k)

uniquely determines the above rooted path {x, 2> x1 2> -+ %5 x} and its target

node x. Moreover we know that there is no X" such that (x = x") € T; because if
there was some X" then the above mentioned (x 2> x') would not be the first newly
introduced edge (the algorithm would reuse (x 2 x")). Thus (1, .., ¢r ) is not
an edge path in II; (not to say an edge path with at most one repetition). Thus
paths(Il;) < paths(Il;;1) as required (we set j =0).

When there are only flow edges in T'° and T then 1I; and 11;,; have the
same nodes. The set of nodes is preserved also for other shape predicates 1l; o, ...
in the sequence as long as the number of edge paths with at most one repetition
remains unchanged. With a fized number of nodes there is clearly an upper bound
on flow edges that can be added to the graph. Thus after finitely many steps no more
flow edges can be added. Thus there is j such that after j steps either an ordinary
non-flow edge is added to a shape graph (which increases the number of paths as
proved above) or the shape graph remains unchanged (in which case the algorithm

terminates). .

Now we prove the correctness of PrincipalType discussed in Section 12.1.2.
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PROPOSITION 12.10.2 (PrincipalType CORRECTNESS). Let R be standard and
Il = PrincipalType (P, R). Then Il is a restricted R-type of P.

PROOF. Let R be standard and I1 = PrincipalType(P,R). Let Rf" be the value
of variable R".  We see that the value of variable 1y in the last iteration of
the repeat cycle is II. Thus II is restricted by Lemma 12.7.14. Moreover we
can see that II = FlowClosureStep(LocalClosureStep(II, Rf")) and thus 11 =
FlowClosureStep(II) = LocalClosureStep(Il, Rf") by Lemma 12.9.1. Further-
more by Lemma 12.9.2 and by Lemma 12.8.14 we obtain that 11 is Rfi"-type. When
R is finite than R = R and thus the result is R-type. We know that R is mono-
tonic and thus it is easy to verify that the type inference algorithm never introduces
any type entity whose length is bigger than maxlen(P) into the shape graph. Thus
clearly maxlen(Il) < maxlen(P) and we can use Proposition 12.2.3 to prove that
that 11 is an R-type whenever R is infinite and R is the rule description returned
by SelectApplicableRules.

Now we shall prove that — P : 11y holds for 11y being the value of variable 11 at
any time of execution of the algorithm. This is true after evaluation of line 1 by
Proposition 12.6.6. Each call to RestrictGraph returns a shape predicate IIf, such
that = P : 11§ by Lemma 12.7.10 and Lemma 12.5.1. Now both FlowClosureStep
and LocalClosureStep only add edges to 11}, preserving its root. Thus — P : 1l
hold for the value 11y of variable 11 at any point of the execution of PrincipalType.
Hence - P :11. .

Finally the following proves the main property of PrincipalType which is com-
pleteness together with correctness. Of course, the correctness is proved using the
previous Proposition 12.10.2. The completeness of PrincipalType was discussed in
Section 12.1.3.

THEOREM 12.10.3 (PrincipalType COMPLETENESS). Let R be standard and I =
PrincipalType(P,R). Then Il is a principal restricted R-type of P.

PROOF. Let R be standard and 11 = PrincipalType(P, R). Let Rfi" be the value
of variable R". By Proposition 12.10.2 we have that 11 is a restricted R-type of P.
We also know that 11 is a restricted Rf"-type of P. Firstly, let us prove that 11 is
a principal R -type of P. Let us take the derivation I, ..., I of II, that is, the

following sequence with 11, = II.

[Ty = RestrictGraph(ProcessShape(P))
II;,1 = RestrictGraph(FlowClosureStep(LocalClosureStep (II;, R")))

Let II' be a restricted Rfi"-type of P. By Proposition 12.6.7 and Lemma 12.7.15 we
obtain that there is some 0y such that 6. . 1o <JII'. It is easy to prove by induction
on i and by Lemma 12.8.15, Lemma 12.9.3, and Lemma 12.7.15 that there is §; such
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that 6; .. 11; < II" for all i < k. Thus .. 11 I II' and by Lemma 12.5.2 we obtain
that I < II'. Hence 11 is a principal Rf"-type of P.

Now every R-type is an Ri"-type because Rfi" € R. Let I’ be a restricted R-type
of P. Then II' is a restricted Rf"-type of P and by the above we know that IT1 < II'.
Hence 11 is also a principal R-type of P. ]
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Chapter 13
General View of Analysis Systems

This section discusses type and flow analysis systems, how to use PoOLy[ to achieve
goals attained by other systems, how to use PoLyl on its own, how and why to
relate METAL with other calculi, and several possibilities how a formal comparison

of PoLyll with other systems can be made.

13.1 (General View of Analysis Systems

Different type and static analysis systems are designed for different purposes. A
single system is usually intended to statically verify a specific fixed property of
processes of a given calculus, for example, that a process does not execute an ill-
formed instruction. Commonly, it is easy to verify this property for a specific process.
On the other hand, to verify that the property in question is satisfied for a given
process and for all of its successor states, is generally much more complicated task.
Type and static analysis systems provide an effective solution of this problem.
Here we repeat general notations introduced in Section 1.5. A typical type
or static analysis system S¢ for the process calculus C' works as follows. Firstly,
it defines the set of predicates. Let p range over it. Predicates formally represent
properties which the system reasons about and verifies. Secondly, the system defines
a binary relation on processes and predicates. Let B range over processes of C'. Let
us write the relation as > B : p. This relation formally represents the statement “B
has the property p”. The relation is desired to be effectively verifiable. Thirdly,
the system (usually) enjoys the subject reduction property, which states that the
relation [> is preserved under rewriting of processes, that is, > By : p implies > By : p

for any successor state By of the process Bj.
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13.2 How To Use PoLyl] ?

Consider some type/static analysis system S¢ with the properties from the previous
section. Furthermore suppose that the rewriting rules of the calculus C' can be
described in METAL by the set of rewriting rules R. This gives us the instantiation
Cr of METAO and the type system Sr provided by Poryl. Now suppose that we
would like to compare expressiveness of S¢ and Sr. We would like to know whether
questions answerable by the relation > of S¢ can be expressed and answered within
Sr. Being able to do this for several different systems from the literature would lead
us to the conclusion that the generic concept of PoLy[ shape types is at least as
expressive as the single-purpose predicates of the selected systems. We shall show
how to do this for three systems from the literature. Several possible approaches
how to do this are outlined in Section 13.4.

Some systems are designed to verify a certain fixed property of processes, for
example, that a process does not execute an ill-formed instruction. When such a
property is given we can use POLY[ directly without referencing S¢. Let P denote
the property in question. For these systems the following holds: When there exists
some p such that > B : p then B has property P. Usually some over-approximation is
encountered, which means that the opposite implication is not always satisfied. This
is a commonly accepted trade-off between preciseness and time complexity of the
verification of P. Suppose that we can formulate a condition on a PoLy shape type
IT whose fulfillment implies that every process matching II has property P. Then
we can use PorLyl to verify P directly. We can also choose property P directly
without any references to other type or static analysis systems. We shall show how
to use PorLyl to verify communication safety of the 7-calculus and Mobile Ambients
processes. We show that POLY[] provides better results, that is, it over-approximates
communication safety less, than other two systems designed specifically for this
purpose. Moreover, we show that PoLy[ can also exactly recognize whether or not
> B :p holds for a given B and p in these two systems. This is important because
the relation > B: p might be used by some applications of S¢ for various purposes

and not only to verify communication safety.

13.3 Relating Calculi C' and (R

Calculi C'z and C are usually reasonably equivalent. Nevertheless, for the reason of
a formal comparison of the systems S and Si a reasonable relationship between the
calculi C' and C'x has to be proved. It is important to understand, however, that a
similar relationship has to be established only for the reasons of formal comparisons,
such are those presented in the next chapters, and it is not required for a standard
use of PorLy[l.
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At first we need an encoding (-) which translates processes of C' into METAD
processes. Because of a benevolent syntax of METAQ, this encoding is in many
cases almost an identity. To avoid technical problems, such as a different handling
of a-conversion, we suppose that processes of C' are built from META[ names, and
that C' does a-conversion as METAL. One can easily construct an equivalent version
of C' which meets this requirement when necessary. We suppose that the encoding
(-) preserves free names and type tags. The relationship between the rewriting
relation — of C' and the relation < of METAO has two parts. The first says that
By — By implies (By) <> (B;). The second ensures that whenever (By) <> P, then
Py is the translation of some B; such that By — B;. To handle subtle differences
in structural congruences of different calculi, we formulate this property modulo
structural congruences = of S¢ and METAL. As mentioned, proving Property 13.3.1

is usually easy.

PrROPERTY 13.3.1 (FAITHFUL ENCODING). When By — B then there are Bj, and
B! such that By = B}y & (B)) < (B}) & B} = By,. When (B,) <> P; then there is
Bl such that B(] - Bl & ([BID = Pl. u

13.4 Comparing Systems S and Si

A straightforward way to relate S and S is to define an embedding {-) of predicates
of S¢ to PoLyD types such that > B:p if and only if -+ (B) : {p). This approach
is not possible when the relation > of S¢ is preserved under renaming of bound
type tags of a process. Unfortunately, this is the case of majority of the systems in
literature, especially of those we work with in this paper. Recall that we suppose
that C builds processes from META names (which include type tags). The problem
is that bound type tags are used to build PoLyl shape types. Thus, when a bound
type tag in a process is changed then the new process does not need to match the
same shape types as before (because typability in PoLy[ is not preserved under
renaming of bound type tags).

To put it another way, a straightforward embedding of one type system in another
can not be constructed when predicates of the systems differ too much and when they
contain different information. For example PovLyl shape types contain information
about bound names which can appear in a process. These information contain their
type tags and an upper bound on the count of bound names (with different type
tags). These information are necessary to construct a shape type. On the other
hand these information are not usually contained in predicates of other systems.
Thus we can not construct a direct embedding of these other systems in Pory[l
because the information about bound names are missing.

In order to demonstrate explain this, let us suppose the encoding {-) with the
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above desired property, and let t>(vx) By : p for some B, and p such that x € fn(B).
Now, because both ((vz)(By)) and {p) are finite objects, we can take some type
tag ¢ which is in none of them. Let a be the basic name of z, that is, x = a' for
some (. Let us take B’ = (va')(By{x — a'}), that is, let us change the type tag
of x from ¢y to ¢ in all occurrences of x. Because > is preserved under renaming of
bound type tags of S¢’s processes, we have that also > B': p. But we can see that
(B') can hardly match {p) because {p) does not contain any ¢y necessary to match
occurrences of a'® in (B’). A similar argument can be made even when we do not
require (-] to preserve type tags.

We investigate another ways to compare S¢ and Sk to avoid the above problem.
The first one, which we use in Chapter 14 to compare PovLyl with a typed version
of the m-calculus, exploits the existence of principal types for processes in Sr. We
answer the question > B : p by performing a simple check on a POLY[ principal type
IIp of (B). Formally we define the relation p = II, which says that p “agrees” with
I1, and we prove that > B: p if and only if p = IIp.

Another approach to compare Sz and Sx is an enhancement of the straightfor-
ward comparison outlined above. We equip a translation of S¢’s predicate p into a
Poryl type with necessary information Iz about bound names of the process B.
We translate p and I into the PorLyO type {p, Ig) and we prove that > B:p if
and only if — (B) : {p, Iz). We use this approach to compare PoLy with a typed
version of Mobile Ambients in Chapter 16.

Yet another style of comparison is used to compare PoLy with a flow analysis
system for BioAmbients in Chapter 18. For a given B, we compute a PoLy[l
principal type IIz of (B) and use it to construct a predicate pp of system S¢ such
that > B : pg. Then we take the actual result p of the analysis of B computed by
Sc and we prove that pg constructed from Ilp is at least as precise as p, let us write
it as pg € p. Our result says that > B: p implies pg € p. The opposite implication
would not give a meaningful result in this particular case. Additionally, we also show
how to use the approach from the previous paragraph to compare PoLy[ with the

same BioAmbients flow analysis system.
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Chapter 14
Shape Types for the m-calculus

This chapter demonstrates how to use PoLyl with a polyadic m-calculus and proves
Poryll to be more expressive than a mw-calculus type system from the literature.
Section 14.1 introduces the m-calculus, Section 14.2 introduces a type system from
the literature [Tur95, Chapter 3], Section 14.3 describes the type system for the -
calculus provided by Poryl, Section 14.4 formally compares expressiveness of the
above two systems, and finally Section 14.5 provides conclusions and discussion of

a related work.

14.1 A Polyadic m-calculus

The m-calculus [MPW92a, Mil99] is a process calculus involving process mobility
developed by Milner, Parrow, and Walker. Mobility is abstracted as channel-based
communication whose objects are atomic names. Channel labels are not distin-
guished from names and can be passed by communication. This ability, referred as
link passing, is the m-calculus feature that most distinguishes it from its predeces-
sors. We use a polyadic version of the 7-calculus which supports communication of
tuples of names.

Figure 14.1 presents the syntax and semantics of the m-calculus. Processes are
built from METAL names which contain type tags. The process “c(nq,...,ng).B”,
which (input)-binds the names n;’s, waits to receive a k-tuple of names over channel
c and then behaves like B with the received values substituted for n;’s. The process
“c<ny,...,nE>.B” sends the k-tuple nq, ..., n, over channel ¢ and then behaves like
B. Other constructors have the meaning as in METAO (Chapter 3). The sets of
names and type tags fn(B), ftags(B), itags(B), ntags(B) are defined as in METAL.

