SVD - Singular Value Decomposition
Tomas Pajdla

pajdla@cvut.cz

pajdla@cvut.cz



Linear mapping

A:R?2 - R2 ... a linear mapping

fi = 0:0.01:2%p1i;
x = [cos(fi); sin(fi)]; T

A = randn(2,2);

y - A*X; 0.5+
>> A

0k
A =

0.5+

0.7942 -0.4284
1.2336 0.2478
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Observation: a linear mapping maps circles to ellipses or to line
segments
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Ellipse is a squashed circle

0.5

0.5+

AsetYisanellipse < Y is a conic and VZ on an unit circle
4X > 0 such that A\ ison Y
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Theorem: A regular linear mapping maps circles to ellipses

Proof:
A:R" — R? ... a regular linear mapping
x'x = 1 X Oon a unit “circle”
y = AX x IS mapped to y
l=x'x = (A_ly)T(A_1Y)
1 = y'a "a by .. a conic

Let us show that the above conic is an ellipse.

Take z on the unitcircle. Thenz' (A~"A 1)z = (a"12)"(a~12) =
|A=1z||? > 0 since ||z|| = 1 and for a regular A, A" lx =0=x=0.

.
Therefore ||A~1z|| >0and —%2 solves1 = %2 (A~ Tp~1) %
|| || ||A_1Z|| ||A_1Z||( )HA—lZH

pajdla@cvut.cz



S V D — Singular Value Decomposition

For every matrix A € R™*" exist matrices
Uec RMXm p e RMXM y e R "™ such that
Ulu=TIandVviv=1

D =diag(lo11,.--,0nnl), 011> ... > onn >0

A=UDV'
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S V D — interpretation for regular 2 x 2 matrices

vi(=v") D v uy—1
X/B — XB’ — Zﬁ’ — Zﬁ — yﬁ
change of basis "squashing” change of basis rotation
along
coordinate axes
A=vupvl = (@v1H v p v
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S V D — interpretation in general

A=UDV'

oy
— | v P\

A=vupvl = (@wv1H v p v
v—1| 0 Vv 0 \JK v—1| 0
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SV D — Low rank approximation

Let A"X™ be a real matrix of rank r.

We are looking for a real matrix AZLX” of rank k < r that best
approximates A in the sense that the largest difference between
the matrices understood as linear mappings is minimized, i.e.

A; = arg min max Avy—B = arg min A—B
k L_gmin o max [Ay-By]| __min||A-B]
rankB = k lyl]| =1 rankB = k Srm

Interestingly, it is easy to find matrix A, using SVD of A.
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SV D — Low rank approximation

Theorem:

Let A = UDV' be the singular value decomposition or a real
matrix A™*"  Then,

A, = arg min |A — B]|
B ERan
rankB = k

IS obtained as

A, =UD, V'

where

A=1UDV', D=diag([o11,...,0nn])

D = diag([all, ce s ,akk,0,0, .. ])
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SV D — Proof of the low rank approximation

Lemma: R™*™ and R'R =1, then |[RA|| = ||A]
Proof:
1
IRAl = max |RAx[|= max (x'A'R'RAX)2
x € R” x € R”
]| =1 x| =1
1
=  max (x'A'Ax)2 =[]
x € R”
]| =1
Lemma: R”*™ and R'R = I, then ||AR|| = ||A||
Proof:
[AR[| = max [[ARx||= max [Ay|| = [A]
x € R yeR
[x]| =1 Iyl =1

since {y |y =Rx, x € R", [|x| = 1} = {x|x € R", |}x| = 1}
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SV D — Proof of the low rank approximation

Lemma: [[A — Agl| = op41 k41

Proof:
[A—Akl] = |Ju®—De)V'| = |ID— Dy
= En]?%%x ((o11 — 0'11)233% + ...+ (okk — O'k:k:)Qxi + 0'13+1’k_|_137%_|_1 + .. )%
X
x[] =1
= max  (0xf+ ...+ 0af + 0f 1 4 1%y + ...+ 0220)
x € R”
[x[] =1
< Enl’é"%x Ortiptr (@14 .. Faxp i1+ F20)7 = Opg1pt1
X
x[] =1
Since ||(D — D)V 'vit1xt1]] = ortr1xtr1 We conclude that ||A — Al =
Ok+1,k+1
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SV D — Proof of the low rank approximation

