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Abstract—In computer vision, large scale Structure from
Motion pipelines do not often evaluate the quality of the
reconstruction by error propagation from measurements to
the estimated parameters. It is a numerically sensitive and
computationally challenging process, which is not easy to
implement in practice for large scenes. We present a new algo-
rithm that increases the numerical precision of the uncertainty
propagation. It works with millions of feature points, thousands
of cameras and millions of 3D points on a single computer.
We provide an experimental comparison of our approach, as
well as of previous approaches, on accurate ground truth and
demonstrate that our algorithm is practical.
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I. INTRODUCTION

Recent work in Structure from Motion (SfM) has demon-
strated a possibility of reconstructing geometry from large
photo collections [2], [I15]. Efficient non-linear refine-
ment [4], [32] of camera and point parameters was developed
to produce optimal reconstructions. However, practical com-
putation of uncertainty [1 1] is mostly missing in the state of
the art pipelines [27], [29], [31] because current algorithms
for uncertainty propagation have cubic time and quadratic
memory complexity.

If the uncertainty evaluation was fast enough, and with
reasonable memory requirements, it could be used for filter-
ing the most unconstrained cameras and 3D points before
Bundle Adjustment which usually runs in each step of the
StM. That would make reconstruction pipelines faster and
more robust. In addition, it would allow checking the un-
certainty of added cameras and prevent wrong extensions of
existing partial reconstructions, more sophisticated smooth-
ing of reconstructed surfaces in dense reconstructions [19],
[28], and better selection of the first reconstruction pair in
sequential SfM.

Most often, the backward propagation of uncertainty is
used [14]. It transports the covariance matrices of measure-
ments to the covariance matrices of the parameters. The
transport requires evaluating the Jacobian of the projection
function, which projects the reconstruction parameters (i.e.
camera rotation, position, focal length, radial distortion and
points in 3D) to the measurements (observations) in images.

The projection function is often simplified by replacing it
by its first order approximation, and the covariance matrices

of the estimated parameters are then computed by inverting
its information matrix [24]. Camera rotation angles and
radial distortion parameters are usually much smaller than
the coordinates of 3D points and also have much larger
impact on the objective function, which is usually the sum
of squared differences between the projected parameters and
the measurements (reprojection errors) [14]. Therefore, the
Jacobian of the objective function contains a wide range
of values which are squared into the information matrix.
This makes the “raw” information matrix numerically rank
deficient for medium and larger image collections.

The state of the art algorithms usually do not produce
correct results even for small reconstructions (i.e. 60 cameras
and 250 points in 3D). Singular Value Decomposition (SVD)
in double precision is not accurate enough for this task,
Figure 7. Recent work [20], [24] uses a decomposition of the
information matrix into blocks which simplifies and speeds-
up its inversion.

The block related to 3D point parameters is, in general,
a full rank block diagonal matrix, which can be easily
inverted. The block related to camera parameters appears as
numerically over-parameterized and the information matrix
has, in general, seven degrees of freedom. This is due to
the fact that the decomposition into the blocks does not
fulfill the rank additivity condition [14], [30] (regardless
the numerical over-parametrization, the sub-blocks are full
rank, while their composition is rank deficient) and cannot
be used.

The normal forms of covariance matrices [18] have to be
computed using Moore-Penrose (M-P) pseudoinverse [8] of
the information matrix, which is usually done by SVD [21].
The state of the art approach works well for problems with a
few images and tens of points in 3D. As the number of im-
ages grows up to several thousand, the existing uncertainty
computation algorithms fail to provide accurate results.

II. CONTRIBUTION

We present the first approach to large scale covariance
matrix computation which is practical. Our approach builds
on top of the Taylor expansion (TE) idea [23]. However,
we extend [23] by replacing the computation of the M-
P pseudoinverse by estimating the inverse of the Schur
complement of the matrix of the point parameters.



Secondly, we present an important experimental compari-
son of recent methods [18], [20] against Ground Truth (GT)
covariance matrices, which we construct using more accurate
arithmetics in Maple [1].

To calculate useful inversions, we have to fix the am-
biguity (gauge freedom [18]) of the reconstruction and
approximate the normal form of covariance matrices [18].
The inversion allows us to scale the information matrix and
its decomposition to smaller blocks, which would not be
possible with the M-P pseudoinversion.