Processes are identified up to a-conversion of bound names which preserves type
tags. A substitution in the m-calculus is a finite function from names to names, and
its application to B is written postfix, that is, “B{n — m}”. We set SpecialTag =

{e} and forbid “e” to be used in processes because it is reserved for PoLyld. We
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Chapter 14. Shape Types for the w-calculus

Syntaz of the mw-calculus processes:

c,n,m € PiName = Name
N € DPiAction c(ny,...,ng) | e<ng, ..., mg>
B € PiProcess = 0| (By| By)| N.B|!B | (vn)B
Structural equivalence of the m-calculus:
BOEBl BOEBl BlEBg BOEBl
B=1B B, = By By = B, By | Bo =B | By
BQEBl BQEBl BOEBl
N.B(] = NBl 'B(] = 'Bl (V’n)BO = (wz)Bl BO | Bl = Bl | BO
n ¢ tn(By)

(l/n)BQ | Bl = (l/’n)(BQ | Bl)

Rewriting relation of the m-calculus:

c(nl,...,nk).Bo | c<m1,...,mk>.Bl —>Bo{n1 '—>m1,...,nk'—>mk} | By
BQ—>Bl B()—>Bl BéEBO BQ—>Bl BlEBi
(vn)By — (vn)B; By | By = By | By By — B

Figure 14.1: The syntax and semantics of the m-calculus.

require all processes to be well formed according to the following definition. Well-
formedness can be achieved by name renaming if necessary and it is preserved by

rewriting.

DEFINITION 14.1.1. A process B is well formed iff all the following hold.

(S1) ftags(B) v itags(B) is disjoint with ntags(B)

(S2) for (ny,...,ng).By in B, 7; ¢ itags(By) and n; # ; when i # j

(S3) B do not contain any type tag from SpecialTag ]

EXAMPLE 14.1.2. Let us consider the following process.

B =1s(x,y) x<y>.0ls<a,n>.0 |a(v).v(p).0 [n<o>.0|
|s<b,m>.0|b(w).w(qg,r).0|m<o,0>.0

Using the rewriting relation — sequentially four times we can obtain (among

others) the process “!s(x,y).x<y>.0 | n(p).0 | n<0>.0 | m(q,r).0 | m<o,0>.0”. =
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Syntax of TPI types:
f € PiTypeVariable == 11" |1" |---

k € PiType t= B k1, ..., K]
A € PiContext = TypeTag —, PiType
Typing rules of TPI:
A+ By A+ B A+ B Aln — k| +— B
ARO A+ Byl B A+!B A+ (vn)B

A(E):T[/{la"'aﬁk] A[n_l'_)ﬁ"l)"'vn_k'_)’l{k]l_B
Arclng,...,n.).B

A®) = 1[AmD..... AMD)] A B
A+ <Ny, ... ,nk>.B

Figure 14.2: Syntax of TPI types and typing rules.

14.2 Types for the Polyadic w-calculus (Tpr1)

We compare PoLy[ with a simple type system [Tur95, Chapter 3| for the polyadic
m-calculus presented by Turner which we name TP1. TPI is essentially Milner’s
sort discipline [Mil99]. In the polyadic settings, an arity mismatch error on channel
¢ can occur when the lengths of the sent and received tuple do not agree, like in
“c(n).0 | e<m, m>.0". Processes which can never evolve to a state with a similar
situation are called communication safe. TPI verifies communication safety of 7-
processes.

The syntax and typing rules of TPI are presented in Figure 14.2. Recall that
n denotes the type tag of n. Types k are assigned to names. Type variables (3
are types of names which are not used as channel labels. The type “t[k1,..., kx]”
describes a channel which can be used to communicate any k-tuple whose ¢-th name
has type k;. A context A assigns types to free names of a process (via their type
tags'). The relation A B, which is preserved under rewriting, expresses that the
actual usage of channels in B agrees with A. When A — B for some A then B is

communication safe. The opposite does not necessarily hold.

EXAMPLE 14.2.1. Given B from Ezample 1/.1.2 we can see that there is no A
such that A +— B. It is because the parts s<a,n> and s<a,m> imply that types of
n and m must be equal while the parts n<o> and m<o, 0> force them to be differ-
ent. On the other hand B is communication safe. We check this using Poryl in
Example 14.3.1. O

!Turner’s original system does not use METAL type tags and assigns types directly to names.
This technical variation simplifies the correspondence with Pory[.
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14.3 Instantiation of METAL] to the m-calculus

The m-calculus syntax from Section 14.1 already matches the METAL syntax and
thus only the following P is needed to instantiate METAL to the calculus Cp and
Poryl to its type system Sp. Section 14.4 shows that Cp is essentially identical to

the above m-calculus. The set P below is the set Pyoy from Section 10.3.

P = {rewrite{ ¢<aj,...,8,>.P | ¢(x1,...,%,).0—

Pl{x;:=a,...%, :=8,}Q3: n > 0}

Each communication prefix length has its own rule; in the type inference algo-
rithm implementation, a single rule can uniformly handle all lengths, but the formal
METAL presentation is deliberately simpler. The next example shows how to check

communication safety in Sp without using TPI.

ExXAMPLE 14.3.1. Let P be a METAL equivalent of B from FExample 14.1.2. The
processes P and B share the syntax and differ only by a syntactic category. We
can use the PoLyO’s type inference algorithm to compute a principal type llp of P
which has with root R and the following shape graph (with flow edges removed).

N n<o>

n(p) a<n>

. .
. v(p) . s<a, n> .
D— acy\ /
%R/S(X’ y) . x<y>

pO)
R UCH? ’/ N\ s<b,m> .
m(q,r) b<m>
* *

m<o, 0>

Names of non-root nodes are omitted because they are irrelevant. The type 1lp
contains all computational futures of P in one place. Thus, because there are no two
edges from the root node labeled by “(ty, ..., 1) 7 and “4<iy, ..., 05>7 with i # j, we
can conclude that P is communication safe which Example 14.2.1 shows TPI can
not do. Our type inference implementation can be instructed (using an additional
rule) to insert a special error name at the place of communication errors. Then
checking communication safety is equivalent to checking the presence of the special

error name. o
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(0) =0 (Bo | B1) = (Bo) | (B1)
(!B) = (B) (c(ny,...,ng).B) = clny,...,ng).(B)
((vn)B) = vn.(B) (c<ni,...,ng>.B) = c<ny,...,np>.(B)

Figure 14.3: Encoding of m-calculus processes in METALL

The set of expected and actual channel types of I':
chtypes(A,T') = {(A(t), T1[A(1), .., A(w)]):
(X AT X,) el v (X LLLY yeeeyl > X,) c F}

Context A and shape type 11 agreement relation =:

Write A = (I", x) when there is some A’ with the domain disjoint from A such that
chtypes(A u A’ T') is defined and is an identity.

Figure 14.4: Property of shape types corresponding to  of TPI.

14.4 Embedding of TPI in PoLY[]

Using the terminology from Section 13.1 we have that the calculus C' is the n-
calculus, S¢ is TP1, predicates p of S¢ are contexts A, and S¢’s relation > B : p is
A + B. Moreover R is P which was introduced with Cp and Sp in Section 14.3.
This section provides a formal comparison which shows how to, for a given B and
A, answer the question A - B using Sp.

As stated in Section 13.3, to relate TPI and Sp we need to provide a faithful
encoding (-) of m-processes in METAL. This (-), presented in Figure 14.3, is almost
an identity because the m-calculus syntax (Figure 14.1) already agrees with METALL.
Thus (-) mainly changes the syntactic category. Property 13.3.1 holds in the above
context.

Given A, we define a shape type property which holds for the principal type I1g
of (B) iff A + B. The property is given by the relation A = II from Figure 14.4.
The set chtypes(A,T") contains pairs of TPI types extracted from I'. Each pair
corresponds to an edge of I" labeled by a form type “0(tq, ..., k)" or “t<tq, ..., 1x>".
The first member of the pair is ¢’s type expected by A, and the second member
computes ¢’s actual usage from the types of ¢;’s. The set chtypes(A,I') is undefined
when some required value of A is not defined. The context A’ from the definition
of = provides types of names originally bound in B. These are not mentioned by A

but are in I'. The following theorem shows how to answer A - B by =.

THEOREM 14.4.1. Let no two different binders in B bind the same type tag, llg be
a principal (P-)type of (B), and dom(A) = ftags(B). Then A + B iff A = Ilp.

The requirement on different binders (which can be achieved by renaming) is
not preserved under rewriting because replication can introduce two same-named

binders. However, when all binding type tags differ in By, then the theorem holds
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for any successor B; of By even when the requirement is not met for B;. We want to
ensure that the derivation of A - B does not assign different types to different type
tags. A slightly stronger assumption of Theorem 14.4.1 simplifies its formulation.
The theorem uses principal types and does not necessarily hold for a non-principal
P-type II of (B) because II’s additional edges not needed to match (B) can preclude
A =11

14.5 Conclusions

We showed a process (Example 14.1.2) that can not be proved communication safe
by Tp1 (Example 14.2.1) but can be proved so by PoLyl (Example 14.3.1). The-
orem 14.4.1 implies that PovLyU recognizes safety of all TPi-safe processes. Thus
we conclude that PoLy[ is better in recognition of communication safety then TPI.
Theorem 14.4.1 allows to recognize typability in TPI: B is typable in TP1iff ) = IIp.
This is computable because a PoLy[ principal type can always be found (for Sp in
polynomial time), and checking = is easy.

Turner [Tur95, Ch. 5] presents also a polymorphic system for the m-calculus
which recognizes B from Example 14.1.2 as safe. However, with respect to our best
knowledge, it can not recognize safety of the process “B | s<n,a>.0” which Poryl
can do. We are not aware of any process that can be recognized safe by Turner’s
polymorphic system but not by PoLy[l. It must be noted, there are still processes
which PoLyl can not prove safe, for example, “a(x).a(y,z).0 | a<o>.a<0,0>.0".

Other m-calculus type systems are found in the literature. Kobayashi and Igarashi
[IKO01] present types for the m-calculus looking like simplified processes which can ver-
ify properties which are hard to express using shape types (race conditions, deadlock
detection) but do not support polymorphism. One can expect applications where
Pory is more expressive as well as contrariwise. Shape types, however, work for

many process calculi, not just the m-calculus.
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Chapter 15

Details on the TPl Embedding

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just
some particular part.

Definition 15.0.1 extends the definition from Figure 14.4 with some additional
notations. Proposition 15.0.2 is the left-to-right implication of Theorem 14.4.1 and
Proposition 15.0.3 is its right-to-left implication. The proofs use standard weakening

and strengthening lemmas [Tur95, Lem. 3.8-9].

DEFINITION 15.0.1. Write A = T when A = (', x) for an arbitrary x. Moreover,
we say that A = T" holds via A" when dom(A)ndom(A’) = @) and chtypes(AUA’,T")
i1s defined and an identity. .

PROPOSITION 15.0.2. Let

(1) B be a w-process such that no two different binders bind the type tag,
(2) Tig be a principal P-type of (B),

(3) dom(A) < ftags(B), and

(4) A+ B.

Then A = 1lg.
PROOF. By induction on the structure of B. Let I1 = (I', x) = IIg. Let

B =0: ThenT' = A holds trivially because I' = {).
B = By | By: Let Iy = (T'o, x0) be a principal type of (Bo) and 11y = (I'y, x1) be a
principal type of (B1). Take

Ag={(t—K): (t—K)e A& e ftags(By)}
A = {(L — KJ): (L — /i) eA& e ftags(Bl)}

Let us verify the assumptions of the induction step for By, Iy, and Agy:
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(1) Clear.

(2) Clear.

(8) dom(Ay) = dom(A) n ftags(By) < ftags(By).

(4) Here Ay + By follows from A + By by strengthening.

Similarly the assumptions are satisfied for By, Iy, and Ay. Thus by the induc-
tion hypothesis we have that Ay = Iy and Ay = 1I;. Let Ay = I'y via A} and
let Ay = Ty via A, Because (1) we can suppose that dom(Afj) ndom(A]) = 0.
Take A" = Aju A, We shall proof that A = T" via Ag. Denote A* = Au A"
Although T' can contain some additional edges not contained in I'y and I'y it
can not introduce new type tags. When I' contains a type substitution o such
that o(t) = ' then it is not hard to that A*(v) = A*(/). Thus all additional
members in chtypes(A*, ") are identities because they are constructed by ap-
plication of type substitutions in I'. Thus the claim.

B=c(ny,...,ng).By: Let © = ¢ and v; = ; for 0 < i < k. Let Iy = (I, xo)
be a principal type of (Bo). There are some Ki, ...,k such that A(l) =
k1, ..., k). Take Ag which does not contain t; not mentioned in By as

follows:
Ao = Aty = K1yeooy e = K]\t — ki 1 0 <@ <k & ; ¢ ftags(By)}
Now verify the assumptions of the induction step for By, Iy, and Aq:

(1) Clear.

(2) Clear.

(8) dom(Ap) = dom(A) U ({by, ..., b} nftags(By)) < ftags(B) u ftags(By) <
ftags(By).

(4) The assumption A + B implies A[by — K1, ..., by — kx| = By and thus
Ay + By by strengthening.

Thus by the induction hypothesis we have that Ay = Ily. Let Ay = T’y via
AL We can find A" such that A v A" = Ay u A} and thus also A = Tlj.
Denote A" = A u A'. It is easy to see that the principal type 11 of B simply
directly corresponds to the syntax tree of B because no rewriting rule can be
applied to B standing alone. Also all form types contained in I', except of
o = alby,...,by) which labels the only edge coming out of the root node Y,
are contained in I'y. The member of chtypes(A*,T") corresponding to the edge
labeled by ¢ is identity because A(L) = 1|ko, ..., k| follows directly from the
assumption A + B. All other members of chtypes(A*,T") are present also in
chtypes(Ag U Af,Tg) and thus chtypes(A*,T') is defined and identity. Thus
A ~1I.
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B =c<ny,...,m>.Bo: Let v =€ and 1; =7, for 0 < i < k. Let Iy = (I'g, xo0) be
a principal type of (Bo). Take Ay = {(V' — k) € A: (' € ftags(By)}. Let us
verify the assumptions of the induction step for Bg, Iy, and Ag.