Proof of the theorem: By contradiction. If £k = n, then A, = A.
Assume that there is a matrix B with rank B = k < rank A such

that ||A —B|| < [[A — Ail| = op41 k+1-

The null space N of B has dimension n—k > 0O, and thus there
is x € N such that ||x|| = 1. For every x € N, Bx = 0. Take
x € N such that ||x|]| = 1.

assumption

Then  [lax|| = [|(A —B) x| </[l(A = B)| ™€ o4y 1 ppa
VxeR": [A-Bl|=_max [|[(A-B)y| > |(A—B)x]
yeR, [ly[|=1
For every x € M = span(vy,...,Vg41), such that ||x|| =1
V—1|_ xeM V—lr kt1
[Ax| =D | : | x| = I =D [ | > avill =

Vq—’z,'_ X =) iy GiVi Vq—q,r =1
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SV D — Proof of the low rank approximation

(01 )

ID [ag+1] |l
0]

L

2 2 2 2 \i
(01101 + -« + Ohg1 k4+1%0+1)2

2 2 2 2 \i
(Oit1k+101 + -+ 0h41 k+19%41)2

Vv

1
= opt1hr1(af+ .. Fafi1)2 = opt1p41
1
since 1 = [|x|| = (af + ... +af )2
M NN # {0}, since dim M = k+ 1, dim N = n — k and
k+1+n—k=n-+1>n, and therefore there is a unit vector

x € M NN such that ||AX|| < Ok+41,k+1 and ||AX|| > Ok+1,k+1
which is absurd. Therefore, there is no such B.
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SV D — Low rank approximation in Frobenius norm

Let A""X" be a real matrix of rank r.

We are looking for a real matrix AZLX'"’ of rank k£ < r that best
approximates A in the sense that the largest difference between
the matrices understood as vectors from R™" js minimized, i.e.

1=MmM,]=n
: : 2
A, = arg min A—Bl|lr = arg min ) A; i—B; .
k B € R™MXxn ” ||F B € Rmxn P21 ( 2¥] 7/7])
rankB =k rankB = k ’

Again, it is easy to find matrix A; using SVD of A.
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SV D — Low rank approximation in Frobenius norm

T heorem:

Let A = UDV' be the singular value decomposition or a real

matrix A™*"_  Then,

A;. = arg min
B E Rmxn
rankB = k

IS obtained as

A, =UD, V'

where

A=UDV', D=diag([o11,-..,0nn])

D, = diag([all, e ,akk,0,0, .. ])

|1A=BllF
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SV D — Low rank approximation in Frobenius norm
Lemma: (U'U=1I) = (||UA||r = ||Al|r)

Proof:
|UA[lr = trace((UA)'(UA)) = trace(A'U'UA) = trace(A'A) = ||A||F

Lemma: (VVI =1)= (|AV' ||z = ||Al|F)

Proof:
1AV ||F = trace((AV)(AV)") = trace(AV'VA") = trace(AA") = ||Al|r

2
1,1

Lemma: ||A—Axllp =20 pyq0

Proof:

N
A= Allr = JUO =DV ||lp =D —Dillr = 01421+ Tisonio+ -+ omn
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SV D — Low rank approximation in Frobenius norm

LLet us make first make quite a general observation:

A, = arg min |A—B||r=arg_ _ _min lUDV' —TDV'||p
B € R™*™ U,D,V
rankB =k rankD = k
u'o=1
vV =1
= arg_ _ _min |U'TDV' v —D||r=arg__ min |IT'DV —D||p
u,D,V U,D,V
rankD = k rankD = k
UT[—]: I ﬁTﬁ: I
va:I VVT:I

And then see the proof for m=n=2and k=1
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SV D — Low rank approximation in Frobenius norm

Proof form=n=2and k=1

w11 wiz| |8 O |vi1 wv21| |o11 O _
‘u21 u22| |0 O] |vi2 w22 O o022,
svituil Sv2ruil| (o110
_S V11 U221 SU21 U221 0 022 F

Uil 011 Ui1 0]
S V11 1o + ||sv21 -

u21 I U21 022 F

F

U1l 011 U1 0
¢ {“21] N { O ] F + Hb L”Ql] N {022]
2 2

(011 U21)2 + (o022 U11)2 > 052 ’U/%1 + 032 U1 — 032 (U%1 + U%1) — 02
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