We investigate different regularisation ideas that fix the
reconstruction by projecting the parameters to a set of
essential parameters and find out which parameters minimize
the differences between the GT and the computed covari-
ances of the camera parameters. Our approach is faster,
more precise and much more stable than any previous one.
The output of our work is publicly available as source
code which can be used as an external library in nonlinear
optimization pipelines, like Ceres Solver [3]. The code,
test problems, and detailed experiments are available at
cmp.felk.cvut.cz/ policmic.

III. PREVIOUS WORK

The general principle of covariance propagation is well
known. The forward/backward propagation for the lin-
ear/nonlinear system which is, or isn’t, over-parameterized
was described in [12], [14]. We are computing the backward
transport (from measurements to the parameters) of the
uncertainty for nonlinear over-parameterized systems (repre-
sented by projection functions). Our systems of equations are
over-parameterized because reconstructions can be shifted,
scaled and rotated without changing the objective function
we optimize.

Hartley has shown [14] the propagation of uncertainty
in an over-parameterized system in three steps: 1) mapping
the space of the parameters to the set of the essential
parameters, 2) finding the inverse of the information matrix
of the essential parameters, and 3) mapping the inverse of
information matrix back to the space of the original param-
eters. Kanatani presented a theory for describing the un-
certainties under changing regularisation conditions (gauge
transformations) [18]. There is a large number of choices of
the regularisation conditions (e.g. fixing one camera rotation
and pose and fixing one of the coordinates of another camera
pose). Kanatani has also presented the gauge-free approach
and defined the normal form of the covariance matrix. The
normal form of the covariance matrix is computed as the M-
P pseudoinverse of the information matrix. Pseudoinverse
A" of A equals the inverse of A on the range of A and
sends the orthogonal complement of the range of A to the
zero vector [7]. Note that the residual vector is perpendicular
to the range of A [12] and thus the pseudoinverse minimizes
the sum of the squared Mahalanobis distances [14] of the
residuals to the zero vector.

Lhuillier and Perriollat [20] decomposed the information
matrix and computed the M-P pseudoinverse of the Schur
complement [33] of the submatrix of 3D point parameters.
This submatrix has the same size as the block of camera
parameters. It is much smaller than the information matrix
since reconstructions usually contain much fewer cameras
than points in 3D. The decomposition was extended in
recent articles [23], [24]. However, the decomposition does
not satisfy the rank additivity condition [30]. Lhuillier has
published a proof [20] of the existence of a correction term
allowing us to use the decomposition. However, there is
no straightforward connection between the proof and the
correction term actually used in [20].

There are many specific extensions for computation of the
uncertainty of lines [5], edges [6], laser scans [16], [26], and
stereo setups [22], [25]. The authors tried to approximate
covariances of specific setups using heuristics instead of
following the general uncertainty propagation method. No
other work was compared against GT (i.e. the normal form
of the uncertainty matrix [18]) computed with an accurate
representation of numbers.

IV. PROBLEM FORMULATION

The problem formulation extends the previous paper [23].

image observations represented by vector u 2 R?K. Each
observation Uj;j 2 U, i.e. an image point, is a projection
of 3D point X; by camera Cj, using projection function
p(Ci; Xj). Noise j;j has zero mean, E( jj) = 0, and
standard deviation V ( j;j). All pairs of indices (i;j) are in
an index set S that determines which point Xj is visible in
which camera view C;j.

uij =pCi; X)) + ij  8(1))2S (D
The vector equals [Cy;:::;Cn;Xg;:i:;Xm] and s
the random noise vector composed from all j;j where
(i;j) 2 S. Function f is composed of projection functions
p. It projects vector into the image observations

u=~f()+ (2

The function (2) leads to a non-linear least squares optimiza-
tion
=argminku f( )kg 3)

minimizing the objective (residual) function which is the
sum of squares of the differences r( ) =u () between
observations U and reprojections ().