(1) Clear.

(2) Clear.

(8) dom(Ay) = dom(A) n ftags(By) < ftags(By).

(4) Here Ag - By follows from A+ By by strengthening.

By the induction hypothesis we obtain that Ay = Ily. Let Ay = I'y via Ay.
Denote A* = Ay u A}j. Now let us proof that A = II. It is easy to see
that the principal type 11 of B simply directly corresponds to the syntax tree
of B because no rewriting rule can be applied to B. Also it is easy to see
that all form types contained in I, except of o = 1(1q, ..., 1) which labels the
only edge coming out of the root node x, are contained in I'y. The member
of chtypes(A*,I") corresponding to the edge labeled by ¢ is identity because
Aa) = 1[A(11), ..., A(g)] follows directly from the assumption A + P. All
other members of chtypes(A*,T') are present also in chtypes(A*,Ty) and thus
chtypes(A*, T') is defined and identity. Thus the claim.

B =1By: Trivial.
B = (vn)By: Let v =n. We know that A +— B. Condition (3) implies ¢ ¢ dom(A).

Take
Alt— k|  when ¢ € ftags(By)

A when ¢ ¢ ftags(By)

Ay =

We see that 11 is a principal type of (Bo) as well. Let us verify the assumptions
of the induction step for By, 11, and Ag.

(1) Clear.

(2) Clear.

(8) When v € ftags(By) then dom(Ay) = dom(A) u {a} € ftags(B) u {a} =
ftags(Bo). When ¢ ¢ ftags(By) then dom(A,) = dom(A) < ftags(B) =
ftags(By).

(4) When v € ftags(By) then Ay = By follows from A + P. When ¢ ¢
ftags(By) then A + P implies Al — k| = By and thus Ay — By by

strengthening.

Thus by the induction hypothesis we have that Ay = II. Let Ag = I' via A.
It is easy to see that we can take A" such that A U A" = Ag U A and thus the
claim A = 11 holds. .
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PrOPOSITION 15.0.3. Let B be a w-process and let

(1) g be a principal P-type of (B),
(2) ftags(B) < dom(A), and

Then A+ B.
PROOF. By induction on the structure of B. Let 11 = (', x) = Ilg. Let

B = 0: Trivial.

B = By | By: Let 11y = (I'g, x0) be a principal type of (Bo) and let 11, = (I'y, x1) be
a principal type of (Bi)). It has to hold that any action type ¢ contained in Ty
(respectively I'1) as an edge label is also contained in I'. Thus we have A = Il
and A = II;. It shows that the assumptions of the induction step are satisfied
and by the induction hypothesis we have that A = By and A + By which proof
the claim A+ B.

B=cMny,...,ng).Bo: Let . = C and 1; = 7; for 0 < i < k. Let A = T" via A'.
Denote A* = A u A'. Take

Ao = Al = AMu1), ooyt = A7()]

It is easy to see that A is defined. Let 11y = (T'g, x0) be a principal type of
(Bo). Now let us verify the assumptions of the induction step for By, Iy, and
Ag.

(1) Clear.

(2) ftags(By) < ftags(B) U {t1,...,u} S dom(A) U {i1,..., 4} = dom(Ay).

(3) We can take Af such that A" = A u A" = Ag u Af. Note that I'y could
contain additional edges which are not in I'. Those are edges introduced
by the type inference algorithm to make the shape graph flow closed. But
we can observe that whenever I'y contains some flow edge labeled with
type substitution o such that o(t") = 1", then it has to hold that A*(/) =
A*("). Thus Ag = I,.

By the induction hypothesis we obtain Ay + By. We see that it holds A1) =
A (1), ..., A%(w)] and thus the claim.

B =c<ny,...,ny>.By: Let © = ¢ and t; = 7; for 0 < i < k. Let A = T via A.
Denote A* = A U A'. Let 11y = (I'y, xo) be a principal type of (Bo). Now let

us verify the assumptions of the induction step for By, Iy, and A.

(1) Clear.
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(2) ftags(By) < ftags(B) < dom(A).
(8) To prove A =11y use the same argument as in the proof of assumption 3

of the previous case concerning an input-binder.

By the induction hypothesis we obtain A +— By. We see that A = II implies
A() = 1[A(11), .-, A(wk)] and thus the claim.

B =By: Trivial.

B = (vn)By: Let v = n. We can suppose that v € ftags(By) because otherwise we
can directly use the induction hypothesis (for By, I1, and A) and weakening to
proof the claim. Let A = T wia A’. Because ¢ € ftags(By) we have that there
isk = (AUA")(r). Take Ag = Alr— k|. Let us verify the assumptions of the

induction step.

(1) 11 is a principal type of (Bo) as well

(2) ftags(By) = ftags(B) u {t} < dom(A) U {¢} = dom(A)

(8) When a ¢ dom(A) then Ag = I' via A'\{t — k}. When ¢ € dom(A) then
A = A.

By the induction hypothesis we have that Ag + Bg and thus the claim. ]
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Chapter 16
Shape Types for Mobile Ambients

This chapter shows how to instantiate POLYL] to make a type system for Mobile
Ambients [CG98] (MA). Furthermore it proves this PoLyl instantiation to be
more expressive than an MA type system from the literature [CG99] which we call
TMA, shows how to embed TMA predicates in PoLy[ types, and discusses possible

extensions of the embedding.

16.1 Mobile Ambients (MAa)

Mobile Ambients (MA), introduced by Cardelli and Gordon [CG98], is a process cal-
culus for representing process mobility. Processes are placed inside named bounded
locations called ambients which form a tree hierarchy. Processes can change the
hierarchy and send messages to nearby processes. Messages contain either ambi-
ent names or hierarchy change instructions. In order to simplify the presentation we
build M A processes from METALl names with type tags preserved under a-renaming
as in METALL.

Figure 16.1 describes MA process syntax. Capabilities are ambient hierarchy
change instructions. Executing a capability consumes it and instructs the surround-
ing ambient to change the hierarchy. The capability “in n” causes an ambient to
move itself into a sibling ambient named n. The capability “out n” causes an am-
bient to move out of the parent ambient n and become its sibling The capability
“open n” causes an ambient to dissolve the boundary of a child ambient n. Although
the syntax allows an arbitrary N after capability name (“in N”) so that substituting
a capability for a name yields valid syntax, capabilities where IV is not a single name
are inert and meaningless. In capability sequences (N.N'), the left-most capability

will be executed first.

19 | 7 W
Y

(('77
LI .

The process constructors “07, , and “v” have standard meanings.
Binders contain explicit type annotations (Section 16.2 below). The expression n [B]

describes the process B running inside ambient n. As above, the syntax also allows
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Syntax of MA processes:

n,m € AName = Name
N € ACapability = e |n|in N|out N |open N | N.N’
w € AMsgType = definition postponed to Fig. 16.3
B € AProcess = 0|(Byo| By) | N[B]l | NB|'B|(vn:w)B |
<Ny, ..., N> | (ngiwy, ..., 0. wg). B

Structural Fquivalence of MA:

B(] Bl B(] = B1 Bl B2 B(] B1

B=1B BlEBQ BQ BQ BolBQ BllBQ

BO = B1 BO Bl B(] = B1 BO Bl

NI[By] = N[B;] N.By= N.B; By = !B (vn:w)By = (vn:w)By
By = By
(n1 Wiy .. ,nk:wk).BO = (n1 Wi, ,nk:wk).Bl BO | Bl = B1 | B(]
Bo | (By | By) = (By | By) | By eB=DB 10=0 Blo=RB
'B=B1|!B By | B1 =B | By (vn:Amb[k])0 =
Byl (By1Bs) = (By | By) | B (N.N').B= N.(N'.B)
n #m n ¢ fn(By)
(vn:w)(m[B]) = m(vn:w)B] By | (vn:w)By = (vn:w)(By | By)
n#+m

(vn:wo)(vm:wy)B = (vm:wy)(vn:wy)B

Figure 16.1: Syntax and structural equivalence of MA processes.

inert meaningless constructions with non-name N at the position of n. Capabilities
can be communicated in messages. <Ny, ..., Ny> is a process that sends a k-tuple
of messages. (nq:wy,...,n:wi).B is a process that receives a k-tuple of messages,
substitutes them for appropriate n’s in B, and continues as this new process. The
name n; is said to be (input-)bound in (ng:wy,...,nk:wi).B and it comes with an
explicit type annotation.

Bound type tags and free names of a process are defined like in METAL. Processes
are identified up to a-conversion of bound names which preserves type tags. A
substitution is a finite function from names to capabilities and its application to
B is written postfix, for example, B{n — N}. Figure 16.1 defines also structural
equivalence and Figure 16.2 describes semantics of MA processes. The only thing

the semantics does with type annotations is copy them around. We set SpecialTag =
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nlin m.By | Bl | m[Bs] — m[nlBy | B1] | Byl

mnlout m.By | B1]l | Bsl - nlBy | B1]l | m[Bs]

open n.Bo | n[Bl] - BQ | Bl

(ny:wy, .. npwe).B I <Ny, ..., N> — B{ny — Ny, ..., np — N}

BQ—>Bl BO_’Bl BO_’Bl
(vn:w)By — (vn:w) By n[Byl — nl[Bi] By | By — B, | By

B(I)EBO B()—>Bl BlEBi
B, — Bj

Figure 16.2: Semantics of MA.

{e,in,out, open} in order to prevent type tags with a special meaning to be bound.
We require all processes to be well formed according to the following definition.
Well-formedness can be achieved by name renaming if necessary and it is preserved
by rewriting.

DEFINITION 16.1.1. A process B is well formed iff all the following hold.

S1) ftags(B) v itags(B) is disjoint with ntags(B)

S3
S4

(S1)
(S2) for (nq :wi,...,ny:wy).By in B, ; ¢ itags(By) and n; # T; when i # j
(S3) bound names with the same type tag have the same type

(54)

B do not contain any type tags from SpecialTag ]

EXAMPLE 16.1.2. In this MA process, packet ambient p delivers a synchronization
message to destination ambient d by following instructions x received from the top

level. As we have not yet properly defined message types, we only suppose w, =
Amb [x] for some k.

B = <ind>| (vp:wp)(dlopen p.0] | (x:wy).plx.<>]) —
(vp:wp)(dlopen p.0] | plind.<>]) —
(vp:wp)(dlopen p.0 | pl<>]1]) —
d[<>]

This example is also used in the sections to follow. =
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Syntax of TMA types:

w € AMsgType = Amb[k] | Cap[x]
k € AFExchangeType := Shh|w ® Q@ wy
A € AEnvironment = TypeTag —g, AMsgType
Typing rules of TMA:
A(n) =w A+ N:Caplsl A+ N':Caplx]
AFn:w A+ e: Caplkl] A N.N':Caplkl]
A+ N :Amb[x'] A+ N :Amb[x'] A+ N :Ambl[k]
A+ in N : Caplk] A+ out N : Caplk] A+ open N : Cap[k]
A+ B:k AR N:Caplkl] A+ B:k
AFO0:k Ar-!'B:k A+ N.B:k
A+~ N:Amb[k'] A+ B:x A+-DBy:x AFDBj:k
A+ NI[B] : &k A+ Byl B;:k
Vi:0<i<k AR N;:w; A[n— Amb[x']] + B : k
AF<N, ..., N> w Q@ Qug A+ (vn:Amb[k']1)B : k

Alng »wi,...,ng—wp| FBrwi @ - Qug
A (npiwr, ..., np:wr) B Q- Quy

Figure 16.3: Syntax of TMA types and typing rules.

16.2 Types for Mobile Ambients (TMA)

An arity mismatch error, like in “<a,b>.0 | (x).in x.0”, can occur in polyadic MA.
Another communication error can be encountered when a sender sends a capability
while a receiver expects a single name. For example “<in a>.0 | (x).out x.0” can
rewrite to a meaningless “out (in a).0”. Yet another error happens when a process
is to execute a single name capability, like in “a.0”. Processes which can never
evolve to a state with any of the above errors are called communication safe. A
typed MA introduced by Cardelli and Gordon [CG99], which we name TMA, verifies
communication safety.

TMA assigns an allowed communication topic to each ambient location and Fig-
ure 16.3 describes TMA type syntax. Exchange types, which describe communication
topics, are assigned to processes and ambient locations. The type Shh indicates si-
lence (no communication). w; ® - - ® wy, indicates communication of k-tuples of
messages whose ¢-th member has the message type w;. For k = 0 we write 1 which
allows only synchronization actions <> and (). Message types describe communica-

tion objects (names and capability sequences). Amb[x] is the type of an ambient
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where communication described by & is allowed. Cap[x] describes capabilities whose
execution can unleash exchange x (by opening some ambient). Environments assign
message types to free names (via type tags). Figure 16.3 also describes the TMA
typing rules. Types from conclusions not mentioned in the assumption can be ar-
bitrary. For example, the type of N[B] can be arbitrary provided B is well-typed.
It reflects the fact that the communication inside N does not directly interact with
N’s outside. Subject reduction holds in TMA. When there are some A and x such
that A does not assign a Cap-type to any type tag, then A -~ B : k implies that B

is communication safe. For more details about TMA see [CG99].

EXAMPLE 16.2.1. Consider the process B from Example 16.1.2. Let us take
A ={d— Amb[1]} wp = Amb[1] wy = Cap[1]

We can see that A + B : Cap[1] but, for example, At/ B : 1. o

16.3 Instantiation of METALl to MA

When we omit type annotations, add “0” after output actions, and write capability
prefixes always in a right associative manner (like “in a.(out b.(in c.0))”), we see that
the MA syntax is included in the METAL syntax. The following set A instantiates
METAL to MA.

A = {active{P in a[P] },
rewrite{alin b.P | Q1 | b[R] —blalP | Q] | R] 3,
rewrite{a[blout &P | Q] | R] —a[R] | b[P | Q1 },
rewrite{ open &.P | 4[R] <P | f{}} U
Uno {rewrite{ <My,...,M>.0 | (&1,...,8).Q— {&:=M,..., 4, :=M}Q} }

The active rule lets rewriting be done inside ambients. It corresponds to the MA
rule “By — By = nl[By] — n[B;]”. Each communication prefix length has its own
rule as described in Section 10.3. A defines the calculus C'4 and the type system
Sy.

Communication safety of P can be checked on an A-type as follows. Two edges
with the same source labeled by (ai,...,a;) and <by,...,b;> with k& # j indicates
an arity mismatch error (but only at active positions). Every label containing e
(introduced by a substitution) indicates that a capability was sent instead of a name.
Moreover, an edge labeled with a name a ¢ itags(P) at active position indicates an
execution of a single name capability. A type of P not indicating any error proves

P’s safety. Checking safety this way is easy.
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N if N =n e AName () =0
~ | otherwise (No-N1) = (No).(N1)
(in N) =in N (out N) = out N (open N) = open N

(o) =0 ((ny:wry. . ngiwe) . B)=(nq, ...,z .(B)
('B) = !(B) (<Ny,...,Np>) = <(N1), ..., (Ni)>.0
(N.B) = ([]\Q])*([B]) ((vn:w)B) = vn.(B)

(NIBI) =NIUB) (Bol Bi)=(Bo) ! (B1)

Figure 16.4: Encoding of TMA processes in METALL

EXAMPLE 16.3.1. Let us consider process B from Example 16.1.2 whose C 4 equiv-
alent is “P = <in d>.0 | vp.(d[open p.0] | (x).p[x.<>.0])". Its S4 principal type
(with flow edges removed) has root R and the following shape graph.

<{in d}*>

o |

*

0 >
<>
< < <

The names of non-root nodes are omitted. We can easily conclude that P is com-

<>

munication safe by simply checking the labels of edges as described above. =

16.4 Embedding of T™MA in PoLy[]

Using the notation from Section 13.1 we have that C' is MA, S¢ is TMA, predicates
p are pairs (A, k), and S¢’s relation > B:pis A = B : k. Moreover R is A which
was introduced with C4 and S4 in Section 16.3. The current section provides an
embedding which shows how to, for a given B, A, and k, answer the question
A+ B : k using Sy4. We stress that it is primarily a theoretical embedding for
proving greater expressiveness which is not intended for use in practice.

Following the general discussion in Section 13.3 we need to provide an encoding
(-) of MA processes in METAU. This encoding, presented in Figure 16.4, is straight-
forward due to the flexibility of METAO syntax. The encoding (-) translates capa-
bilities to METAL messages and MA processes to METAL processes. Meaningless
expressions allowed by MA’s syntax are translated using the auxiliary mapping ~
and the special name “o”. For example “(in (out a)) = in ¢”. Recall that in METAL

“r[P]” is an abbreviation for “x[].P”, and that “,” linearizes composed messages
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(like ((a.b).c).P) = a.b.c.P ). The encoding erases type annotations; this is okay
because TMA’s rewriting rules only copy type annotations around without any other
effect. The type embedding in Section 16.4 will recover type information by different
means. Property 13.3.1 in the context given by MA and A becomes the following

theorem.

THEOREM 16.4.1. The following holds.

By — B, implies 3B}, B,: By = B} & (B)) <> (B)) & B} = B,
(Bo) <> P, implies 3By: (Bi) = P, & By — B,

Because the TMA relation |- is preserved under a consistent renaming of type tags
of processes, we can not translate (A, k) to a PoOLyd shape type with an equivalent
meaning as discussed in Section 13.4. Nevertheless this becomes possible when we
specify the sets of allowed input- and v-bound type tags and their types. These
can be easily extracted from a given process B. An environment A% (resp. A1)
from the top part of Figure 16.5 describes v-bound (resp. input-bound) type tags
of B. The definition reflects that v-bound names in typable processes can only have
Amb-types. For a given A, B, and k we construct the shape type (A U A%, Al k)
such that A + B : s iff - (B) : {A U A%, Al k). The construction needs to know
which names are input-bound and thus they are separated from the other names.
The well-formedness rules S1-S4 ensure that there is no ambiguity in using only type
tags to refer to typed names in a process. The type information I (Figure 16.5, 2nd
part) collects what is needed to construct a shape type. For I = (A U A%, Al k)
we define Ay, A and r; such that A; describes types of all names in A and B,

and A" describes types of B’s input-bound names, and &; is simply k.

EXAMPLE 16.4.2. A, B, and k from the previous examples (Example 16.1.2 and
Ezample 16.2.1) gives us [ = (A v A%, At Cap[1]) and we have:

AUAY ={d— Amb[1],p — Amb[1]} A = {x — Cap[1]}

The main idea of the construction of the shape type () from I is that (I}
contains exactly one node for every exchange type of some ambient location, that
is, one node for the top-level type x;, and one node for £’ whenever Amb [x'] is in
I. The top-level type corresponds to the shape type root. Each node corresponding
to some k has self-loops which describe all capabilities and communication actions
which a process of the type x can execute. When A;(d) = Amb[1] then every node
would have a self-loop labeled by “in d” because in-capabilities can be executed
by any process. On the other hand only the node corresponding to 1 would allow
“open d” because only processes of type 1 can legally execute it. Finally, following

an edge labeled with “d[]” means entering d. Thus the edge has led to the node
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Extraction of types of bound names:
Aln(1) =w iff B has a subprocess (...,a":w,...).By
A%L() =w iff w=Amb[k] & B has a subprocess (va':w)By

Type information:
I € Typelnfo = AEnvironment x AEnvironment x AExchangeType
Let I = (Ag, Ay, k). Write Ar for Ag U Ay, and AP for Ay, and r; for .

Set of nodes of a shape graph (and correspondence functions):

types; = {k;} U {k: Amb[k] € rng(A;)} nodeof; = typeof;"

Let nodes; be an arbitrary but fixed set of nodes such that there exist the bijection
typeof; from nodes; into types;.

Form types describing legal capabilities:
namesof;(w) = {¢: A;(1) = w}
allowedin; (k) = moves; U opens; (k) U comms; (k)

moves; = {in ¢,out ¢: 3x. ¢ € namesof;(Amb[x])}
opens; (k) = {open ¢: ¢ € namesof;(Amb [x])} U namesof;(Cap [x])
msgs;(Amb [x]) = namesof;(Amb [x])
msgs;(Cap[x]) = namesof;(Cap[x]) U {(moves; U opens,(k))*}
commsy(Shh) = ()
commsy(wy ® -+ Q@) = {1, ..., ug>: p; € msgs;(w;) o

{Coyeo ) s AP ) =w & (0 # 5= 1 # 15)}

Construction of shape predicates and embedding of type judgments:

(I) = {x > x: ¢ € allowedin;(typeof;(x)) & x € nodes;} U

{x Bvie namesof (Amb [typeof;(x’)]) & x, X’ € nodes;}

(1) = ({I),nodeof;(kr))

Figure 16.5: Embedding of TPI in PorLyLl

Xd that corresponds to 1. In the above example with A;(d) = Amb[1], the shape
graph would contain edges labeled with “d[]” from any node to xgq.

The construction starts by building the node set of a shape predicate (Figure 16.5,
3rd part). All the exchange types of ambient locations are gathered in the set types;.

These types are put in bijective correspondence with the set nodes;.

EXAMPLE 16.4.3. Our example gives us types; = {Cap[1],1}. Let us choose
nodes; = {R,1} and define the bijections such that nodeof;(Cap[1]) = R and
nodeof;(1) = 1. o

The 4th part of Figure 16.5 defines some auxiliary functions. The set namesof;(w)
contains all type tags declared with the type w by I. The set allowedin;(x) contains
all Pory[ form types which describe (translations of) all capabilities and commu-
nication action prefixes which are allowed to be legally executed by a process of

the type k. The set allowedin;(k) consists of three parts: moves;, opens;(k), and
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commsy(r). The form types in moves; describe all in/out capabilities constructible
from ambient type tags in I. The set does not depend on x because in/out capabil-
ities can be executed by any process. The set opens; (k) describe open-capabilities
which can be executed by a process of the type k. It consists of open-capabilities
constructible from ambient names in I and from those type tags which have the type
Cap[x] in I. The second part of opens; (k) describes names of the type Cap [x] which
might be instantiated to some executable capabilities. The set comms; (k) describes
communication actions which can be executed by a process of the type . Its first
part describes output- and the second input-actions. The auxiliary set msgs;(w)
describes all capabilities (sometimes called messages) of the type w constructible

from names in /.

EXAMPLE 16.4.4. Relevant sets for our example are as follows.

namesof;(Amb[1]) = {d, p} opens; (1) = {open d,open p, x}
namesof;(Cap[1]) = {x} opens;(Cap[1]) =0
commsz(1) = {<>, O} moves; = {in d,in p,out d,out p}

comms;(Cap[1]) = {<x>,<{in d,in p,out d,out p,open d,open p,x}*> (x)}

The bottom part of Figure 16.5 constructs the shape graph (I) and the shape
predicate (I} from I. The first part of (/) describes self-loops of x which describe
actions allowed to be executed by a process of typeof;(y). The second part of (I}
describe transitions among nodes. Any edge labeled by “a[]” always leads to the

node which corresponds to the exchange type allowed inside a.

EXAMPLE 16.4.5. The resulting shape predicate {I) = (I',R) in our example has
the root R and its shape graph I' is below. We merge edges with the same source and

é(l ”

destination into one using

ind | outd |

i in d | inp |

inp | outp | in

> |0 dil I pl] out dd | outp |

<{x,in d,in p, R 1 glﬁn : glﬁn p l
out p,out d, Y o o

open d,open p}*>
Correctness of the translation is expressed by Theorem 16.4.6. The assumptions
ensure that no v-bound name is mentioned by A or has a Cap-type assigned by an

annotation.

THEOREM 16.4.6. Let dom(A) n ntags(B) = 0 and dom(A%) = ntags(B) then

A+ B:x iff H(B):{(AuAL AT K))

THEOREM 16.4.7. {(A u A%, Al k) is an A-type without flow edges, that is, it
can be completed to an A-type by adding only flow edges. ]
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16.5 Conclusions and Further Possibilities

We embedded TMA’s typing relation in S4 (Section 16.4) and showed how to recog-
nize communication safety in S, directly (Section 16.3). The type {I) constructed
in Section 16.4 can also be used to prove the safety of B. But then, it follows from
the properties of principal types, that the safety of B can be recognized directly
from its principal A-type. Thus any process proved safe by TMA can be proved safe
by S4 on its own.

Some processes are recognized safe by S 4 but not by TMA. For example, “(x:
w).x.0 | <in a>” is not typable in TMA but it is trivially safe. Another examples
show polymorphic abilities of shape types, for example, the C'4 process

I(x,y,m) x[iny.<m>.0] | <p,a,c>.0 | alopen p.0] |
<qg,b,in a>.0 | blopen q.0]

can be proved safe by PorLyl but it constitutes a challenge for Twma-like non-
polymorphic type systems. We are not aware of other type systems for MA and its
successor that can handle this kind of polymorphism.

The expressiveness of shape types (/) from Section 16.4 can be improved. In
subsequent work [CGG99], Cardelli, Ghelli, and Gordon define a type system which
can ensure that some ambients stay immobile or that their boundaries are never
dissolved. This can be achieved easily by removing appropriate self loops of nodes.
We can also assign nodes to (groups of ) ambients instead of to exchange types. This
gives us similar possibilities as another TMA successor [CGGO00]. Moreover, we can
use shape type polymorphism to express location-dependent properties of ambients,

like that ambient a can be opened only inside ambient b.
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Chapter 17

Details of the TMA Embedding

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just

some particular part.

17.1 Faithfulness of MA Encoding in METAL

In this thesis we provide proof of Property 13.3.1 only for the case of MA. Proof
of Property 13.3.1 for the m-calculus and BA are analogous. The proof for MaA is
the most complicated because the encoding of MA processes in METAL is the less
straightforward. All important ideas of the proofs for the m-calculus and BA are
shown on the proof for MA.

We use the following names for the rewriting rules of MA from Figure 16.2 in
the left-right and top-down order: AIN, AOuT, AOPEN, ACoM, ANU, AAMB, APAR,
and ASTR. The following lemma states the relationship between METAL and TMA

substitutions.

LEMMA 17.1.1. It holds that

(B{ni— Ni,...;n = Nib) = {na = (M), e = (NeD3((B))
PROOF. By induction on the structure of B. ]

The following proposition is the left-to-right implication of Property 13.3.1 for MA.

Additionally we let C' range over M A processes AProcess in the proof.

PROPOSITION 17.1.2. Let By — By. Then there exist B}, and B} such that
By = By & (By) - (B1) & By = B,

PROOF. By induction on the derivation of By — Bi. Let it be derived by

187



Chapter 17. Details of the TMA Embedding

(AIN): Then, for somen, m, Cy, C1, and Cy we have By = nlin m.Cy | C11 | m[C4]
and By = m[n[Cy | C1 | C1. Take the instantiation P = {a — n,b
m,P — (C),Q — (C1),R — (Ci)}. Now, we know that rewrite{alin b.P |
Q] | b[R] <> bl[alP | Q] | R1} € A. Moreover it is easy to see that (Bo) =
P[alin b.P | Q1 | bIR]] and (B,) = P[b[&[P | Q1 | R1]. Take directly B, = By
and B, = By and we have (B}) <> (B}) by RREW.