The standard way to solve the nonlinear differentiable
system is to use its first order approximation

r¢ + ) r()+3() 4)
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One step towards the solution is obtained by solving
J7J = Jr (5)

with J( ) andr( ), which we replace by andr for brevity.
Using Gauss-Markoff theorem [12], the covariantg ) is
computed as

Va( )= 2(37V(u)d) * (6)

for afne transformations.¥(u) 2 R2% 2k js a block
diagonal matrix withk measurement covariances on the
diagonal. The variance factor, is estimated from the
residuals as 2k rk? =(2k pn). In case of redundant
set of the parameters, Equation 6 does not hold because
J> ¥ (u)J is rank de cient.
A reconstruction by SfM usually contains 7 degrees ofgjqre 1: The structure of the information matrix for Cube
freedom [18] because the scene can be moved, rotated apdiaset. Published in (23]
scaled without change of residual functiof ). To invert
the information matrix, the space of the parameters has to

be projected to a manifold such that there is a one-t0-0ngye are not interested in off-diagonal blocks. All covariances
mapping frlom_ observations to parameters [ ) ], i.e. there ig¢ roconstruction parameters are in the blocks on the diago-
no ambiguity in parameters after all observations have beeHaI of the dense matri¥ ( ). The interesting sub-matrices

taken into accc_)un_t. _ o can be computed as
Such a projection can be realized byregularisation

matrix R 2 RP™ P" 7 which can, e.g., be constructed as a V()= %R z* R’ (11)
compositiorR = R, Rs of aprojection matrixR,, [14], [1€] YZ Y?+v !
and ascaling matrixRs, which we introduce here. Using

. . The blocks of sizeRP P on the diagonalZ ' are covari-
R, we can rewrite Equation 6 as

ances of camera parameters. The blocks of Rze® on the
V()= 2R(R*JI>YV(u)IR) 'R” (7)  diagonal of sub-matriyY Z 1Y> + Vv ! are covariances of

. . . o S ) oint parameters.
We investigate which regularisation minimizes the dlf'fer—p P

ences in comparison with GT covariance matrices in Sec- V. THE TAYLOR EXPANSION ALGORITHM
tion VI. The¥ ( ) is the covariance matrix of all reconstruc-
tion parameters and an unbiased variance factoequals
kr k2 =2k pn 7). If the content of the Jacobian is per-
muted to have cameras followed by points, d.ez [Jc Jx ],
the information matrix (R"MR)" 8 R" M" R"” (12)

We estimate the inversion df instead of M-P inversion [23]
of Z. First, we de neM = J>Y¥(u)J. Using the inversion
instead of M-P inversion, allows us employ scaling

Q=R IVWIR= . ® (RMR) '=R M IR> (13)
will be sparse with block diagonal matricés andV, see
Figure 1. To compute the inverse of information matrix,
we introduceY = V W>. We note, rst, thatV is g )=(z+1)1? (14)
composed o8 3 blocks on the diagonal and its inverse can

be computed separately for each block, and then also thitherel is the identity matrix scaled by a scalar Error
forming Y should be fast thanks to the sparsity\fand  Produced bydamping terml is removed by TE of function
W. The Upper triangular-Diagonal-Lower triangular (UDL) 9( ) in pointO. The generai-th derivative of functiorg with

and LDU decomposition of Q to smaller blocks. To solve
the TE inversion, we introduce function

decomposition of the block matriQ leads to respect to is
> 1 d ) )
_ Il Y Z 0 I 0 N 9.y= i (i+1)
V()= °R 0 | 0 v v o R d.() ( DZ+1) (15)

(9)  We assigned the derivatives to the Taylor series estimated in
where matrixZ is the Schur complement [33] of the block zero point

V of the information matrix s ( )idg
Z=U+WY (10) o itdT

() (16)



and express the inversion of matix pose and one of the coordinates of another camera pose, we
¥ ‘ lose the information about their uncertainties. Note, that we
g0)=(z+1) + —(Z+ 1) (t+1) (17)  can not rely on the numerical precision of the uncertainty of
t=1 (t 1) points in 3D and when we x some of them we don't loose
The | term allows us to compute the inversion @& 21y useful information. We empirically found out that most

approximately for numerically rank de cient matrices and Similar uncertainties w.r.t. GT are p.roduced by the xation
improves the numerical precision of inversion computation®! the three most distant poinks,; X p; X c. We seek for this

for large reconstructions. triplet of points using RANSAC [10]. A triplelo.f points xes
9 instead of 7 parameters however we empirically found out
VI. REGULARIZATION OF THE JACOBIAN that it produces more precise results than xing two and one