(AOuT): Like case AIN.

(AOPEN): Like case AIN.

(ACom): Similarly to case AIN but with the following changes.

By = (ny:wi,...,npwp).C L <Ny, ..., Ng>
By = C{ny — Ny,...,np — Ny}
P={a Hnl,...,éank,ﬁl — ([Nl]),...,f’[k — ([Nk]),l%'—»O,éH ()}
Py =P[(ay,...,8,).Q 1 <My, ... M>P] =
= (ny,...,n).(C) | <(N1), ..., (Nk)>.0
P =PP|{a:=M,...,8,:=M2IQ =01 {n, — (Ni),...,nx — (N)}(C)
B} = By
B =015

We have (Bpy) = Py directly and (B}) = P, by Lemma 17.1.1. By TMA
structure equivalence we have By = B} and By = B),. Thus (B}) <> (B}) by
RREW.

(AAMB): Here simply use the induction hypothesis and then instantiate the rule
active{P in a[P] } in RAcT by P = {& — n} where n is the ambient name
obtained from the assumptions. Here we have to verify that n # e which is

clear because o is forbidden to be used by TMA processes.

(ANU): Again use the induction hypothesis and verify that v-bound type tag T is not
in tags(A) = {in,out,open, [1}. This is satisfied for these name are excluded

from AName. Then use RNU to prove the claim.
(APAR): Use the induction hypothesis and RPAR to prove the claim.
(ASTR): Use the induction hypothesis and RSTR to prove the claim.

The following proposition is the right-to-left implication of Property 13.3.1 for
TMA.

PROPOSITION 17.1.3. Let (By) <> Py. Then there exists some By such that (B,) =
Pl and B() - Bl-

PROOF. By induction on the derivation of (Bo) <> Py. Let it be derived by
(RREW): using the rule
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(1) rewrite{ P — Q} = rewrite{&[in b.P | Q] | B[R] — b[4[P | Q] | R] }.
We also know that there is some instantiation P with all the variables
mentioned by the rule in its range. We define x = P[a], y = P[b],
P, = P[p], P/ = P[q], P, = P[R]. Now we can deduce that (By) =
xlin y.Py | P11 y[P] and P, = ylx[Fy | P[1 | Py]. Now there have
to be B, B}, B such that (By) = P;, (By) = P, (By) = P;, and
By = xlin y.Bj | B{1 | y[By1 It holds that both x and y are in AName
because (1) P can not map a name variable to  and (2) in,out, open, []
can not appear in By. Now we just take By = y[x[B} | Bi]l | B4]1 and
thus we have (B1) = Py. Finally we proof By — By by AIN and ASTR.

(2) Proof for the other three rules (out, open, and the communication one)

is similar as case (1).

(RACT): wusing the rule active{P in a[P] }. Letx = P[a]. In this case we have that
there are some P and Q such that P <> Q. We also have that (By) = x[P]
and Py = x[Q]. Thus we see that there is some B|, such that (Bj) = P and
By = z[B)1. It also implies that x € AName. Thus we obtain (B}) <> Q and
by the induction hypothesis we have that there exists B} such that (Bi) = Q
and By — Bi. Take By = x[B1]l. We have (B1) = z[(B1)] = z[Q] = P\.
Finally By — By by AAMB.

(RNU): Thus there are x, P, and Q, such that (By) = ve.P and P, = vz.Q, and
P < Q. Here we see that x € AName and thus = ¢ fn(A). From (By) = va.P
we can conclude that there are some w and By such that By = (vn :w)B
and (B)) = P. Thus we have (B)) <> Q and by the induction hypothesis we
obtain that there exists B} such that (B}) = Q and Bj — B'. Let us take
B, = (vz:w)B]. Now (By) = va.(B}) = ve.QQ = P,. Finally By — By by
ANuv.

(RPAR): Proof is similar to case RNU.

(RSTR): The problem to deal with in this case is the difference in structural equiva-
lences of METAL and TMA, in particular, the METAO rule present which al-
lows a v-binder to skip an arbitrary action. On contrary TMA allows v-binders
to skip ambient boundaries only. For example for By = ().(va:w)in a.0 and
By = (va:w)(.in a.0 we have (By) = (B1) in METAO but not By = By in
TMA. The key observation here is that whenever in METAL some rewriting
is inferred by RSTR using METAL structural equivalence in a way that is not
allowed in TMA then the same rewriting statement can be inferred in META[L
using a derivation that uses structural equivalence only in a TMA-compatible

way. Then is a simple application of the induction hypothesis. ]
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17.2 Correctness of TMA Embedding in PoLy[]

Proposition 17.2.1 is the left-to-right implication of Theorem 16.4.6 and Proposi-
tion 17.2.2 is the right-to-left implication. The assumption of the propositions that
A(r) = A%(1) for every ¢ € dom(A) n ntags(B) follows from the assumption of
Theorem 16.4.6 that dom(A) n ftags(B) = 0.

PROPOSITION 17.2.1. Let A(r) = A% (1) for every ¢ € dom(A) n ntags(B). Then
A+ B:k implies +(B):{(Au A% AL K))

PROOF. Let A+ B: k. Let [ = (AU A% A k) and 11 = (I). Prove (B):1I by

induction on the structure of B. Let

B = 0: Clear.
B = (By | By): We know that A - By : k. We see that ntags(By) < ntags(B).

Thus the assumption of the induction step for By is satisfied. Let 1o = {(A U
A% AB K)). By the induction hypothesis we obtain \ (Bo) : Ily. Because
itags(By) < itags(B) and ntags(By) < ntags(B) we see that 11 contains all the
edges of Iy. Thus also - (Bo):I1 by weakening. Similarly we obtain \ (B1):11.
Thus the claim.

B = NI[Byl: We know that there is some k' such that A — N : Amb[x'] and
A+ By : k'. Thus it is clear that there is some n such that N =n. Let 1 = 7.
We have ntags(By) = ntags(B) and thus the assumption of the induction step
for By and k' is satisfied. Let Iy = ((A 0 A% A &')). By the induction
hypothesis we obtain - (By) : Iy. We see that Al = Al and Ay = A and
thus Iy and 11 differ only in the root nodes. Let x be the root node of Il and let
Xo be the root node of Ily. It is clear that x = nodeof;(k) and xo = nodeof;(x’).
(Note that for Iy = (AUAY, | AT k') it does not need to hold that k € types;,.)
We can see that A(a) = Amb[k'] and thus ¢ € namesof;(Amb[x']). Thus
(x 4, xo) € I'. Hence the claim —n[(Bo)] : II because —nl] : 1.

B = N.By: We see that A — N : Caplk] and A + By : k. The assumption
of the induction step for By is satisfied because ntags(By) = ntags(B). Let
Iy = (AU A% AL, k)). By the induction hypothesis we obtain — (Bo) : Il
Clearly 11 contains all the edges as Ily and thus also - (By) : 11 by weakening.
Let x = nodeof;(k) be the root node of I1. We see that x is the root of T,
as well. Let us prove the claim by induction on the structure of N. (We are
proving that & (By) : II and A+~ N : k implies - (N.By) : 11.)

N =mn: Let v = m. Then it is clear that A(t) = Cap[k]l. Thus it holds that
¢ € namesof;(Cap[k]) and ¢ € opens; (k). Now we see that I1 contains the

edge x — x and because n: 1 we see that —n.(Boy) : 1. Thus the claim.

190



Chapter 17. Details of the TMA Embedding

N =in N: We see that there is some k' such that A = N : Amb[x'] and
thus there is some n such that N = n. Let . = n. We have A(a) =
Amb [x'] and thus « € namesof;(Cap[x']) and in ¢ € moves;. Now we see
that 11 contains the edge x in, X and because in n:in ¢t we see that
—in n.(Bo) : II. Thus the claim.

N =out N: As in the case for “in N”.

N = open N: Asin the case for “in N” but here ' = k and open ¢ € opens; (k).

N = Ny.Ni: We have that A = Ny : k and A — Ny : k. By the induction
hypothesis for N1 and By we obtain that - (N1.Bo) : 1. By the induction
hypothesis for No and Ny.By (which is still structurally smaller than N)
we obtain that +— (No.(N1.Bo)) : II.  Now we see that (No.(N1.By)) =
((No.N1).Bo) = (B). Hence the claim.

B =1By: We know that A — B : Il. The assumption of the induction step is
clearly satisfied. Thus the claim follows from the induction hypothesis because
Al = A% and A = AR

B = (vn:w)By: Let v = 1. We know that there is some k' such that w = Amb[x'].
Thus A%(1) = w. Let Ag = At — w]. We know that Ao - By : k. Let ' €
dom(Ag) nntags(By). When t' # ¢ then obviously t' € dom(A) nntags(B) and
thus Ao(v') = A (). When ' = 1+ we have that Ao(V') = w = AR(V). Now
because 1" € ntags(By) we have that A (') = w by well-scopedness condition

S4. Thus the assumption of the induction step for Ay and By is satisfied.

Let Ty = ((A¢ u A%, A K)). By the induction hypothesis we obtain that
- (Bo) : ly. By the same arguments used to prove the assumption of the
induction step we can prove that Ag u A = A u A, (When 1 € dom(A)
then A(1) = A1) = w = Ng(1).) Obviously Al = A and thus 11y = II.
Thus =vn.(By) : II. Hence the claim.

B = <Ny, ..., N> Weknow that k = w1 ®- - -Quwy, and A — N; : w; forall0 < i < k.
Let us prove for any i, by the induction on the structure of N; that there is

some ji; € msgs;(w;) such that -+ (N;) : p;. Let

N; =n: Let o = n. Take p; = v. It is clear that v € namesof;(w;) and thus
t € msgs;(w;). Hence the claim.

N; =in N: It is clear that there is some n such that N = n. Let t = n.
We can see that w = Amb[k'] for some k' and A(t) = Amb[x']. Take
i =in . Thus pu; € moves;. Hence the claim.

N; = out N: As in the case for “in N”.

N; = open N: As in the case for ‘in N7 but here k' = k and pu; = open ¢ €
opens; (k).

N; = N.N'": It is cleat that w = Capl[k'] for some k'. From the induction
hypothesis we have p and p' such that = (N):p and = (N'):p’. When both
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w and i’ are message types of the form S then p = p' and thus + (N;): .
When both i and ' are type tags then we have N, N' € namesof;(w). But
we know that msgs;(w) contains exactly one message type of the shape >*
and because namesofr (w) = namesof;(Cap[x']) € opens;(r') we have that
w, i € X, Thus - (N;) : X*. A similar situation is when only one of p
and 1’ is a type tag. Then the second one is the same X% as above and

the first type tag is in Y. Thus the claim.

Now let ¢ = <pq, ..., > Let x = nodeof;(k) be the root node of II. We see
that I contains x %> x because o € alloweding(w). Thus we can prove that
=<(N1), ..., (Ng)>.0:11. Hence the claim.

B = (ny:wy,...,ng:wp).Bo: Let 1; = 7; for 0 < @ < k. Let Ay = Alny —
Wiy ooy > wi]. We know that k = w ® -+ - Qg and Ay + By : k. By the
well-scopedness condition S1 (the part that v- and input-bound type tags do not
intersect) we have for any i that v; ¢ ntags(By). Thus dom(Ag) nntags(By) =
dom(A) n ntags(B) and the assumption of the induction step is satisfied.

Let Ty = {((Ag U A%, AR, k)). By the induction hypothesis we obtain that
—(Bo) : . Let ¢ = (1q,...,1) and let x = nodeof;(k) be the root node of
I1. We can see that x is the root of Iy as well. Moreover we can see that I1
contains all the edges of Iy by weakening. Thus also + (Bo) :11. For any i we
have A% (1;) = w; and thus ¢ € allowedins (w1 ® - - - Quwy). Thus the shape graph
of I additionally contains the edge x 5 x. Thus - (ni,...,n).(Bo) : II.

Hence the claim. "

PROPOSITION 17.2.2. Let ntags(B) = dom(A%). Let A(v) = A%(c) for every v €
dom(A) n ntags(B). Then

—(B) : (A U A%, AR k)  implies A B : k.

PROOF. Let I = (AU A%, Alb k) and 11 = {I) and (T,x) = I. Thus we have
X = nodeof;(k). Let - (B) :II. Prove A + B : k by induction on the structure of
B. Let

B = 0: Clear.

B = (By | By): We know + (Bo) : 1. Let Ily = ((A v A, AR k). Now II
contains additional edges which are not present in Ily. These comes from type
tags present in B but not in By. Thus we can prove — (By) : Iy applying
strengthening for each of the above type tags not present in By. The other two
assumptions of the induction step for By are clearly satisfied. By the induction
hypothesis we obtain A +— By : k. Similarly we obtain A +— By : k. Thus the

claim.
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B = N[Byl: We have — (N [Bol):1I and thus there is some n such that n = N and
n # e (for e is not in I1). Thus (n[Bol) = nl1.(Bo). Let v =n. There are
some @ and xo such that —n[]:p, and (x 2 x0) € T', and moreover — (By) :
(T, x0). Thusp = ¢[1. Let k' = typeof;(xo). Takelly = ((AUAYL AR K)).
Now 11 and Iy differ only in the root node and Il can contain one additional
node (its root x ). But we can observe that all paths of I1 which start at xo are
also present in ly. Thus - (Bo) : Ily. The assumptions of the induction step
are satisfied because A, = A% and Aigz(g = AR, By the induction hypothesis
we obtain A - By : k'

Let us prove A + n : Amb[x']. We know that ¢ € I' and thus it holds that
¢ € namesof;(Amb [typeof;(xo)]). Because ¢ € ftags(B) it has to be the case
that A(v) = Amb[k']. Hence the claim.

B = N.By: Take N'.B{ = N.By such that N' is not a composed message, that is, it
is either n, in Ny, out Ny, or open Ny. We can see that — (N'.Bj) : I1 because
—(N.Bo) : II. We have that (N'.B}) = (N')«(Bgy) = (N').(B). Thus there
are some ¢ and xo such that — (N') : ¢, and (x % xo) € T, and moreover
= (BY) : (T, xo). 1t is clear that xo = x because ¢ is not of the shape ¢[].
Thus = (By) : 1. Take IIj; = ((A U A, A, k)). Obviously A% = Ap and
Aljgg = A} and thus 11 = II;. The other two assumptions of the induction step
for By are clearly satisfied. By the induction hypothesis we obtain A + B : k.

Now let us prove A+ N': Cap[r]. Distinguish the following cases:

N' =n: Let o« = n. We know + (N') : ¢ and thus ¢ = v. Also we know
that ¢ € allowedin;(k). It has to be the case that ¢ € opens;(k) and
v € namesof;(Cap[k]). Because 1 € ftags(B) it has to be the case that
A(t) = Cap[k]. Thus the claim A+ in n: Cap[k] holds.

N’ =in Ny: Because = (N'):¢ we can see that there has to be somen (n # e)
such that n = Ny. Let « =n. Thus it has to be ¢ = in . Also we know
that p € allowedin; (k). It has to be the case that p € moves;. Thus there
is some K' such that ¢ € namesof;(Amb [k']). Because v € ftags(B) it has
to be the case that A(t) = Amb[x']. Thus A = n : Amb[k'] and the
claim A+ in n: Cap[k] holds.

N' = out Ny: As in the case for “in N7.

N' = open Ny: As in the case for ‘in N” but here k' = k and open ¢ €
opens; (k).

otherwise: Other possibilities are not allowed by the choice of N'.

Thus we have A+ N'.B{ : k. Hence the clatim A~ N.By : k because N'.B|, =
N.By.
B =1By: Clear.
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B = (vn:w)By: Let « =n. We see 1 € ntags(B) and thus A%(1) = w. That is why
w = Amb k'] for some r'. Let Ay = Alt— w]. Let /' € dom(Ag) nntags(By).
When " # 1 then obviously 1" € dom(A) nntags(B) and thus Ao(v) = A, ().
When ' = 1 we have that Ag()') = w = A%(V). Now because ' € ntags(By) we

have that A% (') = w by well-scopedness condition S4.

We have that — (Bo) :I1. Let Iy = ((Agu A%, AR, k)). Now we can see that
Agu AL =AU AL (When v € dom(A) then A(r) = AB(L) = w = Ag(r).)
Thus Iy = II and + (Bo) : Ily. Moreover we see that ntags(By) = dom(Af )
is satisfied as well. Thus the assumptions of the induction step for Iy and A,
and By is satisfied. By the induction hypothesis we obtain that Ag + By : k.
Hence the claim because we have already shown that w = Amb[k'] for some
K.

B =<Ny,...,Ny>: Let F = <(Ny),...,(Ng)>. We see (B) = F.0. Now because

know that — F.0 : Il we have that there are ¢ and xo such that — F : ¢ and

(x & x0) € . Thus there are some i1, ..., juy, such that o = <uy,. .., >
and = (N;) : p;. Also clearly ¢ € alloweding (k) and ¢ € comms; (k). It implies
that there are some wy, ..., wy such that k = w1 Q- - wy, and p; € msgs;(w;)
for all i.

Let us prove A = Nj; : w; for all i. When p; = v for some v (we know v # o)
then = (N;) : ¢ implies that there is some n such that n = N; and « = . Now
;i € msgs;(w;) implies ¢ € namesof;(w;). We see ¢ € ftags(B) and thus it has
to be the case that A(1) = w;. Hence A + N; : w;. When p; = Xx we know
that w; = Cap[k'] for some k' and also we see that ¥ = moves; U opens;(k').
Let us prove the claim A+ Nj; : w; by the induction of the structure of N;. Let

N, =n: Let « = . We have - n : X*x and thus ¢ € 3. Thus we see t €
namesof;(Cap[x']). Now ¢ € ftags(B) implies that A(t) = Cap[x'].
Hence the claim A+ n : w;.

N; =in N': Because — (N;) : p; and p; does not contain e we know that there
is some n such that n = N'. Let « = m. Thus (M;) = in n and thus
in tX. It implies that in « € moves; and thus there is some k" such that
¢ € namesof;(Amb [k"]). Because ¢ € ftags(B) we see that it must be the
case A(t) = Amb[k"]. Hence A+ in n: Cap[x'].

N; =out N': As in the case for ‘in N'”.

N; = open N': As in the case for “in N'”7 but here K’ = k" and open 1 €
opens;(k').

N; = N'.N": By the induction hypothesis we have A + N' : Capl[k'] and
A+ N":Caplk']. Hence the claim.

Hence the claim A+ B :w; @ -+ - @ wy, holds.
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B = (ny:wi,...,ng:wy).By: We know that it holds + (B) : 11 and we have (B) =
(n1,...,n).(Bo). Thus there are some ¢ and xo such that - (nq,...,ng) @,
and (x 5 xo) € T, and — (By): (T, xo). We see xo = x. Thus - (Bo):II. Take
Ao = Ay — wy, ..., g = wi). Let Iy = {((Ag u A% AR L K)). We can see
that Iy contains all the edges of I1 but the edge (x %> xo) This is because all the
names m; from A% have just moved to Ag. Also by well-scopedness condition
S1 we know that m; ¢ dom(A) for any i. By well-scopedness condition S2 we
have that no ; ¢ itags(By) for any i and thus the above edge (x %> xo) is not
used when matching (By) against I1. Thus also + (Bo) : lly. The assumptions
of the induction step are satisfied. By the induction hypothesis we have that
Ao+ By : k. Hence the claim. ]
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Chapter 18
Shape Types for BioAmbients

We show how to instantiate PoLy to a type system for BioAmbients [RPS*04] and
how to use it for flow analysis. Moreover we compare results achieved by Pory[
with a flow analysis system for BioAmbients [NNPRO7] from the literature which
we call FABA.

18.1 BioAmbients (BA)

BioAmbients is a process calculus for modeling biomolecular systems introduced by
Regev, Panina, Silverman, Cardelli, and Shapiro [RPS*04]. Regev et al. present
BioAmbients with the choice operator to express computation options and with
replication. We work with a choice-free variant of BioAmbients with replication
which we name BA. Povryl can handle choice in a way that achieves the same
results as FABA but we omit it to simplify the presentation.

BA is similar to M A but it differs in several ways. Ambients are anonymous, that
is, are not labeled with names. It implies that capabilities can no longer use names
to refer to ambients. Thus capabilities come in require/allow pairs synchronized by
names, for example, “enter a/accept a”. Then an appropriate action is performed
when two ambients containing corresponding parts are found in a required position.
The open capability is replaced by an operation that merges two sibling ambients.
Communication is channel-based, that is, both a sender and receiver have to agree on
a channel name for communication to happen. Moreover, communication is allowed
also across some ambient boundaries, and only single names are exchanged.

Figure 18.1 gives the syntax of BA. As in the case of the m-calculus and MA,
we build processes from META[L names to ease the presentation. The capabil-
ity “enter n” instructs an ambient to enter a sibling containing a corresponding
“accept n”. The capability “exit n” instructs an ambient to exit its parent ambient
provided it allows it with the “expel n” capability. Finally, “merge+ n” instructs an

ambient to merge with a sibling containing “merge- n”. Communication is in four
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Syntax of BA:

[ € BioLabel c TypeTag
n,m € BioName = Name
d € BioDirection := local | p2c|c2p |s2s
N € BioCapability := enter n |exit n | merge+ n |
accept n | expel n | merge- n
B € BioProcess = 0|BylB; | [B]|N.B|!B|(vn)B |

dn?{m}.B | dn'{m}.B

Structural equivalence of BA:

BOEBl BOEBl BlEBg BOEBl
B=1B B, = By By = B, By | Bo =B | By
BOEBl BOEBl BOEBl BOEBl
[Byl' = [B,] N.By = N.B, |By = !By (vn)By = (vn)B;
BO = Bl BO = Bl
dn?{m}.By = d n?{m}.B; dn'{m}.By = dn'{m}.B; Blo=DB

BolBlEBllBO B(]l(BllBQ)E(BolBl)lBQ 'OEO 'BEBllB

n ¢ fIl(B(])
(vn)0 =0 (vn)([B1) = [(vn)BY By | (vn)By = (vn)(Boy | By)

(vn)(vm)B = (vm)(vn)B

Figure 18.1: Syntax and structural equivalence of BA.

directions: between processes in the same ambient (local), between processes in sib-
ling ambients (s2s), from a parent ambient to its child (p2c), and from a child to the
parent (c2p). Only a single name (not capabilities) can be sent. The output action
syntax is “d n !'{m}”’ where n is the channel name, d is the desired direction, and
m is the name being sent. The input prefix “d n ?{m}” is similar and (input-)binds
the name m.

Flow analysis must refer to ambients to track changes, so following the ap-
proach of FABA, our syntax introduces ambient labels with no influence on the
semantics. We use METAD type tags as labels and write [B]' for an ambient la-
beled [. Bound type tags and free names of a process are defined like in META[I.
The set tags(B) do not contain ambient labels. Processes are identified up to
a-conversion of bound names which preserves type tags. We set SpecialTag =
{e, enter, exit, merge+, accept, expel, merge-, local, p2c, c2p, local} in order to prevent
type tags with a special meaning to be bound. We require all processes to be well

formed according to the following definition. Well-formedness can be achieved by
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[enter n.By | B11" | [accept n.By | B3l — [[By | B11° | By | Bs1"

[ [exit n.By | By1° | expel n.B, | Bg]ll — [By | Bi1® | [B, | B31"

[merge+ n.By | B11' | [merge- n.By | B31" — [By | By | By | Byl

local 7’L7{m0}BO | local n'{ml}Bl - Bo{mo = ml} | Bl

p2c n?{mo}.By | [c2p n'{m,}.By | By) — Bo{mg — my} | [By | Byl

[c2p n?{mo}.By | B11' | p2c n'{m}.By — [Bo{mg — mq} | Bl B,

[s2s n?7{mo}.By | B11° | [s2s n!{m}.By | B3] —
[Bo{mo — my} | B1° | [By | Bsl"

By, — B, By — B, By — By
(vn)By — (vn)B, [Bo]' — [B,Y By | By — By | By

B(l) = B() B() g Bl Bl BI
B, — Bj

Figure 18.2: Rewriting relation of BA.

name renaming if necessary and it is preserved by rewriting.
DEFINITION 18.1.1. A process B is well formed iff all the following hold.

S1) ftags(B) v itags(B) is disjoint with ntags(B)
S2) for ‘dn?{m}.By” in B, m ¢ itags(Bo)

S3
S4

(S1)
(52)
(S3) type tags of names from B are distinct from ambient labels from B

(S4) B do not contain any type tags from Special Tag ]

Figure 18.1 also presents BA structural equivalence. The semantics of BA is in
Figure 18.2.

ExampLE 18.1.2. Consider the following simple BA process.

B = [enter n.accept x.0 | enter m.merge- y.0]°|

[accept n.01° | [accept m.0]°
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The following two different rewritings can be proved.

B — [[accept x.0 | enter m.merge- y.0121® | [accept m.0]¢
B — [accept n.01° | [[enter n.accept x.0 | merge- y.01°1¢

18.2 Flow Analysis of BioAmbients (FABA)

Nielson, Nielson, Priami, and Rosa [NNPRO7| designed a flow analysis system for
BioAmbients (hereafter FABA) which conservatively over-approximates the states
that a system can evolve to. The original FABA works for a version of BA with the
 (also called rec) operator instead of replication. Here we suppose only a restricted
usage of p which can be expressed by replication because METAL does not support
i at the current moment. We could emulate the p operator using additional rules as
described in Section 9.3.1 but we prefer to work with replication in order to simplify
the presentation.

The original FABA does a-conversion similarly to METALL It assigns a canonical
name to every name that is preserved by a-conversion. We identify these canonical
names with METADO type tags. Canonical names are used in canonical capabilities
and communication prefixes, which we map into PoLy form types.

FABA takes a BA process as an input and its output collects information about
possible contents of ambients in any process that the input process can evolve to. A
result of FABA analysis is a pair (S,N') where S < BioLabel x FormType, and N <
TypeTag x TypeTag. For every ambient, S collects information about possible child
ambients, capabilities, and communication prefixes contained in it. For example
(a,b[]) € S says' that the ambient (with the label) a can have a child ambient b,
while (a,enter n) € S says that an ambient with the label a can possibly contain
(and execute) the capability “enter a"” for any a. Note that members of S are built
from type tags. In order to match the syntax of action types we write “d a(b)”
instead of “d a?{b}”, and “d a<b>” instead of “d a!{b}”.

Input-bound names are handled in a special way. Capabilities built from input-
bound names are not contained in §. Instead, S contains all their actual in-
stantiations introduced by communication. For example, for the input process
“local a?{x}.enter x.0 | local a!{b}.0”, the & part of the result contains “enter b”
but not “enter x”. The set N describes possible name instantiations invoked by
communication. For example (x,b) € A says that communication can instantiate x
to b.