The regularisation matrb® combines projectionR, to  third of 3D point or any xation of one or more cameras.

the submanifold where the inversion can be computed and The matrix Ry is realized as the partial derivation of
scalingRs the functionh( ) w.r.t. points X4; Xp; X¢. The function

R = RpRs (18) h projects parametersnfXa;Xp;Xcg to . Thus, the
multiplication J R, removes the columns of the Jacobihn

The matrix R, xes the ambiguity of the reconstruction. which correspond to the partial derivatives of functign)
The inversion using the TE approach can be done Wwithy .t pointsX 4; X p; X .

Rp = | because we have in nitely differentiable function
r( ) and we can follow Taylor series to approximate theThe scaleR, of the Jacobiard is the diagonal matrix
inversion function. However, the numerical precision of

doubles, represented by 15 signicant digits, causes that Rs(ij) =1=kJjk for 1i=j; (22)
the results are less precise than in the case of appropriate Rsij)=0 for :i6]j (23)
projection to the submanifold of reconstruction parameters.

. - whereJ; representg-th column ofJ. The scaled Jacobian
There are different ways how to construct projectidtis - ,
. ) o . has a similar range of values in each column &ndhas
in [14], [18], [20], which can be split into two groups:

the trivial gauges (TG) and the nontrivial symmetric gaugesunlt values at the diagonal.

(NSG). We will start shortly with NSG and then focus more VIl. EXPERIMENTAL EVALUATION

to the TG. The experiments are structured into four parts: the compu-
To use NSG, we have to assume Gauss-Helmert modekiion of the GT covariance matrices, the description of the

instead of Gauss-Markov model for redundant observagaiasets, the evaluation of the precision, and the comparison
tions [12] and deal with measurements as parameters. Thys ihe speed of the algorithms.

the objective (residual) function would be
A. Computation of Ground Truth covariance matrices

rGu=u () (19) We use the theory of gauge-free approach which leads to
with additional conditions represented by functioh ) and  M-P pseudoinversion, described in [18]. We decompose the

the derivatives matrix Z using the SVD into
] " and invert the diagonal valueS3 = 1=S;; for i 2
and covariance matri¥ () computed by 1;2;:::;np 7 because the reconstruction has 7 degrees
V() N A>(B>V(u)B) A H 1 of freedom. The remaining values on the diagonaBbare
N> P H> 0 (21)  set to zero. The inversion & is than obtained as
zZ* = usv~ (25)

The covariancé) ( ) can be computed using sparse inver-
sion, however the inverted matrix in 21 is much larger thanThe SVD algorithm is sensitive to rounding when the range
inversion ofZ and we can't use TE to improve numerical of values in the matrixZ is large and different implemen-
precision. tations may lead to different results (i.e. Maple, Matlab and
The NSG conditions usually x some statistical properties Ceres which can be seen in Figure 7). All implementations,
of estimated centers and orientations of a subset of cameraxcept for Maple, use the double precision, represented by
or estimates of some 3D points to x the global shift (3 15 signi cant digits. To achieve more accurate results, we
parameters), orientation (3 parameters) and the scale (@valuated the GT covariance matrices in Maple using 100
parameter) of the reconstruction. signi cant digits. The accurate evaluation of the uncertainty
The TG x directly cameras and 3D points instead of their matrix is computationally demanding (e.g. the SVOZofor
mean, covariance and scale. If we x one camera rotationPaliborka dataset took approximately 22hours). Therefore,



Table I: This table summarize the number of camerasngsi unconstrained cameras or completely fail, see algo-

Ncams , the number of pointNpis and the number of jhm 6 for Daliborka dataset. This problem was not solved
observationdNops for the reconstructions which were cre- by any of previous approaches [14], [20], [23] which are on

ated: 1,3 synthetically, 4-9 by Bundler [29] and 2, 10 by rqys 4,5,7. The algorithm 4 is an improved version of [14].