FABA defines the predicate (S,N) ! B meaning that B matches the structure
allowed by (S,N) inside the ambient I. The name “+” is used to refer to the top

Tn the original paper [NNPRO7] the set S contains (t,¢0) instead of (¢,:9[1). This technical
change we make allows easier formulation of our expressiveness evaluation.
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(S,N) o iff true
(S,N) ' By | By iff (S,N)E' By& (S,N)E B
(S, N) = [B1® iff S(l,1001) & (S,N) = B
(S,N)E' N.B iff (S,N)E'N&(S,N)E'B
(S,N) L dn?{m}.B iff (S,N)E'dn?{m} & (S,N)E' B
(S,N) L dnt{m}.B iff (S,N)E dn!{m} & (S,N)'B
(S,N)E''B iff (S,N)E'B
(S,N) ! (va")B if N(a,a) & (S,N)E'B

(S,N) =Elentern  iff Vi: N(m,1) = S(I,enter 1)

(S,N) =l accept n iff Vi: N(m, 1) = S(I,accept ¢)

(S,N) =l exit n iff Vi:N(m,) = S(I,exit 1)

(S,N) Elexpel n iff Vi: N (@, 1) = S(I,expel 1)

(S,N) =l merge+ n iff Vi: N (W) = S(I, merge+ 1)

(S,N) =l merge-n iff Vi: N (W) = S(I, merge- 1)

(S,N) Eldn?{m} iff Ve:N(@, ) = S(l,dc(m))

(S, N) ELdnt{m}  iff Vig, 0 N(,w) & N () = S(1,d p<er>)

Figure 18.3: FABA analysis of BA processes.

level location. (S,N) &=! BFigure 18.3 defines the relation (S, ') ! B. When an
input process B is given, this figure gives us the set of conditions on (S, ) that has
to be satisfied for (S, N') £* B to hold. For example, (S, N') =* enter a*.B holds iff
(S,N) =* B and S(enter ¢/, %) for all «/ to which ¢ can be renamed to (that is, such
that N (¢, ¢')).

Figure 18.4 specifies conditions which a FABA result has to satisfy to be closed
under rewriting. These conditions directly correspond to the BA rewriting rules. For
example for the local communication rule, S(*,local t(1)) and S(*, local t<¢1>) has
to imply N (g, ¢t1) because the rewriting can result in a corresponding renaming. The
FABA result for B is the smallest pair (S, V) such (S, N) E! B and which satisfies all
the closure conditions from Figure 18.4. FABA ensures that the structure described

by a valid result is closed under rewritings.

ExAMPLE 18.2.1. The FABA resutl for the process B from FExample 18.1.2 is as

follows.

N = { (nvn)v(m>m)v(x>x)v(YvY) }
S=1{ (%all),(a,enter n),(a,enter m), (a, accept x), (a, merge-y),
(+,b11), (b,a[1), (b, accept n), (x,c[1), (c,a[1), (c, accept m) }

18.3 Instantiation of METAL to BioAmbients

We can express BA prefixes “d n '{m}”’ and “d n7{m}” as 3-length METAO forms

“d n<m>" and “d n(m)” respectively. Ambient labels can be translated using an

200




Chapter 18. Shape Types for BioAmbients

Vil 1o, S(ly,enter 1) & S(I,1,[1) & S(la,accept 1) & S(1,15[1)
= S(lg,ll)

Vl, ll,ZQ, L: S(lg,eXit L) & S(ll, 12 []) & S(expel L, ll) & S(l,ll [])
= 8([,[2)

Vil o0 S(ly, merge+ 1) & S(I,1, [1) & S(la, merge- 1) & S(1,15[])
= (Vo : S(ly, 0) = S(h,9))

Vi, 00,01 S(local t(19),1) & S(local t<11>,1)
= N (1o, 1)

Vi, g, t, Lo, L1 S(l,p2c 1<11>) & S(1,1p[1) & S(lo, 2p ¢ (uy))
= N(L(),Ll)

\V/l, lo, Ly Lo, L - S(l, p2C L(LQ)) & S(l, l() []) & S(lo, C2p L<L1>)
= N(L(),Ll)

Vi o, Uy, Lyt 0 S(lo,s2s t(e9)) & S(1, 10 []) & S(l4,52s 1<1>) & S(1, 1 [)
= N (1o, 1)

Figure 18.4: Closure conditions valid for FABA results.

ambient syntactic sugar as in MA, that is “[0]"” as “I'[0]”. Then the syntax of Ba
matches the syntax of METALL
Recall that

SpecialTag = {e, enter, exit, merge+, accept, expel, merge-, local, p2c, c2p, local}.
The set B of METAU rewriting rules looks as follows.

B ={ active{P in a[P] },
rewrite{ a[enter 1.P | Q] | blaccept R | S1 —blalP | Q] [R|S]3,
rewrite{b[alexit .P | Q] | expel AR | 81 —a[P | Q] | bR |81},
rewrite{ a[merge+ n.P | Q1 | blmerge- a.R | S] > a[P | QIR |S]},
rewrite{ local i(x).P | local A<M>.Q <> {x:=M}P | Q},
rewrite{ p2c a.(x) P | a[c2p n<M>.Q | R] < {&:=M}P | a[Q | R] },
rewrite{ a[c2p 1 (x).P | Q] | p2c A<M>R — a[{x:=M}P | Q] | R},
rewrite{a[s2s 1 (x).P | Q] |b[s2s A<M>.R | S] < a[{x:=M}P | Q] | b[RIS] } }

The following set B instantiates METALl to BA and PoLyl to BA’s type system
Sg.

ExampLE 18.3.1. PoryU principal type llg for a METAO equivalent of B from
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(local) = local ~ (p2c) = p2c (0) = 0

(c2p) = c2p (s2s) = s2s (Bo | Bi) = (Bo) | (B1)
([B1) = 1'[(B)]

(N.B) - (N).(B)

(d n?{m3}).B = (d) n(m).(B)
(d n'{m}).B = (d) n<m>.(B)
('B) = (B)

((vn)B) = vn.(B)

(enter n) = enter n
(accept n) = accept n
(exit n) = exit n

(expel n) = expel n
(merge+ n) = merge+ n
(merge- n) = merge- n

Figure 18.5: Encoding of BA processes in METAL

Example18.1.2 looks as follows.

accept x
7 accept x ¢

merge-—
{ merge- y

Contents of ambients can be easily read from it. It also shows PorLyU’s spatial
polymorphism in action: ambient a can execute “accept x” only when contained

inside ambient b, and similarly for “merge-y” and c. =

18.4 PoLyll Types and FABA Results

Using the notation from Section 13.1 we have that C'is BA, S¢ is FABA, predicates
p are triples (S, N, 1), and S¢’s relation > B:p is (S,N) &' B. Moreover, B, Cg,
and Sz were discussed in Section 18.3. This section shows that PoLy[d can provide
the same information as FABA and can do better. The encoding (-) of BA processes

in METAL is presented in Figure 18.5. Property 13.3.1 holds.

18.4.1 FABA Result from Shape Type

Information provided by FABA results are contained in PoLyl principal types as
well. For example when the shape graph contains “yq bl X1 4l X2~ then it
means that ambient [y can possibly contain ambient /;. The above two edges can be
possibly separated by other edges. We use the following two predicates to extract

relevant information from a shape predicate I = (I, ;). A form type ¢ is said to be
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under the root of II, written inrootr (), when I' contains the path {x, = xo - - - %>
X1 > Xk} of edges starting at the root x, where no ; has the shape “I/[1”. The
condition on the shape of ¢;’s expresses that ¢ is not inside any ambient. Similarly,
the predicate inamby ([, ¢) holds when ¢ is contained directly inside the ambient
[ in . That is, when I' contains the path {y 1, Xo 25 X1 S Xk D Xkst)
starting this time at any node and where no ¢; can have the shape “l; [1”7. We write
inambry (%, ¢) for inrooty ().

The following predicate is used to recognize non-instantiated capabilities, that
is, those that contain type tags which are bound in some other action types of the
shape graph. Let itags(I") be the set of all type tags which appear as one of i;’s
in some (t1,...,¢) in I'. Write instanty(p) when ¢ labels some edge in the shape
graph I' of II and ftags(y) n itags(I') = (). Then a FaBA-like result is constructed

from a shape predicate I1 = (I, x) as follows.

Sn = {(l, ¢): inambp(l, ¢) & instanty(e)}

N = {(¢,!): (X0~-{-%~--H-)-~L---->X1) e} U {(1,0):3p.e € (frags(p)\BioLabel) & instanty(¢)}
The set Nf is constructed from PoLy[] flow-edges. Theorem 18.4.1 describes the
relation between native FABA results and those constructed from Poryll: Pory[
principal types contain the information provided by FABA. When (I, ) is in S but
not in Syp, then subject reduction of POLyU ensures the situation predicted by FABA

can never happen, in which case PorLyl is more precise.

THEOREM 18.4.1. Let (S,N) be the result of FABA analysis for B Let 11 be a
PovryO restricted principal B-type of (B)). The following holds.

SicS & NH N & (SH,NH) =* B

EXAMPLE 18.4.2. The sets Sy and N1 constructed for process B (Example 18.1.2)
from the shape type Nl (Example 18.8.1) gives exactly the same result as FABA
(Example 18.2.1) because of the simplicity of our example. However, Example 18.5.1
shows how PoLYU can express more detailed information not contained in FABA

results. o

18.4.2 Shape Type from FABA Result

This section shows how to construct a POLyl shape type which exactly correspond
to a given FABA result. To be able to do this we need an upper bound on input-
bound names allowed in the examined process. The reasons for this limitation were
discussed in Section 13.4.

We do not need to be able to construct a shape predicate for every possible FABA
predicate but only for those which are valid FABA results. We could require this
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Sets of labels and nodes; bejections between them:
labelss = dom(S) U (rng(S) n BioLabel) U {*}
nodesg = arbitrary but fixed nodes set of the same size as labelsg
nodeofg = laubelofg1 ... bijections from labelss into nodess and reversely

Sets of form types describing legal actions:
activecaps s (1) = {d 1<to>: S(I,d '<1p>) & N(1,1') & N (2o, 1) }o
H — o S, ) & 1 € frags(p) & N (1, V') & ¢ ¢ labelss}
inertcaps . 7y = {d t(19) : d € BioDirection & ¢+ € Z\dom(N) & 1o € Z}u
{d 1<19>,d 1<1p>: d € BioDirection & ¢ € Z\dom(N) & tg € Z U dom(N)}u
{enter ¢, accept ¢, exit ¢, expel ¢, merge+ ¢, merge- ¢: ¢t € Z\dom(N)}

allowedins x,z)(l) = activecaps s yr(l) U inertcaps y z)

Construction of a shape graph:

Tsnz = {nodeofs(l) 2 nodeofs(lo): (I,1o[1) € S & I, Iy € labelsg}u
{x © x: x € nodess & ¢ € allowedin(s xz)(labelofs(x))}

Figure 18.6: Construction of a shape graph corresponding to a FABA result.

directly but it useful to explicitly state a specific condition on a FABA result. This
condition is required for our construction to be correct and it is satisfied for all valid
FABA results. The condition on (S, N) is as follows.

DEFINITION 18.4.3. We say that (S,N) is closed when all of the following hold

for an arbitrary 1, 1,0, vy, 1, d.

(1) N(1,0') & S(l,enter /) = (Vi": N(¢,0") = S(l,enter ("))
(2)-(6) as case (1) but for accept, ..., merge-
(7) N(0,/) & S(I,d v (1p)) = (V" N(1,0") = S(l,d " (1g)))
(8) N(i,0) & N (1o, 14) & S(1,d /<i(>) =
(V" 05 N (e, ") & N (o, 1) — S(1,d "<ef>)) .

The condition above has eight parts, one for each possible action prefix. It reflects
how input-bound names are handled in FABA. Let us describe the case for enter. It
says that when an ambient labeled by [ can contain “enter /7 and some ¢ can be
instantiated to ¢/ by communication then [ can also contain all other instantiations
of “enter ¢”. Other cases are similar. Note that when (S, N) is a valid FABA result
for B than the following two claims hold. (1) When ¢ € ftags(B) u ntags(B) then
N (¢, 1), and for any ¢’ such that N(¢,¢') it holds ¢ = ¢. (2) When ¢ € itags(B) then
v ¢ rng(N).

The construction of a shape type which correspond to a FABA predicate (S, N)
is presented in Figure 18.6. The set labelss is the set of labels contained in §. The
set nodesg is a set of nodes with the same number of members like labelss. Two mu-

tually inverse bijections on these two sets are introduced. The set activecaps s an (1)
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describes all action prefixes allowed in an ambient labeled by [. Note that we have to
construct also original prefixes from their instantiations. As already noted, the con-
struction requires an upper bound on input-bound names allowed in a BA process.
This is given by the set of type tags Z. The set inertcaps ) describes all ac-
tion prefixes constructed from those input-bound tags which are never instantiated
by communication to any actual value, that is, from communication inert input-
bound type tags. Such actions are not contained in FABA results but a shape type
needs to describe them. For example, for the FABA result & = {(*,s2s a(b))} and
N = {(a,a)} it holds that (S, N') =* s2s a?{b}.enter b.0. But note that “enter b” is
not contained in §. In fact an arbitrary number of actions constructed from b can
be present under “s2s a?{b}” and the process is still correctly described by (S, N)
(as long as b ¢ dom(N)). The list of inert actions is added to activecapss (/)
to form the set allowedingy s z)(l). The shape graph I'(s »z) connects the nodes
from nodesg accordingly to the ambient hierarchy described by §. Finally the ac-
tion types from allowediny s z)(l) are added as labels of loops of the node which

correspond to [.