COLMAP [27] It scales Jacobian by suitably choosiRg, see Section VI.
#  Dataset N cams Npw Nos You can see that the Lhuillier algorithm [20] (the fth row)
1. Cube 6 15 60 also ignores the most unconstrained cameras even for small
2. Toy 10 60 200 scenes. The covariances of the camera centers are not shown
3. Flat 30 100 1033 when containing complex, not a number or in nite values
4. Daliborka 64 200 5205 (e.g. for the algorithm 7, Figure 7). Our algorithm, TE
5  Marianska 118 80 873 248 511 inversion, has the opposite trend, i.e. the error decreases
6  Sagrada Familia 199 75 166 633 477 with the growing size of the reconstruction. Figure 6 shows
7 Dolnoslaskie 360 529 829 226 002p the distribution of all errors (with the corresponding color
8  Tower of London 530 65768 508 579 coding) for the experiments in shown Figure 7.
9  Notre Dame 715 127 431 748 003 The inversion ofZ + | usually stable for =0 for small
10  Seychelles 1400 407 193 2 098 201 reconstructions, however for the large ones may be very
unstable. The algorithms 2, 4, 7 use a damping term. The
Table II: Compared algorithms dependence of the mean ermr (¥ (; )) of the estimated
: covariancel ( ; ) for scene parameterson parameter is
#__ Algorithm _ shown in Figure 2. Error functioarr(¥) is computed as the
1.~ SVD ofM using Maple (Kanatani [15]) (GT) mean of the Frobenius norm of elementsdbpf Vst , which
2. TE inversion of scaled with three points correspond to camera orientations and centers. It has been
3. SVDofM using Ceres (Kanatani [15) observed that the errors in covariances of camera extrinsic
4.  TE inversion of scale@ with trivial camera x . . .
) . L parameters are suf cient for nding suitable values af
5. SVD of Z with correction term (Lhuillier [20]) . - .
6. SVD ofM using Matlab (Kanatani [12]) Figure 3 showsled dafhed line) the decc\easmg_ trend
7. M-P inverse ofZ using TE (Polic [22) of the mean erroerr(®(; ;np)) (where®(; np) is

estimated covariance for scene parametemnd given”
depend on the number of camera parameigp} with
. . increasing reconstruction size (i.e. the size of inverted matrix
we computed GT covariance matrices only for the dataseti . -
). The Figure 3 also shows (solid lines) the error
1-4, see Table I.
xp 1

B. Datasets Iy =
drr(ZZ ) 10np

We experiment with realistic synthetic reconstructions, as
well as with middle to large scale Internet datasets. The
parameters of the datasets are summarized in Table I.
The datasets 2, 4 were reconstructed by publicly available
pipelines (COLMAP [27], Bundler [29]) and after that, the
number of the points in 3D was reduced to allow computing
GT covariance matrices.

W(ZzZ ' xk (26

C. Precision

We compared the algorithms summarized in Table II. The
algorithm 1 uses Maple computation with 100 signi cant
digits and its result is considered the Ground Truth (GT).
The algorithm 3 uses Ceres [3], algorithm 2 uses C++
libraries while other algorithms use Matlab [1].

Figure 7 shows the uncertainties. The order of rows ) )
corresponds to the order of algorithms in Table Il (i.e. theFigure 2: Each point represents the mean of errors (described

rst row corresponds to the SVD ofl using Maple). You precisely in Section VII-C) of the uncertainty matrices for
can see that the correct gauge-free approach [18] on rows 3@'€ [dataset.algorithm] and given damping term The
do not produce correct covariance matrices even for smalfmbdas chosen by our algorithm are shown as red circles

reconstructions because of the numerical rank de ciency oftnd the lambdas chosen by other algorithms are shown as
the information matrix. These algorithms usually ignore the®range circles.



mutually distant points for large datasets (e.g. datasets 9, 10).

D. Speed

The covariance matrix using M-P pseudoinversiomoffor
Daliborka dataset (i.e. for 1176 reconstruction parameters)
was computed using Matlab in 0.45sec, using Ceres (via
Eigen 3.3 [13]) in 25.9min. Our algorithm (TE inversion)
was computed for Daliborka in Matlab in 0.67sec and
using Intel MKL (C++ code) in 0.35sec. Further, the rst
middle sized reconstruction Marianska without reduction
of 3D points has 243681 reconstruction parameters and
requires about 470GB for dense representation of matrix
M. Thus, we can't use current Ceres algorithm nor the
algorithm 5. Secondly, the evaluation using SVD has cubic
asymptotic complexity in the number of the parameters
and the uncertainty evaluation for Marianska dataset would
take approximately® million times the time of Daliborka
evaluation. The TE inversion algorithm was computed for
of inversionZZ ! wherex 2 R™ is a random vector with Marianska in 4.32sec from which the sparse matrix-matrix

the zero mean and unit standard deviation. The matrx ~ Multiplication (SMMM) took 3.26sec. The SMMM, used for
R ™ s either random matri#,; 2 [0;1] or the Schur bw!dmg the matrixM andZ, was performed py Eigen 3.3.
complement matrixZ (Equation 10) with and without using which means that the speed can be further improved using
the damping ternf for computingZ . It can be seen that the structure of the matrices or more enhanced algorithm [9],
the dumping term decreases the error for large datasets (i.[e.

datasets 9, 10). The best linear predictfoof ~ from the The state of the art methods are neither precise enough
number of cameras (i.e. the size of inverted maktixhas ~ "OT allow the computation for real middle sized datasets. We

been found as follows summarized the processing times of the three most important
algorithms in Figure 5. The algorithm 1 was much slower
(i.e. 22 hours for Daliborka) than all other algorithms. The
Finally, Figure 4 shows that err@m(V(:X a;Xp;Xc)) algorithms 4 and 7 take the same time as algorithm 2 and the

decreases with increasing sum of distances between xeflgorithms 3 and 5 can't be evaluated on datasets 5-10 due
points Xa: Xp: Xe. V(:X a:Xp;Xc) is the estimated to the time and memory requirements. All experiments were

covariance matrix for chosen triple of points. Moreover, Performed on a single computer with one 2.6GHz Intel Core
the inuence the choice of the xed points on the i7-6700HQ with 32GB RAM running a 64-bit Windows 10

covariance computation decreases with increasing size
of the reconstructed scene. Thus, we can x any three

Figure 3: Each point (except, the empirically selected
value of ) represents the mean of errors (described pre
cisely in Section VII-C) of the uncertainty matrices for TE
inversion algorithm, one dataset ahcbased on number of
camera parametersp

N 10 1:2653 log ;o (n) 2:9415 (27)

Figure 4: Each subplot represents one dataset (i.e. 1-4)

and each point represents the mean of errors of uncertainty

matrices for selected dataset and different sets of xed point§igure 5: The dependency between the number of camera
fXa;Xp; Xc0. The functionD is the sum of all points parameters of the reconstruction (equal the dimensich)of
distances, i.eD (X a; Xp; X¢) = kX5  Xpk+ kX,  Xck+ and the run time of the algorithm. Each point represents
kXp Xck. evaluation of one dataset from Table |



Figure 6: The distribution of all errors (with the correspond-
ing color coding) for the experiments in Figure 7

operating system.

VIIl. CONCLUSION

Current methods for evaluating the quality [14], [18], [20] of
the reconstruction by error propagation from measurements
to the estimated parameters are based on Moore-Penrose
pseudoinversion (i.e. Singular Value Decomposition [21])
which is computationally challenging and mostly imprecise
for real datasets because of a wide range of values in
the information matrix. We propose a new method which
computes yet another approximation of the inversion in-
stead of the pseudoinversion [23] of the information matrix.
That allows the scaling of the values of the information
matrix and produces more precise results. We showed that
other methods using the standard approaches to computing
the covariance matrix work well for datasets with a few
cameras and tens of points in 3D. Our method works for
much larger reconstructions (e.g. a reconstruction W60
cameras407193 points in 3D and2098201 observations

in reasonable time 10min) on a single computer. We hope
that the advanced sparse multiplication algorithms, sparse
inverse algorithms and the usage of the GPU can speed-
up our method about an order of magnitude and allow us
Itering of the most unconstrained cameras and 3D points
in SfM pipelines. The additional analysis would also lead
to more precise evaluation of the uncertainty of the points
in 3D and a sophisticated smoothing of the reconstructed
surface.
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