EXAMPLE 18.4.4. Let us demonstrate the construction on the process B from Fux-
ample 18.1.2 and the FABA result for B from Example 18.2.1. We have labelss =
{x,a,b,c}. Let us take nodess = {R,A,B,C} and nodeofs such that nodeofs(*) = R,
nodeofgs(a) = A, nodeofs(b) = B, and nodeofs(c) = C. The situation with input-
bound names is simple because we know that itags(B) = () and thus we can take
Z = ). Thus inertcaps . z) = (). We have that

activecaps s p(*) =

activecaps s a)(a) = { nter n,accept x, enter m, merge- m}

activecaps s ) (b) = {merge- n}
(c) =

activecaps s ar)(c) = {accept m}

The shape graph looks as follows.

o Y
(]

accept nCB a c:>accept m
% ARG
@

enter n | accept x | enter m | merge- m

((l ”

Labels of multiple loop edges of node A are merged together by . We can see
that this graph is slightly less precise that the graph of the principal type presented

n Erample 18.53.1. O
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The correctness of the construction is expressed by the following theorem. The
root node of a constructed shape graph is of course the node nodeofs(*). We see
that the theorem allows us to exactly emulate FABA relation (S,N) =* B.

THEOREM 18.4.5. Let (S,N) be closed. Let itags(B) < Z and Vi € ftags(B) u
ntags(B) it holds that N'(v,.). Then the following holds.

(S,N)E*"B iff —(B):(I'sn.z),nodeofs(x))

18.5 Conclusions and Further Discussions

We showed how to use Poryl for flow analysis of BA. Theorem 18.4.1 says that
Poryl provides at least the same precision of information as a flow analysis system
FABA from the literature. We showed how to exactly emulate the FABA’s relation
(S,N) &* B in Pory which is important because the relation can potentially be
used by some application of FABA.

The original FABA works with a version of BA containing the choice operator
(“+7) used to express computation options and with the u (rec) operator to express
recursive behavior. These are not currently supported as builtin operators in METAU
and Poryl but Section 9.3.2 and Section 9.3.1 shows how they can be emulated.
Whit this emulations we could extend both embeddings to work with the full FABA
and we would achieve the same results as for the restricted FABA. However, the

main idea would be the same as in the embeddings in this chapter.
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Chapter 19

Details on the FABA Embedding

This chapter contains technical details related to the previous chapter. It can be
skipped for the first reading and looked up later, either the whole chapter or just
some particular part.

In all the proofs in this section we consider BioDirection < TypeTag. At
first we prove Theorem 18.4.1. The following definition defines a binary relation
nodeundery ([, x) which is similar to inambr(Z, ¢) but its second argument is y rather
that a label.

DEFINITION 19.0.1. For x, ¢, and the shape predicate 11 = (', ') write

(1) nodeundery(x, x) when {x' 2% --- 2 x} < T and no @; contains []

(2) nodeunderr (¢, x) when {(xo oy By X)} € I' and no ¢; contains [1=

THEOREM (PROOF OF THEOREM 18.4.1). Let (S,/N) be the result of FABA anal-
ysis for B. Let I1 be a PoLyO restricted principal B-type of (B). The following
holds.

SncS & NpecN & (Su,Nn) =" B

PROOF. We suppose that the principal restricted B-type 11 of (B) was computed
using the type inference algorithm from Chapter 11. Let us take the derivation I,
.., Uy of I, that is, the following sequence with 11, = II.

IIp = RestrictGraph(ProcessShape(P))
II;1; = RestrictGraph(FlowClosureStep(LocalClosureStep(Il;, B)))

This derivation is also used in the proof of Theorem 12.10.3 and other proofs in

Chapter 12. It is not hard to prove the following by the induction on 1.

(1) inambryy, (¢, ) implies (1, ) € S

(2) (xo fezdl, x1) € T'; implies (1,/') e N
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(3) for alli, /' such that nodeunderyy, (¢, Xo) and nodeunderyy, (¢, x1) and such that
there is the flow edge x> x1) in I; it holds that

Vo:(t,0)eS = (/,6p) €8S

Items (1) and (2) when applied to 11 prove the claim. Item (3) is designed to prove

the induction step. .

The following is the left-to-right implication of Theorem 18.4.5. The assumption
ftags(B)untags(B) < dom(N)u Z is clearly satisfied because ftags(B)untags(B) <
dom(N). Also * € labelss by the definition.

PROPOSITION 19.0.2. Let

(1) itags(B) < Z
(2) ftags(B) u ntags(B) < dom(N) U Z
(3) 1 € labelsgs

Then (S,N) =" B implies + (B) : (I'(s.v,z), nodeofs(1)).

PROOF. Let I' = I'(s n,2), and x = nodeofs(l), and Il = (I, x). Let us prove the
claim +— (B) : I by induction on the structure of B. Let

B = 0: Clear.

B = By | B;: From (S,N) &' B it follows that (S,N') &' By and (S,N) &' B.
The assumptions of the induction step are clearly satisfied for both By and By .
Thus by the induction hypothesis we have that - (Bo) : 11 and - (By):11. Thus
the claim.

B = [Byl°: From (S,N) &' B it follows that S(I,1,[1) and (S,N) £* By. Thus
we see that the assumptions of the induction step for By and ly are clearly
satisfied. Let xo = nodeofs(ly). Thus by the induction hypothesis we have that
—(B):(I", xo0). From the construction of I'is a7y it follows that (x LB, o) el
and thus the claim because (B)) = Iy [(Bo)].

B = N.By: Suppose, for ezample, N = enter n. The proof for other capabilities
(communication actions are handled separately) is analogous. Let « = 7. Fur-
thermore let F' = enter n and ¢ = enter . We see that (B) = F.(Boy) and
—F:p. Now (S,N) &' B implies (S,N') &' By. The assumptions of the
induction step for By are clearly satisfied. Thus by the induction hypothesis
we have - (By) : 11

To prove the claim it is enough to prove that ¢ € allowedins nr,z)(l). From (2)
we know that either 1 € dom(N') or v € Z. Suppose
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v € dom(N): Then we have some (' such that N'(v,1"). It follows from (S,N') E!
enter n that S(I,enter /). It is easy to see that ¢ = {1/ — 1}(enter /) €
allowedins ar,z)(l). Thus the claim.

v€ Z\dom(N): Then we have that p € inertcaps . 7). Thus the claim.

B = By: Simply apply the induction hypothesis.

B = (vn)By: Now (S,N) ! B implies (S,N) E' By. The assumption of the in-
duction step for By are clearly satisfied. Thus by the induction hypothesis we
have - (Bo) : 11 and thus the claim because (B) = vn.(By).

B =dn?{m}.By: Let . =7 and 1y = m. Furthermore let F' = d n(m) and p =
d 1(19). We see that (B) = F.(By) and —F : ¢. From (S,N) ' B we have
that (S,N') ! By. The assumptions of the induction step for By are satisfied
(number (8) because 1y € Z follows from vy € itags(B) and (1)). Thus by the
induction hypothesis we have that — By : I1.

To prove the claim it is enough to prove that ¢ € allowedins nr,z)(l). From (2)
we know that either 1 € dom(N') or v € Z. Suppose

v € dom(N): Then we have some i such that N'(v,1'). It follows from (S, N) E!
d n?{m} that S(I,d o' (1y)). We see that ¢ = {i/ —1}(d /(1)) €
allowedins ar,z)(1). Thus the claim.

v€ Z\dom(N): Then we have that ¢ € inertcaps . 7. Thus the claim.

B =dn!'{m}.By: Let . =n and 1o = m. Furthermore let F = d n<m> and ¢ =
d 1<1p>. We see that (B) = F.(Bo) and +F : . From (S,N) E! B we have
that (S,N) ! By. The assumptions of the induction step for By are satisfied.
Thus by the induction hypothesis we have that — By : I1.

To prove the claim it is enough to prove that ¢ € allowedins . z)(l). From (2)
we know that either . € dom(N) or « € Z and the same for 1y. Suppose

€ dom(N) & 1y € dom(N): Then we have ' and ¢y such that N(i,t') and
N (to,1p). It follows from (S,N) &' d n?{m3} that S(I,d /'<i},>). But now
it is easy to see that ¢ € allowedings nr,z)(l). Thus the claim.

v€ Z\dom(N) v g € Z\dom(N): Then we have that ¢ € inertcaps y z). Thus

the claim. n

The following is the right-to-left implication of Theorem 18.4.5.
PROPOSITION 19.0.3. Let
(1) (S,N) be closed

(2) itags(B) < Z
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(3) ftags(B) u ntags(B) < dom(N) U Z
(4) Vi€ ntags(B): N(¢,1)
(5) 1 € labelsgs

Then + (B) : (L (s.n,2), nodeofs (1)) implies (S,N') = B.

PROOF. Let I' = I'(s n,z), and x = nodeofs(l), and Il = (I, x). Let us prove the
claim (S,N') &' B by induction on the structure of B. Let

B = 0: Clear.
B = By | By: It is easy to see that - (Byg) : 11 and + (B1) : II. The assumptions of

the induction step are clearly satisfies. Thus the claim follows directly from

the induction hypothesis.

B = [Byl": We know that ([By1®) = lo[(Bo)] and + lo[(Bo)] : (I, x). Thus
S(1,1y[1) andly € labelss. Let xo = nodeofs(ly). Thus we have - (Bo):(T', xo)-
The assumptions of the induction step for By and ly are clearly satisfied. Thus
by the induction hypothesis we have that (S,N') £ By which together with
S(l,lo[1) proves the claim.

B = N.By: Suppose, for ezample, N = enter n. The proof for other capabilities
(communication actions are handled separately) is analogous. Let 1 = 7.
We know  enter n.(By) : Il and thus there is some ¢ such that — enter n :
@. From the construction of I'snrz) it follows that ¢ = enter t, and ¢ €
allowedings ar,z)(1), and also - (Bo) : II. The assumptions of the induction
step for By are clearly satisfied. Thus by the induction hypothesis we have that

(S,N) ! By.

To prove the claim it is enough to prove the goal (S,N) ' enter 1, that is,
V' N(,t') = S(l,enter /). The goal holds trivially when there is no (' such
that N'(1,1'). So, let i be such that N'(v,t'). This means that 1 € dom(N') and
thus ¢ ¢ inertcaps y z). Hence we know that ¢ € activecaps s an(1). Thus there
are some g, Lo, and vy such that S(1, o), and N (wo, ), and i}y € ftags(vo),
and also {1y — to}po = @ = enter . It is clear that ¢o = enter ¢, and 1y = t.
We have S(l,enter 1) and N(i,t)). Thus the goal follows from assumption
(1) by point (1) of Definition 18.4.5.
B =1By: Simply apply the induction hypothesis.

B = (vn)By: Let © = mn. We have (B) = vn.(By). Thus it is clear that it holds
—(Bo) : 1. The assumptions of the induction step for By are clearly satisfied.
Thus by the induction hypothesis we have that (S,N) ! By. To proof the
claim it is enough to prove that N (v, 1) which holds by assumption (4).

B =dn?{m}.By: Let . =7 and 1y = m. We know +d n(m).(Bo) : I and thus

there is some ¢ such that = d n(m) : ¢. From the construction of I's n z)
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it follows that ¢ = d (1), and ¢ € allowedin nr z)(l), and also -~ (By) : II.
The assumptions of the induction step for By are clearly satisfied. Thus by the
induction hypothesis we have that (S,N') ' By.

To prove the claim it is enough to prove the goal (S,N) E! d 1(1), that is,
V' N(i,) = S(I,d V' (up)). The goal holds trivially when there is no ¢’ such
that N'(¢,0'). So, let /' be such that N(¢,t'). This means that € dom(N)
and thus ¢ ¢ inertcaps s 7). Hence we know that ¢ € activecaps g a(l). Thus
there are some @y, L1, and i} such that S(1, po) and N (11, 1)) and ¢} € ftags(po)
and also m(cpo) = =d (). Itis clear that py = d | (L) and v, = ¢.
We have S(I,d ¢} (t9)) and N(t,t}). Thus the goal follows from assumption
(1) by point (7) of Definition 18.4.3.

B =dn'{m}.By: Let . =7 and 1y = m. We know + d n<m>.(Bo) : I and thus
there is some ¢ such that = d n<m>: . From the construction of s z)
it follows that ¢ = d 1<1y>, and ¢ € allowedings y,z)(1), and also -~ (Bo) : 11
The assumptions of the induction step for By are clearly satisfied. Thus by the
induction hypothesis we have that (S, N') ' By.

To prove the claim it is enough to prove the goal (S,N) ' d 1<i>, that
is, Vi iy 0 N, ) & N(w,uy) = S(I,d J/<uy>). The goal holds trivially
when there is no ' such that N (t,") or there is no vy such that N (i, ().
So, let ' and iy be such that N(¢,') and N(w,t). This means that v €
dom(N) and 1y € dom(N), and thus ¢ ¢ inertcaps y 5. Hence we know that
¢ € activecaps s n(l). Thus there are some (" and 1y such that N (v, ") and
N (e, 18) and S(I,d "<uy>). Thus the goal follows from assumption (1) by
point (8) of Definition 18.4.5. .
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Chapter 20
Conclusions

This chapter concludes the three parts of the thesis. Contributions of the thesis
were already discussed in Section 1.8.

In Part I we have presented the Poryl system which fixes and extends the
previous work of Makholm and Wells [MWO05, MW04a]. These fixes and extensions
were summarized in Section 9.2. Additional possible extensions and future work
topics related to PoLy[] were discussed in Section 9.3.

Part II presents a type inference algorithm and a constructive proof of the exis-
tence of principal typings. These results are published for a first time in this thesis.
Future work related to the type inference algorithm and the proof of principal typ-
ings is closely related to extensions of POLY[] because the algorithm and the proof
have to reflect these extensions. The type inference algorithm presented in Part II
is not compositional. To develop a compositional type inference algorithm, which is
important because of effectiveness and modularity, is left for the future research.

In Part III, we have demonstrated usage of shape types and we have evaluated
their expressiveness. We have presented embeddings of three systems from the
literature which were concluded separately in sections 14.5, 16.5, 18.5. As a future
work, we would like to (1) relate shape types with other systems which also use
graphs to represent types [Yos96, K6n99|, and (2) to study the relationship between
shape types and session types [Hon93].
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